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ABSTRACT
We prove general optimal euclidean Sobolev and Gagliardo-Nirenberg inequalities by using mass
transportation and convex analysisresults. Explicit extremal sand the computati on of someoptimal
constants are also provided. In particular we extend the optimal Gagliardo-Nirenberg inequality
proved by Del Pino and Dolbeault 2003 and the optimal inequalities proved by Cordero-Erausquin
et a. 2004.
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1 INTRODUCTION AND MAIN RESULTS

For 1 < p < n, the optimal euclidean Sobolev inequality states that
||u||p* = Kn,p||vu||p (1)

for any function u € D” (the completion of Cg°(R™) under the norm ||Vul|,), where

[IVull} :f [Vul” dx,
Rn

1 i
=k =P—l( n—p )" T'(n+1)
n—p """ n—p\n(p-1/) \TCT@+1- w1

Moreover, equality in (1) holdsif and only if u(x) = aw(8(x — xo)) for somea € R, 8 # 0 and
xo € R", where w(x) = (1+ |x|ﬁ)_pn**. This result was proved independently by Aubin 1976
and Talenti 1976.
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Recently, Del Pino and Dolbeault 2003 established for 1 < p < n the following optimal
euclidean Gagliardo-Nirenberg inequality, which extends (1),
ully < LoVl %]~ 2

for any function u € D?-¢ (the completion of Cg°(R") under the norm ||Vul|, + |[u||,), where

(n—"Lp r:p(q—l) _ n(q — p) 3)
n—p p—1" (np —(n—p)q)(qg — 1)

and

C,. = (q —p)e ( Pq >? (np—q(n —p))

’ pvym ) \n(g—p) Pq
Moreover, the extremal functions of (2) are given precisely by u(x) = aw(B(x — xp)) for ¢ € R,
B # Oandxo € R", where w(x) = (1+ |x|7*1) 7. Note that when g = “=U2, the inequality
(2) becomes (1), and the same holds for the respective extremal functions.

The proofs of (1) and (2) provided in Aubin 1976, Talenti 1976 and Del Pino and Dolbeault
2003 rely on techniques from calculus of variations such as symmetrization of minimizers and
uniqueness of radial solutions of Euler-Lagrange equations of related variational problems.

More recently, Cordero-Erausquim et al. 2004 introduced a new method in the proof of (1)
and (2) based on arefinement by McCann 1995 of amass transportation result dueto Brenier. This
new approach allowed them to generalize (1) and (2) considering arbitrary norms on R”.

The main purpose of this note is to extend (1) and (2) in the same spirit of the recent work
of Gentil 2003, which presents ageneral version of the optimal L?-euclidean logarithmic Sobolev
inequality by using estimates of semigroups associated to Hamilton-Jacobi equations.

In order to state our results, let C : R* — R be an even, positive (C(x) > 0, Vx # 0),
p-homogeneous (C(Ax) = APC(x), VA > 0),1 < p < oo, and convex function. Let us denote
by C* the Legendre transform of C and by p’ the conjugate of p, i.e. pi + % = 1. Itiseasy to
show that C* isan even, positive, p’-homogeneous and convex function.

Our main results are the following:

S

[
q(p=1 n n
( M=y + 1) )
p—1lnp—q@n—p) n(p=1 :

I( 4 q—p T 4 +1

THEOREM 1.1 (Sobolev inequality). Ler 1 < p < n and C be an even, positive, p-homogeneous

and convex function on R". Then for any u € DY?, we have

1
lullp» < Ky IC(Vw)|l] (4)

_1 "
with K,fp = [|[C(Vwe)ll, ", where we(x) = (o + C*(x)) »* with o > 0 chosen such that

[lwell,» = 1 Moreover, the extremal functions of (4) are given precisely by u(x) = awc (B(x—xo))
fora € R, B #0and xg € R”".
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THEOREM 1.2 (Gagliardo-Nirenberg inequality). Ler 1 < p < n and C be an even, positive,

p-homogeneous and convex function on R". Then for any u € DP-4, we have
0
lull, < £S5 11CTw1 ull 2 5)

0
with Eg,q = (||C(Vwc)||f||wC||;’0)’1, where g, r, 0 satisfy (3) and wc(x) = (0 +
— -1
q—iC *(x))_h with o > 0 chosen such that ||wc||, = 1. Moreover, the extremal functions of

(5) are given precisely by u(x) = awc(B(x — xo)) fora € R, 8 # 0and xo € R".

Taking C(x) = |x|?, where | - | is the euclidean norm, we see that inequalities (4) and (5)
extend (1) and (2), respectively. More generdly, if C(x) = ||x||”, where|| - || denotes an arbitrary
norm on R", inequalities (4) and (5) coincide with the optimal Sobolev and Gagliardo-Nirenberg
inequalities established by Cordero-Erausquim et al. 2004. Note also that Theorem 1.2 provides
an alternative proof of Theorem 1.1 of Gentil 2003 for 1 < p < n and C(x) only continuous by
passing tothelimitg | p in(5).

