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ABSTRACT. Through algebraic number theory and Construction A we extend an algebraic procedure

which generates nested complex lattice codes from the polynomial ring F5[x]/(x" — 1), where F, = {0,1},

1
by using ideals from the generalized polynomial ring % through the ring of integers &7, of the
x2)2n—

cyclotomic field L = Q(&ys ), where §ps is a 25-th root of the unit, with s > 2.

Keywords: complex lattice codes, binary cyclotomic fields, monoid Rings.

1 INTRODUCTION

Several works [5], [6], [3], [10], [8] over lattice theory have been dedicated to Construction A
and lattice set partitioning via coset codes. The advantage of these algebraic approaches is that
it is possible to unify different coding problems related to algebraic block codes and Euclidean
space codes.

Construction A has been introduced by Conway and Sloane [3] where the authors establish an
algebraic correspondence between lattices from R” or C" and linear codes over finite fields F,.
Codes obtained by Construction A are denominated lattice codes.

In this work we have interest in scaled versions of the Z[i]"-lattice, i.e., complex lattices iso-
morphic to the lattice ¢*Z[i]", for some Gaussian integer ¢ and some positive integer k. Such
n-dimensional complex lattices are the simplest lattices obtained in C". Since we consider the
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34 CONSTRUCTION OF COMPLEX LATTICE CODES VIA CYCLOTOMIC FIELDS

Z[i)"-1attice generated by the canonical basis, it is simple to characterize the corresponding
fundamental region.

From a chain of nested binary cyclic codes given by equation (1.1)
Cn-1 CCp2C...61 C% (1.1)
and a chain of nested complex lattices given by equation (1.2)
1+ 'Z[]" c A +)"2Z[]" C ... c A +)Z[]" € Z[i]", (1.2)

Forney in [5] proposes a practical way to encoding lattices via Construction A, therefore each
binary cyclic code 6} can be seen as the set of all n-tuples reduced by the residue system of the
complex lattice (1 +)*Z[i]" modulo (14 ).

By using this algebraic approach, Forney [5] shows how binary codes, lattice codes and trellis
codes can be constructed as coset codes. These cosets are formed by the sequences of signal
points of the outputs of binary encoders. As a consequence of the identification of the complex
coset codes (1 +i)KZ[i]* /(1 +i)Z[i]* with the binary codes %, respectively, we can see the
algebraic block codes 6}, [5] as principal ideals of the factor ring F»[x] /(" — 1) of the Euclidean
domain F,[x], where F, denotes the binary field.

On the other hand, Andrade and Palazzo [4] propose a new method to construct cyclic, BCH,
alternant, Goppa and Srivastava codes. In this new algebraic approach the authors obtain cyclic
codes from principal ideals of the factor ring IF,[x] /(x" — 1) of the polynomial ring I, [x], where
IF, denotes the finite field, while Shah et al. [1] use a monoid ring instead of a polynomial ring
and also obtain cyclic, BCH, alternant, Goppa and Srivastava codes.

The main goal of this work is to extend the procedure of constructing complex lattice codes on

1

C" via the polynomial ring F[x]/(x" — 1) to the monoid ring M{ZO] [1]. If we continue the
((x2)"—1)

discussion of lattice codes from an algebraic and geometric point of view, the following question

appears in this context:

Is it possible to obtain a similar algebraic/geometric procedure to obtain a correspondence

between binary algebraic block codes obtained from monoid rings and binary lattice codes?

The goal of this paper is to develop fundamental tolls from the theory of algebraic lattices and

Fax, 5 Zo]
1

((x2)2n—1)
this question. Algebraic number theory provides an effective mean to construct scaled versions

of the Z[i]"-lattice obtained via totally complex number fields [12], [2] and [11]. These scaled
versions of the Z[i]"-lattice are given by algebraic lattices obtained via the canonical embeddings

linear codes over the polynomial ring F[x]/(x" — 1) and the monoid ring to answer

applied on ideals from a ring of a totally complex number field.

By using concepts from the ramification index of the prime ideal .# = (1 — {»s) on the Galois
extension Q(ys)/Q(i) of degree n = 2°~2, we establish a general correspondence between the
sequence of the ideals 7% = (1 — {)*Z[&as], where k € {0,1,--- ,n— 1}, and the sequence of
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the nested lattices A, which are a scaled version of the Z[i]"-lattice and are obtained through the
relative embedding of the ideals .#* in C", where Z[{s] is the algebraic ring of integer of the
number field Q({ys) and §ps is a 2°-th root of unity.

Consequently, this leads us two similar algebraic procedures. In the first one we identify the sets
of all n-tuples reduced by the residue system of the nested complex lattices Ay modulo (1 + i)
with complex lattice codes proposed by Forney [5] as ideals from the factor ring F[x]/(x" — 1).
In the second one we rewrite the {ys-th root of unity and, consequently, we also identify the sets
of all n-tuples reduced by the residue system of the nested complex lattices Ay modulo (1 +1)

1
with complex lattice codes proposed by Forney [5] as ideals from the monoid ring M [1].

((x2)2n-1)

2 GENERALIZED POLYNOMIALS AND CYCLIC CODES

Let (S,*) and (%, +,-) be a commutative semigroup and an associative, commutative and unitary

ring, respectively. The set .7 is given by all finite nonzero functions f from S to %, where

Z is a ring with respect to the addition and multiplication operations which are defined as:

(f+g)(s)=f(s)+g(s)and (f-g)(s)= Y f(¢t)g(u), where the symbol Y indicates that the
txu=s

txu=s
sum is taken over all the pairs (¢,u) of elements from S such that ¢ * u = s. Whenever s cannot be

written on the form ¢ * u, with #,u € S, then it is settled that (f - g)(s) =0.

If S is monoid, then .7 is called monoid ring. This ring .7 is represented by Z[S] whenever S is
a multiplicative semigroup and the elements of .7 are written either as Y. f(s)s or as i f(si)si.
The representation of .7 is given by Z|x;S] whenever S is an additiv%essemigroup. : 1nonzero

n n
element f of Z|x;S] is uniquely represented in the canonical form Y. f(s;)x% = Y fix%, where

i= i=
fi#0and s; # s, for i # j, and is called generalized polynomial.

The concepts of degree and order are not generally defined in a semigroup ring. Though, if Sis a
totally ordered semigroup, then the degree and the order of an element of the monoid ring Z|x; S|

n

can be defined. If f = Y f;x* is the canonical form of the nonzero element f € Z|[x;S], where
i=1

51 <3 < -+ <sp, then s, is called the degree of f and we denote it by deg(f) = s,,. Analogously,

the order of f is defined and denoted by ord(f) = s;. Now, if Z is an integral domain, then, for
f,8 € Zx; 8], it follows that deg(fg) = deg(f) +deg(g) and ord(fg) = ord(f) +ord(g). By [1],
B[&%ZQ]

(2 yr-1)
A linear code % of length n over B is a submodule in the space of all n-tuples of B"” and % is a

for a commutative ring B with identity, R = is a finite ring.

cyclic code, if v= (vo,vi,vi,--- ,va1 ) € €, every cyclic shift v() = (v,_i ,vo,vi, - ,v,_2) €F,
2 2 2 2
Wherev% €B,fori=0,1,--- ,n—1.

1
Theorem 2.1. [1] A subset € of R = M is a cyclic code if and only if € is an ideal of R.
((x2)"-1)
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36 CONSTRUCTION OF COMPLEX LATTICE CODES VIA CYCLOTOMIC FIELDS

1
If f (x%) € Blx, %Z(}] is a monic pseudo polynomial of degree n, then R = B[x’71Z o s the set of
(fx2))

residue classes of pseudo polynomials in Blx, %ZO] module the ideal (f (x%)) and a class can be

S T _ 1yl
represented as a(x2) =ap+daix2 +ax+---+du1(x2) 2
2 2

Let B =I5 [x], where IF; is the binary field.

Proposition 2.2. The binary polynomial X" — 1 is factored over the ring F1[x] as the product of n
monomials of the form (x—1), i.e.,

X—1=@x-1D"

Proof. Over the polynomial ring F,[x], it follows that x* — 1 = (x — 1)". In fact, from Newton’s
binomial theorem for (x — 1)", it follows that

(= 1) =2 (1) (1) e () (1) @1

Since n = 2° and the coefficients are in [F,, then it follows that x* — 1 = (x — 1)" (observe that
—1 =1 mod 2). Therefore the polynomial x” — 1 can be written as

M=1l=x-1)...... (x—1). (2.2)

ntimes

O

From Equation (2.2), it follows that the binary polynomial x” — 1 has 2" divisors in F[x]. Thence-
forth there are 2" cyclic codes generated by the binary polynomials which divide the polynomial
x" — 1 in the polynomial ring F[x]. Let F, [x, $ Zo], where I, is the binary field, then we have the
following result.

m_ 1) is factored in the generalized poly-

Proposition 2.3. The generalized polynomial ((x%)
nomial ring Fg[x,%Zo] as the product of 2n generalized monomials of the form (x% - 1),
Le.,

(22 =1 = ((xF) = 1),

Proof. Analogously to the proof of Proposition 2.2, it follows that

()2 1= ((x2)—1)......((x2) = 1), 2.3)

2n times

which proves the result. g

It is provided from Equation (2.3) that the generalized polynomial (x%)z" — 1 has 22" divisors
in Fx, %Zo]. Then there are 22" cyclic codes generated by the generalized polynomials which

divide the generalized polynomial (x% )2" — 1 in the generalized polynomial ring 5 [x, %Zo].
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3 RESULTS FROM ALGEBRAIC NUMBER THEORY

Let I and LL be fields such that F C L. We say that L is a finite extension of I if the dimension
of L as a vector space over F is finite and we denote it by L /F.

The Galois group Gal(IL/F) associated with the finite extension L/F is defined as the set of
all automorphisms o of L that fix every element of [F. The order of the Galois group satisfies
0(Gal(L/F)) < [L : F]. The extension field is said to be Galois if the equality holds and it is
called Abelian (cyclic) if the Galois group is Abelian (cyclic). We say that IL is an algebraic
number field if F = Q, that is, if L is a finite extension of Q.

If L is an algebraic number field, an element w € L is called an algebraic integer if there is a
monic polynomial p(x) € Z[x] such that p(w) = 0. The set

O, ={welL|wis an algebraic integer} 3.1

is called ring of integers of LL. It can be shown that &7, as a Z - module has a basis {wg, ..., w,_1 }
over Z called integral basis, that is, every element w € O, can be uniquely written as w =
Y aw;, where q; € Z, foralli=1,2,--- ,n.