Clearly the general conditions on C do not allow us to use arguments of symmetrization and
uniqueness for Euler-Lagrange equations. We instead carry out the proof of Theorems 1.1 and
1.2 by mass transportation tecniques in asimilar spirit as used by Cordero-Erausquim et a. 2004,
except that we shall rely on results of convex analysisinvolving C and C*.

REMARK 1.1. Natural generalizations of Theorems 2 and 4 of Cordero-Erausquim et a. 2004 are
obtained by using a similar reasoning to that used in the proofs of Theorems 1.1 and 1.2.

Asaconsequence of Theorems 1.1 and 1.2, we have the explicit form of the constants K ,f »and
E,C,f‘q for the family of p-homogeneous functions C,,(x) = %Ix |, interms of the optimal constants
related to the classical euclidean Sobolev and Gagliardo-Nirenberg inequalities, where | - |, denotes

1
the p-norm |x|, = (37_; [x;|*)* for 1 < p < oo and |x|oe = Max{|x;| : i =1,...,n}. Infact,
we have:

THEOREM 1.3. Let 1 < u < 0o and v be the conjugate of . The optimal constants Knc’;, and

c .
L', are given by

1
K¢ =p%LK Cu _ 1 r;+21 <F<§+1))n «
YT arg ey T rd+y)\rg+n) "7

% 0 0
0 JT ¢, o(TG+DY\ (TE+D\"
£1C7,lq =p’ 1 Lpq» Lpg=pr i ( n ) Lp.gs
2I' (4 + Dn re+yn/ \rG+1

where K, , and L, , are the optimal constants of (1) and (2), respectively.

Note that Theorem 1.3 expresses the optimal constants K. \» and L,C,f‘q essentially in terms of
Kncj, and ngq. Stated in this form, its proof requires severa changes of variables followed by
straightforward computations. Note also that the asymptotic behaviours of Knc, ‘» and L’,C,f‘q as

tendsto 1 are exactly K and LS , respectively, as expected.
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2 PROOF OF THEOREMS

In the sequel we prove only Theorems 1.2 and 1.3 since the first one extends Theorem 1.1. We
begin with some preliminary results. Consider functions u, v € Cg°(R") such that u, v > 0 and
[lull, = ||v|]], = 1. Let ¢ be the Brenier map which transports the measure u” (x)dx onto the
measure v” (x)dx.

LEMMA 2.1. The inequality holds

plg—1)
q—7r

pg—1) —n(qg—p)
q—Pp R~

vidx < —q/ ul= IV - Vodx + uldx .
Rn n

PROOF. See page 322 in Cordero-Erausquim et al. 2004.
Anather essential ingredient in the proofsis the following lemma:

LEMMA 2.2. Let 1 < p < oo and C be a positive, p-homogeneous and convex function on R".
Then
(p = DC(VC*(x)) = C*(x)

almost everywhere.

PrROOF. From the conditions under C we have C** = C, thus C(y) = sup, g.{y -z — C*(2)}. The
positivity and p-homogeneity of C imply that C* isfinite. So, from the convexity and continuity of
C*, itfollowsthat VC*(x) exista.e.. Moreover, wehave VC*(x)-x —C*(x) > VC*(x)-y—C*(y)
a.e. inx. Therefore, C(VC*(x)) = VC*(x)-x — C*(x). Onthe other hand, the p’-homogeneity of
C* impliesthat VC*(x) - x = p’C*(x). Finaly we have C(VC*(x)) = (p’ — 1)C*(x) aswished.

PROOF OF THEOREM 1.2. For u € DP9 wehave |u| € DP? and V|u| = +Vu. So, itissufficient
to prove (5) for nonnegative functions, since C (x) isan even function. Moreover, we may assume
that u € Cg°(R") such that ||u||, = 1 by using density and homogeneity. At first, utilizing the
Fenchel inequality x - y < C(x) + C*(y), withx = —Vu and y = u9~1Vg, the Monge-Ampére
equation u” (x) = v" (Ve (x)) det(D?p(x)), satisfied by the Brenier map, and the density argument
inLemma2.1, we find