Example 3.1. Let L a cyclotomic field given by L. = Q(&ps), with s > 2, where Cps is a primitive
2%-th root of unity. Furthermore:

1. This extension field is a Galois extension with
Gal(L/Q) = {0} : 6;({n) = &, where ged(m, j) = 1}

which is a cyclic multiplicative group of order 25~ = @(2°) =#{0 <m < 2° | gcd(m,2*) =
1, m € Z}. The function @ is called Euler function;

2. We denote the ring of integers of L by Oy, = Z|Cys] and its integral basis is given by
29) 1 s—1_
(,6,8,..., 8% = (1,60, 83,..., 21,

Let Q({,s-1) and Q(&ys) denoted by L,_; and L, respectively. Consequently we have L; =
Ls—1(&os). Thenceforward we obtain the following tower of finite extension fields

Ly/Lg—1/--- /L3/La,

where [L =1, : Ly ] = [Ls—g: Lyp] =---=[Ls:Ly] =2 and L, = Q(&) = Q(i). Also the
minimal polynomial fig,, (x) of Cos over Z[i] has degree @ = % =272 and it is given by
2.y—2_1 )
po, () =TT (=) (3.2)
i=0

From there the 2°~2 distinct Q(i)-homomorphisms are denoted by o;, where i € {0,...,2°"2 1},
and 6;($s) = s, foralli € {0,...,2572 —1}.
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38 CONSTRUCTION OF COMPLEX LATTICE CODES VIA CYCLOTOMIC FIELDS

If L is an algebraic number field of degree n, then the trace and the norm of an element w € L
are defined as the numbers Try (W) = " oi(w) and Ny /o(w) = "L oi(w), respectively.
Furthermore:

1. If L/K/Q is a tower of finite extension fields, then, for each w € L, it follows that

Ny (W) = Ngo(Np/x(w)); (3.3)

2. Ifx,y € L, then
Ny jg(xy) = Nijg(X)NL g (y)- (3.4
Let {wo,wy,---,wy_1} be an integral basis of &7, and let 3 be an ideal of &p,. The norm of 3

is defined by 4{,o(3) = |01/, i.e., it is the cardinality of the quotient ring /3. If s is a
2%-th root of unity, then szv = {51 or, equivalently,

CZT - CZ.& 1 (35)

Lemma 3.1. If s > 3, then NQ(CzA’)/Q(sz—l ) (1=GCs)=1—"Cp 1.

Proof. The finite extension field Q(&s)/Q(&,-1) has degree 2. Consequently, we can see
Q(&ys) as a field extension of the field Q({y—1) whose minimal polynomial is given by
m(x) = x* — {1 and the Galois group is given by G(Q({x)/Q(&ys-1) = {id, 01}, where
id(sz) = Czs and G](Czs) = 7@25. Therefore, NQ(CZS)/Q(gzs—I)(l — Czs) = (1 - Cgﬂ)(l + ng) =
l—gzz.vzl—gzs—l. D

Proposition 3.2. If s > 3, then Ny (¢, /q(i) (1 — &) = 1—1i.

Proof. If s = 3, then N@(Qa)/@(l‘)(l — &) = NQ(§23)/Q(422)(1 —{,3). By Lemma 3.1, we have
that No(¢4)/0(¢,0) y(1=83) =1—Cp = 1—i. Now we consider an induction over s — 1, that is,
suppose that NQ(C /an (= {y1) = 1 —i. By using the fact that the property of relative norm
on finite extensions is transitive, we have

No(g,) /a6 (1= 82) = N, 1)/ Nags) /e, 1) (1= 62))-

By Lemma 3.1, it follows that Ng ¢, )/QEys1) )(1=8as) = 1—ys-1. Thus, by using induction over
s — 1, we have thatNQ(sz)/Q (1—@2:) =1—-i g

Remark 3.3. Since [Q(8ys) : Q(i)] = n, from Proposition 3.2, it follows that (1 —i)Z[8ys] is com-
pletely factored as a power of prime ideal in Z|5os| of the form (1 —i)Z[ps] = (1 — Gy 1)"Z[Es],

s 1
where n = (P(22) 2; =22,
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4 COMPLEX LATTICES AND LATTICE CODES

If A is an n-dimensional complex lattice with basis {u|,u,...,un}, then its generator matrix is
given by
uir Uizt Ul
Uzl Up - Uy
M = 7
Unl Um2 - Umn
where u; = (uj1, Ui, ... i), fori=1,2,... m.

The matrix G = MMT is called Gram matrix of the complex lattice A, where MT denotes the
transpose of M. We can also define A = {x = AM | A € Z[i]"}. The determinant of the lattice A
is defined as the determinant of the matrix G, that is, Det(A) = Det(G).

The fundamental parallelepiped of A is the set &7, formed by all points in C" which are convex
combinations of vectors of the basis, thatis, %y = {x=Y"  ou; | 0; > 0and ¥, o; = 1}.

A subset A’ C A is called sublattice if A’ itself is a lattice, i.e, A’ is an additive subgroup of
A. The sublattice A’ can also be characterized as A’ = {x = ABM | A € Z[i]"}, where M is the
generator matrix associated with the lattice A and B is a scaling matrix with integral entries.

The sublattice A’ induces a partition of A into classes which is called quotient lattice and it is
denoted by A/A’. The cardinality of A/A’ is given by
_ volume(Z)

!
AN = volume( )

= |det(B)|, @.1)

where volume(Z)) and volume(Z,) denote the volume of the fundamental parallelepiped
2|, (associated with the sublattice A’) and the volume of the fundamental parallelepiped &
(associated with the lattice A), respectively.

4.1 Complex ideal lattices from Q({os)

In Section 4.2 we build, for each n, a chain of nested complex lattices which are isomorphic to
scaled versions of the lattice Z[i]". For that we make use of ideal lattices which are obtained from
ideals of the ring of integers of the cyclotomic field Q({ys).

Let . = Q({y) be a finite extension field over Q(i) with degree n = 2°~2, where s > 3. From an
ideal 3 C 01, = Z[{ys] (ring of integers of the number field L), we can obtain a complex algebraic
lattice A by using the relative complex embedding of L into C" which is defined as it follows:

o:L=C", with o(x) = (op(x),...,0n—1(x)), 4.2)

where o; € Gal(L/Q(i)), foralli € {0,1,...,n—1}.

Remark 4.1. Note that the lattice A in C" is obtained through the relative complex embedding
(4.2) applied to the ideal 3. Besides the application (4.2) establishes an isomorphism between
O, and the Z[i]"-lattice.
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Let {1,5r,..., &'} be a Z[i]-basis of the ring of integers Z[{ys], then a generator matrix M of
the complex lattice Z[i]" is given by

oo(1) on—1(1)
M= : : . 4.3)
oo(&) o o (Gh)

Proposition 4.2. [7] The matrix M obtained from Equation (4.3) is a generator matrix of the
complex ideal lattice Z[i)" if, and only if, the complex conjugation commutes with all o;, for all
ie{0,1,--- ,n—1}.

The field Q(&ps), where s > 3, is a CM field, i.e., Q({ps) is a totally imaginary quadratic extension
of K=Q(8), where 6 = (e + {5

Proposition 4.3. [7] A complex ideal lattice A = (3,b) is a Z[i]-lattice, where 3 is a Z|{ps]-ideal,
b is a bilinear form given by b(x,y) = To(¢,,)/q(i) (XY), for all x,y € 3, and a = a, + azi = a) — azi
denotes the complex conjugation in Z[i).

The matrix

o oi(loi() o Xl ei(l)ei(E)

G=MM = : : (4.4)

Lo oG Do) o T eiG e G
is called Gram matrix of the ideal lattice Z[i]".

Next proposition provides us complex ideal lattices related to principal ideals.

Proposition4.4. [7] Let S = oZ[8os] be a principal ideal of Z|8os]. Then A= (3,b) is a complex
ideal lattice over Z[i], where b is a bilinear form given by b(x,y) = cTy¢,,) /o) (Xy), for all
x,y €3, and ¢ is a normalized factor.

Observe that Tz /Q(i)(awjﬁwj)?;é can be written as the product of matrices given by
MU UtMt, where M is the matrix related to the relative embedding defined in (4.3) and U =
dig(op(a),...,0n—1()).

4.2 Scaled versions of the Z[i]"-lattice from Q({ys)

Trinca et al. in [11] show that complex ideal lattices obtained from the complex relative em-
bedding (4.2) of ideals from Z[{,s] are isomorphic to a scaled version of the Z[i]"-lattice. In
this section we show that the complex ideal lattices A; obtained through the ideals 3k, where
k€{0,...,n— 1}, from Z[{ys] are isomorphic to (1 —i)*Z[i]" and are a scaled version of Z[i]",
that is, det (Ay) = 2 since the Gram matrix of (1 —i)*Z[i]" is 2*1d.
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By Proposition 3.2, since & = 1 — s, we have Ny ¢,y /o (1 — §2s) =2. Foreach k € {0, 1,...,n—
1}, we have the element @ = (1 — {55 )X, then the Gram matrix Gy, associated with complex ideal
lattice Ay is Gy, = Mkﬁkt, where M, is the generator matrix associated with A; which is given by

o o8ys aly!
o) oa(aly) - ol

My = . ‘ :
o) on(alys) - ou(allh

The matrix M}, can also be written as M.U "Mtﬁt, where M denotes the generator matrix of the
complex lattice A 22 Z[i]" and U* = dig(oo((1 — §s)K), ..., 00-1((1 — &5 )¥).

Proposition 4.5. Each complex ideal lattice Ay associated with the ideal (1 — {o5)*Z[Ex] is a
scaled version of the Z[i]"-lattice, i.e., Ay is isomorphic to a binary complex lattice (1 — i)*Z][i]",
forke{0,....n—1}.

Proof. Let & = 1 — {ps and let {o, @(ps, ..., al "} be a Z[i]-basis of the complex ideal lattice
Ay. Now consider the Gram matrix Gy associated with Ay. Therefore we have
Loa)oi(a) - T ool )
MM;, = : : : 4.5)
Y oia)oi(a) - XL oi(a)oi(aly)
where M, is the generator matrix of the complex ideal lattice Ay.

It follows that the Gram matrix Gy can be written as

n—1 N
Gr=MM =Y ci(d)M Y oi(a*)M' = oi(a*)o;(ok) MM, (4.6)
= :

—1
i= i=0

where M is the generator matrix of the lattice A =2 Z[i]". Consequently, by using the property of

the relative norm, we have NQ(gzs)/Q(i)(ak) =(1—i)kand No(g,s) 00 (%) = (1 - i)¥. Then, we
obtain )
Gy = MMy = (1—i)*(1—i) MM'. 4.7

Thenceforward we know that M denotes the generator matrix of the complex ideal lattice A &
Z[i]". Then we can conclude from equation (4.7) that M; = (1 — i)*M represents a generator
matrix of the complex ideal lattice Ay = (1 —i)*Z[i]". O

Notice that the Gram matrix Gy given by equation (4.7) can be written as Gy = 2%1d, where Id
denotes the identity matrix of order n. Therefore we conclude that all complex ideal lattices Ay,
where k € {0,...,n— 1}, are a scaled version of the Z[i]"-lattice.

Remark 4.6. Notice that the complex homomorphisms in (4.2) and Propositions 4.3 and 4.5
establish a isomorphism between the ideal 3* = (1 — {51 )¥Z[{os] and the complex ideal lattice
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42 CONSTRUCTION OF COMPLEX LATTICE CODES VIA CYCLOTOMIC FIELDS

A = (1= DFZ[i", that is, 6(Z]Cxs]) = A = Z[i]" and 6(3*) = Ay, Yk € {1,...,n—1}. In this
case we obtain a correspondence between the chain of ideals given by equation (4.8)

gl c g2 c...c 3zl (4.8)
where 3K = (1 — {51)¥Z[Lps], and the chain of complex ideal lattices given by equation (4.9)
A1 CAp2 T~ CA CACA=Z[]", 4.9)

where Ay = (1 —D)FZ[i]", forall k € {1,...,n—1}.