-1 rg=1
—p(q ) wedx —/ C*()c)wc"_1 dx
Rn Rn

q(qg —p)
(g —1) —n( ) ©
< / C(Vuydx + 24 Ma=P) | gy,
" q(g —p) Rn
where again we use that C is even. Now applying this inequality to the function u;(x) =
n(p—1
)Lp(drl;u(xx) in the place of u, we obtain for any A > 0,
n(p—q)+p(g=1) n(p—q)
Ki<i ot |[C(Vu)lls + KA 7D lul|] (7)
where
-1 rlg=1 —1) — _
k=24 D wgdx—/c*(x)wcpl dx and k= PU—Dna=p)
q(qg —p) q(g —p)
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Minimizing in A we arrive at a general Gagliardo-Nirenberg inequality. Let us show now that w¢
isan extremal function for such general inequality. For this, it is sufficient to check that inequality
(6) becomes an equality for u = wc¢. Infact, equality in (6) with u = wc implies equality in
(7) with & = 1, and therefore the infimum in (7) is achieved for » = 1 and itsvalueis K;. This
concludes (5). The key ingredientsin the proof of the equality in (6) are the following identities:

p 1
/ wedx = —/( + —C x)"~ = dlv(x)dx
Rn n

_41

(o +—C (x))~ ‘7 l’ VC (x) - xdx
Rn
=M _ | +—c () € (x)dx
n(p - 1) Rn
Pq pip
= — C*(x)w """ dx,
np—121 Jgn ¢

where we utilize integration by parts and the property VC*(x) - x = pL_lc*(x), and

/ C(V(we))dx —/ C((O‘-l— C (x))fﬂVC (x))dx

1 1 plg=1
=—— | (6 + —C (x)~ = alou ()dx = —— | C*x)w." dx,
pP— 1 R» pP — l R~

by Lemma 2.2. Replacing these relations in (6), the desired equality follows. Finally, let u be
an extremal for (5). Adaptating the proof of Theorem 5 in Cordero-Erausquim et al. 2004, one
concludes that the inequality stated in Lemma 2.1 becomes an equality with v = w¢. Next,
proceeding asin Cordero-Erausquim et al. 2004 we finish the proof.

PROOF OF THEOREM 1.3. In the sequel, we only furnish the steps of the calculus of E,ff‘q. The
form of the optimal Sobolev constant follows by taking g = %. Lemma 2.2 applied to C*
in the place of C furnishes C*(VC(x)) = (p — 1)C(x). Using thisrelation with C = C,, we
find C(x) = §|x|§' for 1 < u < oco. By approximation, we also have C;(x) = %lxﬁ’..f and
Ci(x) = ﬁ|x|f/. The computation of ng‘q depends on the integral

fsnl]_[lyllvds ®

where §"~1 denotes the (n — 1)—dimensional unit sphere. In order to compuite this integral we
consider the chart v : D"t c R"! — §" 1 defined by ¥ (y1, - -, y,) = V1, - - = Y1, (1 —
V24 + y,f_l))%), where D"~ denotes the unit ball in R"~*. Clearly, the Riemmanian metric
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n—1 i ofi _ 1
g of 8"+ onthe chart y satisfies |g| = prr—— So, we have

2—v 2-v 2-v
2 (2| PR L bt 6 A R o Gl B
Ile Tds =2 dy
s pr-1 1-? 2 ))3

"o i+ -+ y))?
2— 1-v
=2 Tl T A 0F ) Ty
D=
1
2—v —v  (2-v)(n—-1) ne
=2/ / vl e R o B R TP
0 n—

1 1 2(n—1) nl 2
=2/ AL—r®) 5 r s _1dr/ [Tyl as.
0 §"2 o1

By finite induction on n, it follows immediately that

n 1-v 2(nz)
/_;nll_[b)l ds =2 l_[/ (l—r2) —Ldr .

Now, using some properties of the gamma function, we find

n ﬂd znl—w(%.)n (9)
/S“E'y" TTAUrC+ D

According to Theorem 1.2, the function

w(x) =1+ C,(x)" =1+ 1|X|”)"

isextremal for L,,“q On the other hand, using the change of variable x; = ( ) | yl| 7 y; followed
by straightforward computations, we obtain

1 o 2\" v —1\”
NCu(Vw)[lr = —p°¥ (_) Py <p—> / pg=1) dt/ l_[|yl| v ds,
P v) 2\q—p 0 (1+41¢)a> sn—1

n

n 2 " V o e
lwllt = p'7 (—) / dt/ il 5 ds
q v 2]7/ 0 (1 n t)q;p pl) gn-1 1_[ i

2 (2\" v o0
wll = p'# (_) _/ ) dt/ il 5 ds .
vV 2p/ 0 (1+l,)l;q pl) sn— 11_[

Finally, replacing (9) in these relations and using some properties of the gammafunction, we arrive
at the desired form of the constant ng‘q

and
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RESUMO

Provamos desigualdades 6timas euclideanas de Sobolev e de Gagliardo-Nirenberg gerais via método de
transporte de massa e resultados de analise convexa. Obtemos fungdes extremais explicitas e calculamos
algumas melhores constantes. Em particular, estendemos a desigualdade 6tima de Gagliardo-Nirenberg
obtida por Del Pino e Dolbeault 2003 e as desigual dades 6timas obtidas por Cordero-Erausquin et al. 2004.

Palavras-chave: melhores constantes, desigualdades de Gagliardo-Nirenberg, transporte de massa, andlise
convexa.
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