5 LATTICE CODES OBTAINED IN C¥ FROM THE POLYNOMIAL RING F,[X]/(1 —

1
X") AND THE GENERALIZED POLYNOMIAL RING M%ZZO]
((1=x2))
In this section we propose an algebraic / geometrical procedure to the construction of lattice codes
in C" via cyclic codes characterized by ideals generated by binary polynomials (1 —x)* from the
polynomial ring F[x] /(1 — x") in C" and via cyclic codes characterized by ideals generated by

Falx, 7o) .
2["7210] in C". For

generalized polynomials (1 —x? )* from the generalized polynomial ring ;
(1=x2)%")

that, we make use of algebraic tools from the algebraic number theory.

5.1 Binary cyclic codes from quotient rings

This section is started by describing an algebraic procedure which establishes an isomorphism
between the binary cyclic codes % characterized by the ideals generated by the polynomials
(1 —x)* from the polynomial ring F»[x] /(1 — x") which are described by the following chain of
ideals in (5.1)

(1—x)"'c(l—x)"2cC---C(1-x) CFax]/(1-x") (5.1

and the quotients of lattices of the form Ag/(1 —i)Ay, where Ay denotes the lattice of the chain
described in 4.9 of the Remark 4.6 and it is the complex ideal lattice (1 —i)*Z]i].

For that we use a result from group theory which is very important for the development of the
algebraic procedure that we propose in this section. If G, is a subgroup of a group G, then the
group G can be written as it follows

Gy =G2+[G1/G2], 5.2)

where [G]/G>] denotes the quotient group of G| by G».

As 1+iisequal to 1 —i due to the product of invertible elements from Z[i], then, for convenience,
we identify the nested complex ideal lattices A;’s module 1 — i by binary lattice codes proposed
by Forney [5] which are characterized by an ideal of the ring F,[x] /(1 —x"). Consequently such

. . . . . oy lz
binary lattice codes are also characterized by an ideal of the ring M

((x2)2n-1)
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Proposition 5.1. The complex lattice A = Z[i]"* can be written as A = (1 — i)A + 6y, where
%o = (n,n) is the universal binary linear code which is characterized by the polynomial ring

Falx] /(1 —x").

Proof. From Remark 3.3 it follows that the ideal (1 —i)Z[{,s] from the ring Z[{,s] is a subgroup
of Z[{ys]. From equation 5.2, we have

Z{Gos) = (1 = DZ[Cx] + [Z[Cas] /(1 =D Z[E]). (5.3)

From Remark 4.6 and making use of the complex homomorphism 4.2 over the rings Z[{»s| and
(1 —§)Z[ys], then it follows equation 5.4:

A=(1—D)A+[A/(1=i)A], (5.4)

where A = Z[i]".

Now we show that the quotient lattice [A/(1 —i)A] is isomorphic to the universal binary linear
code 6y which is characterized by the polynomial ring F[x]/(1 —x"). Equations 5.3 and 5.4 are
equal due to the complex isomorphism o in (4.2). Therefore we use equation 5.3 to establish
an isomorphism between [A/(1 —i)A] and the polynomial ring F[x]/(1 — x"). For that, let v =
ao+aiCy + -+ a1 E1 € Z[ &), Since a; € Z[i], with k = 0,1,...,n— 1, then we can write
each term a; as a; = (1+4i)by + cx, where by, ¢ € Z[i] and Ngy;)g(cx) < 1. Consequently c¢; =
0,+£1, +i. Thenceforth,

v=((1=i)bo+co)+((1=)b1+c1)los+ -+ (1 =D)bp-1+ )3 =
=[(1=ibo+ (1= )b1 &+ + (1= )b 1 G5+ [co+e1&os +--+

—|—Cn,|C2n;1] = (1 —i)(bo-FblCzs +"'+bn71C§fl) +(CU—|—C1 Gos +"~—|-Cn71C§fl).

By denoting w = (1 —i)(bo+ b1 s + -+ by ;—1) and considering u as it follows
u=co+ecrlos+-tep1 G (5.5)

then w € (1 —i)Z[8ps] and u € [Z[Eps]/ (1 — i) Z[Eos])-
Now we show that [[Z[8as]/(1 —i)Z[Las]] =2 %0, that s,

Vew=u2rg+rix+-+r, XL e Fax]/(1—-x").

Since Z[i]/(1 —i)Z[i] is isomorphic to the binary field F, = {0,1}, then in Z[i] we have the
following congruences

(1—i) = Omod(1—1i), £i = 1lmod(1—i)and £1 = 1mod (1 —1i). (5.6)
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Consequently, consider
€:[Z[E]/ (1 =) Z[Lp]] = Falx]/ (1 -x"), (5.7)

where €(u) = €(co+c18s + -+ + cn,lgg‘) = Zz;é(ckmod(l — i =g+
Fa1X'1 € Falx] /(1 — ¥), with ¢pmod (1 — i) = rk € F,. The application € is an isomor-
phism. In fact, let u = Y}~ o‘kgzr and u' = Y[;c, ¢k elements from Z[(], then €(u +

)—8([2 Ckgzs} (X (I)C;c 2A])_8(Zk o(Ck"'Ck)Cp) Yo o((ck"‘ck) mod (1_’))CJ =

o (e mod (1—i))CK + Y02 (¢, mod (1—1i))8K = e(Ti=) crlk)) + (i) ;. &5). Besides,
analogously, since cymod (1 — i) = r; € F, we have that € preserves the corresponding multi-
plication of the rings. Thenceforward € is an homomorphism between [Z[{ys]/(1 —i)Z[{,s]] and

Fa[x]/(1—x").
Let Y/~ cx &K and Y= ¢, ¢% € [Z[6os]/ (1 — i) Z[ )] such that

n—1

chC? ) =&( ché’zs

If €(Y7 g cxlk) = ro+rix+--+r,_1x" ! and S(Zk Leh L) = 4Pt 1xn ' then
ry =1y, forall k € {0,...,n— 1}. Therefore ¢y = ¢} mod (1 —1i), for all k € {0,...,n— 1}, that
is, cx = ¢} in Z[i] /(1 — z) [i]. Consequently € is injective.

Now if rg +rix+- -+ r,_1x" 1 € Fp[x] /(1 —x"), then there exists co+c1 {ps + -+ +Cp (le
Z[&os]/ (1 —i)Z[Eos] such that €(co+ ¢y Gps + - - - +Cn—1C"s_1) =ro+rx+---+r,_ 12" ! In fact,
if r; = 0 € [F,, then we have a corresponding ¢; = 0 mod (1 —i) € Z]i] and, if r; = 1 € I, then
we also have a corresponding ¢; = 1 mod (1 —i) € Z]i]. Note that —1 and +i € Z[i] are equal
to 1 modulo (1 — ). Therefore € establishes an isomorphism between [Z[ys]/(1 —i)Z[Eas]] and
Falx]/(1—x"). O

Proposition 5.2. The lattice Ay = (1 —i)*Z[i]", where k =0,1,...,n— 1, can be written as A, =
(1 —i)Ag + G, where G, is the linear binary code characterized by the ideal (1 —x)*F[x]/(1 —
x") from the polynomial ring F»[x] /(1 —x") .

Proof. Analogously to the proof of the Proposition 5.1, it follows that the ideal 3* from the ring

Z[&os] can be written as

3= (1-i)3¢+ 34/ -3t (5.8)

From Remark (4.6), by applying the complex homomorphism & from 4.2 on the rings 3¥ and
(1—1i)3*, we have
A= (1 =) Ar+ [Ar/ (1= i)A]. (5.9

Now we show that the quotient lattice [Ay/(1—i)A] is isomorphic to the linear binary
code %, which is characterized by the ideal (1 —x)*F,[x]/(1 —x") from the polynomial ring
Fy[x]/(1 — x"). Equations (5.8) and (5.9) are equal due to the complex isomorphism & from
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(4.2). Therefore we use equation (5.8) to establish an isomorphism between [Ag/(1 —i)Ax]
and the ideal (1 —x)¥F,[x]/(1 —x") from the polynomial ring F,[x]/(1 — x"). For that, let
v= (1= ) ao+ a1l +- a1 5") € 3k = (1= G )" Z[ ]

Since a; € Z[i], where k = 0,1,...,n— 1, it follows that each term a; can be written as a; =
(1 —1i)by +cx, where by, ¢ € Z[i] and Ny, /g(cx) < 1. Consequently ¢; = 0,+1,+i and

= (1= G)M((1 = )bo +co) + (L =i)br +e1)Gor 4+ 4 (1 = )by1 +
1) = (1= &) (1= i)bo+ (1= i)b1 Gos + -+ (1 = i)bu1 G ']+
(1 =G feorerlot e GG =
= (1= 8 (U= i) (bo+ b1 Gos 4+ +bu 1 L+

+(1- CZS)k(Co-FCl G- +c,,_1C2’f§l).

By denoting w = (1 — &s)¥(1 —i)(bo + b1 &ps + -+ by 1 ;_—1) and considering u as it follows
u=(1-8)(co+ecr1lor+- et G, (5.10)

thenw € (1 —i)3F and u € [3*/(1—1)3*].

Now we show that [3¥/(1 —i)3¥] ~ €, that is,

vew=u~(1-x(rg+rx+-+r_ ") e (1—x)"Fax]/(1-x").

For that, consider the map
&: [35/(1-0)3*] = (1 -0 Falx)/(1 - ¥") 5.11)
given by g (u) = & ((1— &) (co+ecr1 G+ +en1 8 1)) = (1 =)  Ei g (ckmod (1 — i) )x* =
(1=x)k(ro+rix+-+rx" 1) € (1 —x)kFa[x] /(1 — x"), where ¢y mod (1 —i) = ry € Fa.
Let u = (1 — &o)kyic lckC2Y and o = (1 — sz)kZZ;(l)cjcé’z’% elements from
[3%/(1—=0)3*], then Sk(u+u) = e([(1 — &) Epelh] + [(1 = Q) Ly dh]) =
a((1 — O Ligla + %) = (1 — T + c)mod (1 — i)EE =
(1 — fYplamod (1 — NG + (1 — D Ei(chmod (1 — i))EE =
g((1 — &H)kY i lckczs)) + (1 — &)ky Y- éc}c(g‘y)) Besides, analogously, since

cymod (1—1i) = rk € [F, we have that g, preserves the corresponding multiplication of the rings.
Thenceforward & is an homomorphism between [3* /(1 —i)3*] and (1 —x)*F,[x]/(1 —x").

Now let (1 — &3 ) Y45 ek &k and (1 — &os)F X2y ¢ 8% € [3%/(1 —i)3¥] such that

n—1 n—1
a((1- ) Y als) =a((1—5)* Y &5).
k=0 k=0
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I € (1 G EId exth) = (1—x)H(ro - riat - ryy? ) and (1 — G X010 424 =
(1 —x)*(rh +rx+ -+ 7, _x""1), then rp = 7|, for all k € {0,...,n— 1}. Therefore c; =
¢, mod (1—1i), for all k € {0,...,n— 1}, that is, ¢ = ¢} in Z[i]/(1 —i)Z[i]. Consequently &
is injective.

Now if (1 —x)%(ro +rix+ -+ +r,_1x* 1) € (1 — x)*F,[x]/(1 — x"), then there exists (1 —
G (co+c1Gs + -+ en1 &) € [3F/(1 — )34 such that & ((1 — &os)¥(co +c18os + -+ +
188N = (1 =) (ro + rix + -+ + 11 1) If fact, if ; = 0 € Fy, then we have a cor-
responding ¢; = 0 mod (1 —i) € Z[i] and, if r; = 1 € [F, then we also have a corresponding
¢i =1 mod (1—1i) € Z[i]. Note that —1 and =i € Z[i] are equal to 1 modulo (1 —i). Therefore &
establishes an isomorphism between the code 6} and the quotient ring [3%/(1—i)3*]. O

Now we establish an isomorphism between the binary cyclic codes 4}, where k =0,1,...,n—1,
which are characterized, respectively, by the ideals (1 — x%)k from the generalized polynomial
ring F[x; $Zo] /(1 —x? )2" and the quotient lattices Ay /(1 —i)Ag, where Ay is the complex lattice
from the chain of nested complex lattices which is given in (4.9).

Next we have the corresponding chain of the ideals (1 — x? )* from the generalized polynomial
ring F [ §Zo] /(1 —x2)2":

(1—x2)" T c(1-x2)"2coc(1-x2)C Fz[x;%Zg]/(l _x2), (5.12)

Therefore we make use of the following remark to stablish such an isomorphism.

Remark 5.3. By considering the change of variable y = x%, then

(i) there exists an identification between the elements of TFa[y]/(1 — y)* and
F[x; 1 Z0) /(1 — x%)z”. In fact, if u = ap+ayy+ -+ a,1y""" € Fa[y]/(1 — )*,
then the corresponding identification can be given by h(ag+ajy +---+a,_1y" ') =
aj —ﬁ—a’lx% + —ﬁ—a%(x%)"_l € Falx; 170]/(1 —x%)z”, where a = d, € F, for all
ke{0,1,....n—1}. ’

(i) there is an identification between the ideals (1 — y)kF2[y]/(1 —y)" from the polynomial
ring Faly]/(1 —y)" and the ideals (1 —x%)kﬂ?z[x;lZo}/(l —x%)z” from the general-
ized polynomial ring F[x;3Zo]/(1 —x%)zn. In fact, if u= (1—y)*(ap+ayy+---+
an_1Y""") € (1 —y)¥Fa[y]/(1 —y)", then the corresponding identification can be given
by h((1 =y ao+ary+-+an1y"") = (1 —xt)H(ah )l - Fan (x2)'!) €

Fa[x; 1 Z0) /(1 —x%)z’l, where ay = d, € Fy, forallk € {0,1,...,n—1}.
b

Proposition 5.4. The complex lattice A = Z[i|" can be written as A = (1 —i)A+ 6, where

¢y = (n,n) is the universal binary code characterized by the generalized polynomial ring
Falx; %Zo]/(l —x%)z”.
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Proof. This proof is analogous to the proof of the Proposition 5.1, then we make use of the equa-
tions (5.3) and (5.4). Consequently it is necessary to show that the corresponding quotient lattice
[A/(1=0)A] is isomorphic to the code %) which is characterized by the generalized polynomial
ring F> [x; 1 Zo] /(1 —x2 )2,

Since equations (5.3) and (5.4) are equal due to the complex isomorphism ¢ from (4.2), then we
consider equation (5.3) to establish an isomorphism between [A/(1 —i)A] and the generalized

polynomial ring Fa [x; 1 Zo] /(1 —x? )2,

Note that Z[{ps] = (1 — §s)"Z[Eos] + [Z[Eas] /(1 — Eos)"Z[os]]. From Proposition 5.1, equation
(5.5), each element u € [Z[8as]/(1 — §ps)"Z[Los]] is written as

u=co+cilos+- e Gl (5.13)

where ¢, € Z[i] and Ng/g(ck) < 1. Consequently ¢ = 0,+1,4i. Now we show that
[[Z[8s]/ (1 —i)Z[Eps]] ~ 65, where 6§ = (n,n) is the universal binary code characterized by
the generalized polynomial ring F;[x; 120} /(1 — x%)zn. By using the polynomial ring over the
binary field F, described as F[y]/(1 —y") through Remark 5.3, item (i), from Proposition 5.1, it
follows that the map

€ [Z[Cx ]/ (1 =) Z[Cos]] = Faly]/(1—)") (5.14)

which is given by &(u) = &(co+c18os + -+ 1 {51 = Y 1(ckmod(l — i)k =rg+rix+
X € Faly] /(1 —y"), where cpmod (1 —i) = rp € Fy, is an isomorphism between
[Z]Cxs]/(1 —i)Z[Eps]] and F2[ 1/(1 —y"). Now, from equation (3.5), the 2°-th root of unity

can be written as {ps = thenceforth, each element u = co+c18s + -+ + cuo1 80

2: I
1
[Z]8as]/(1 —i)Z[Eps]] can be written as u = dp +d% C;H +-- +d%1( 225,,,)”_1 and, conse-

quently, ¢y = dy,, for all k =0,...,n— 1. Also by considering the change of variable y = x?
from Remark 5.3, it follows that the isomorphism € from (5.14) can be written as

&' [Z[5p]/ (1= )Z[Ep]] = Falx; Z0]/( x1), (5.15)

where €'(u) = (a’o-i-diC23 e da 1( el 1)”") = (dk/zmod(l — i) (x ) =1+
t%(x%)Jru th%(xZ)" L eFyfx ,lZO]/(lfo) ,Withckmod(lfz) =13 € F> and ¢, = dy 5,

for all k=0,1,...,n— 1. Thenceforward [[Z[Css]/(1 —i)Z[Es]] and Fafx; 1Z0] /(1 fx%)Q" are
isomorphic, then the proof is concluded. U

Proposition 5.5. The lattice Ay, = (1 —i)*Z[i]* which is a scaled version of the Z[i]"-lattice
can be written as Ay = (1 —i)Ay + €], where €] is the code characterized by the ideal (1 —

x? )¥Fa[x; 1 Zo) /(1 —x2 )" from the generalized polynomial ring F[x; 3Zo)/(1 —x2 )2,

Proof. It is necessary to show that the quotient lattice [Ag/(1 —i)A] is isomorphic to the code
%/ characterized by the ideal (1 fx%)kIFz [x;17Z0)/ (1 fx%)zn from the generalized polynomial
ring F> [x; 3 Zo] /(1 —x2)2,
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Since equations (5.8) and (5.9) are equal due to the complex isomorphism ¢ from 4.2, then
we consider equation (5.8) to establish an isomorphism between [Ay/(1—i)Ax] and the ideal
(1 —x2 Y2 [x; 1 Z0] /(1 —x? )% from the generalized polynomial ring 2 [x; 1 Zo] /(1 —x? )?". For
that, let v = (1 — sz)k(a() —|—a1C2x —+ - +an,1C"s_1) e gk = (1 - Czs)kZ[CQ.v].

Since a; € Z[i], where k=0, 1,...,n— 1, then each term a is given by a; = (1 —i)by + ¢k, where
by, cx € Z[i] and Ng;) g(cr) < 1. Consequently ¢y =0,£1,£iand

= (1= &) (1 =i)bo+co) 4+ (1 =i)by +¢1)Cs 4+ (1 = )by 1+
Hen )G = (1= G ) (1= i)bo+ (1= i)brGos + -+ + (1= )by 1 53|+
+(1= G eo+e1los 4+ e G =
= (1= ) (1 =) (bo+b1 G + -+ b1 51+

+(1= &) (cot+erlos+-+en1 ).
By denoting w = (1 — §os)F(1 —i)(bo + b1 &os + -+ +b,—1§35 ") and considering u as it follows
= (1= ) (coterbos+---+en 1 G, (5.16)
then w € (1—i)3F and u € [3F/(1—i)3].
Now we show that [3%/(1—i)3K] ~ 4], that is,
! 1 1 1

v—w:u:(l—x%)k(to—i—t%( 2)+-- —l—t%( )l e (1—xf)k]Fz[x;EZo]/(l—x?)z".

By using the polynomial ring over the binary field F, described as F»[y] /(1 —") through Remark
5.3, item (i), from Proposition 5.1, it follows that the map

e [35/(1=0)3H] > (1-)'Fal]/(1-5") (5.17)

which is given by g(u) = g((1 — &o)f(co + c1los + - + 1)) = (1
W Zplakmod (1 — i))y* = (1 = y)*(ro + rny + =+ + r-py”™") € (1 = )'F M/
(1—y") establishes an isomorphism between [3*/(1 71)3"] and the ideal (1 —y)*Fy[y]/(1 —"),
where cymod (1 —i) =r, € Fp, forall k € {0,1,...,n—1}.

1
Now, from equation (3.5), the 2*-th root of unity can be written as {os = ¢, thenceforth, each
element u = (1—C2r) (CO+C]C2r—|— -+ Cpy— 1§ ) [(I—Czr)kZ[sz]/(l—l)(l—Czr)kZ[szH

can be written as u = (1 — ¥ (do +d1 oot +dn 1(Cpet)"” 1) and, consequently, c; =

2v1
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dy, forallk=0,1,...,n—1. Also by considering the change of variable y = x? from Remark
5.3, it follows that the isomorphism e,i can be written as

g |(1= &) 2] /(1 =i) (1= &) 2] | —

— (1 —x2)*Fa [x; %Zo]/(l —x2)™, (5.18)

1 1 _

1 (G ) = (1= x2)f

(@dpmod (1 = () = (1 = ¥ty + 1y(2) + = + 6 (@))€ (1 -
x%)sz[x;lZo]/(l - x%)zn, with  dypmod(1 — i) = t;, € TFr. Thenceforward

1 1
where g (u) = e((1 — &3 )k(d() + d%czzx—l + -+ da

then the proof is concluded. 0

Observe that the complex lattice codes 6; and ¢, where k = 0,1,...,n— 1, which are charac-
terized, respectively, by the ideals (1 —x)¥F,[x]/(1 — x") from the polynomial ring F2[x]/(1 —
x") and by the ideals (1 fx%)sz [x; 1 Z0) /(1 fx%)z" from the generalized polynomial ring
Fa[x; 3Zo] /(1 —x%)z”, are nested codes. Therefore, these codes can be applied to quantize
complex-valued channels [11] in order to realize interference alignment [9]. Besides, since these
codes are constructed by using ideals from the rings F[x]/(1 — x") and Fy[x; 1 Zo]/(1 —x%)zn,
respectively, then it is obtained the multiplication structure [8] which can be applied to nonlinear

distributed computing over a wireless network.
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