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Remarks on Some Vacuum Solutions of Scalar-Tensor
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We present a class of exact vacuum solutions corresponding to de Sitter and warm inflation models in the
framework of scalar-tensor cosmologies. We show that in both cases the field equations reduce to planar dy-
namical systems with constraints. Then, we carry out a qualitative analysis of the models by examining the
phase diagrams of the solutions near the equilibrium points.

1 Introduction

Scalar-tensor theories of gravity[1, 2] represent the most nat-
ural alternatives to Einstein’s theory of general relativity.
The simplest and earliest scalar-tensor theory[1] considered
a massless scalar field and was formulated by using as ba-
sic metric tensor the physical tensor g̃µν , to which matter is
universally coupled (Jordan-Fierz frame). Later, these the-
ories were generalized[2] by introducing a scalar field self-
interaction and a dynamical coupling to matter.

In what concerns cosmology, the presence of a scalar
field - which from now on we will call generically dilaton,
has gravitational-strength couplings to matter which violate
the equivalence principle. To avoid conflicts with experi-
mental tests on the equivalence principle, it is assumed that
the dilaton acquires a mass large enough that any deviations
from Einstein’s theory are confined on scales that are not
sensitive on cosmological scales. However, a lot of work[3]
has been done in the framework of low energy string the-
ory - which is reminiscent of scalar-tensor theories of grav-
ity - focusing in the case where the scalar field is massless.
The mechanism which naturally reconciles a massless dila-
ton with experimental test was proposed in Ref.[4]. Indeed,
a massless dilaton is shown to obey a Minimal Coupling
Principle, e.g., to decouple from matter by cosmological at-
traction in much the same way as the generic attractor mech-
anism of the scalar-tensor theories of gravity[5].

On the other hand, recent observational data which con-
tain evidence for an accelerated expansion of the universe[6]
indicate that this may be induced by scalar fields which

appear naturally in scalar-tensor models. Therefore, it is
important to consider various possibilities of cosmological
scenarios in order to study, for example, the asymptotic
behaviour at late times of Friedmann-Robertson-Walker
(FRW) cosmological models and to investigate if the uni-
verse evolves towards a state indistinguishable or not from
the one predicted by general relativity [7].

The aim of this paper is to study vacuum solutions in
the context of FRW cosmologies with flat spatial curva-
ture (k = 0) for the cases of de Sitter models and warm
inflation[8]. It turns out that these two cases lead to a class
of field equations that can be written as planar dynamical
systems plus a constraint equation.

This work is outlined as follows. In section 2, we briefly
describe the scalar-tensor cosmology. In sections 3 and 4,
we find the solutions of the field equations for the de Sitter
and warm inflation models, respectively. Finally, in section
5, we present some final remarks concerning our results.

2 Scalar-Tensor Cosmology: A Brief
Review

In this section we will make a brief review of the scalar-
tensor cosmological models and write out the field equations
which we are going to deal with in the next section. We
start by considering the most general scalar-tensor theories
of gravity in the Jordan-Fierz frame which is given by the
action

�

S =
1

16π

∫
d4x
√

−g̃
[
R̃Φ − ω(Φ)

Φ
∂µ Φ∂µΦ − 2Λ̃(Φ)

]
+ Sm[Ψm, g̃µν ], (1)
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where g̃µν is the physical metric, R̃ is the curvature scalar
associated to it, Λ̃(Φ) is a cosmological term which corre-
sponds to the scalar field potential and Sm is the action for
general matter fields which, at this point, is left arbitrary.

The physical frame of Jordan-Fierz has the disadvantage
of featuring complicated evolution equations for the gravi-
tational and scalar fields and for this reason it is more con-
venient to work in the Einstein (conformal) frame, in which
the scalar and tensor degrees of freedom do not mix. Now,
let us define two new variables: gµν , the metric tensor in
the Einstein frame, and the scalar field φ. Thus, making the
transformation

g̃µν = A2(φ)gµν , (2)

we decouple the two modes of propagations. This relation
tells us that the metric tensor in the Einstein frame is confor-
mally related to the physical metric tensor in Jordan-Fierz

frame. Besides, by a redefinition of the following quantities

Φ =
1

GA2(φ)
,

Λ(φ) = A4(φ)Λ̃, (3)

α(φ) =
d lnA(φ)

dφ
,

where G is the bare gravitational constant and, by imposing
the constraint,

α2(φ) =
1

[2ω(φ) + 3]
, (4)

the new quantities gµν , φ and A(φ) are uniquely de-
fined in terms of the original quantities g̃µν ,Φ, ω(Φ). In the
Einstein frame, the action (1) turns into

�

S =
1

16πG

∫
d4x

√−g [R− 2gµν∂µφ∂νφ− 2Λ(φ)] + Sm[Ψm, A2(φ)gµν ], (5)

�

In this new frame the field equations read

Gµν + gµνΛ(φ) = 8πGTµν + 2(φ,µφ,ν − 1
2
gµνφ

,σφ,σ),

✷gφ− 1
2
dΛ(φ)
dφ

= −4πGα(φ)T, (6)

where

Tµν =
2√−g

δSm

δgµν
,

with
T µ

ν;µ = α(φ)T∂νφ,

which means that the energy-momentum tensor in the con-
formal frame is no longer conserved, differently from the
Jordan-Fierz frame in which the energy-momentum tensor
is conserved.

In what follows we will concentrate on the Friedmann-
Robertson-Walker (FRW) cosmologies with flat spatial cur-
vature (k = 0) and perfect-fluid matter distributions. These
models are represented by a spacetime with metric

ds2 = −dt2 + R2(t)[dr2 + r2(dθ2 + sin2 θdϕ2)], (7)

being sourced by an energy-momentum tensor correspond-
ing to a perfect fluid given by

T µν = (ρ + p)uµuν + pgµν , (8)

with uµ ≡ dxµ

dτ denoting the 4-velocity of the fluid in the
Einstein frame. We can relate quantities such as density and
pressure in both frames through the equations

ρ = A4(φ)ρ̃ and p = A4(φ)p̃.

For the FRW models, equations (6) become

−3
R̈

R
= 4πG(ρ + 3p) + 2(φ̇)2 − Λ(φ),

3

(
Ṙ

R

)2

= 8πGρ + (φ̇)2 + Λ(φ), (9)

φ̈ + 3
Ṙ

R
φ̇ = −4πGα(φ)(ρ− 3p) − 1

2
dΛ
dφ

.

In this work we are going to study general solutions of
the above equations for two particular vacuum inflationary
models: the de Sitter model (corresponding to Λ(φ) = Λ0 =
constant) and the warm inflation model [8] (corresponding
to Λ(φ) = 3βH2, with H ≡ Ṙ/R). Let us define two new
variables, ψ and H , being given by

ψ ≡ φ̇

H ≡ Ṙ

R

In terms of these two new variables, the equations (9) for
the case of de Sitter model can be written as

Ḣ = −H2 − 2
3
ψ2 +

Λ0

3
, (10)

ψ̇ = −3Hψ, (11)

H2 =
ψ2

3
+

Λ0

3
, (12)

with the last equation being a constraint equation.
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On the other hand, for the warm inflation model we have

Ḣ = (β − 1)H2 − 2
3
ψ2, (13)

ψ̇ = (2 β − 3)H ψ − 3 β(β − 1)
H3

ψ
, (14)

with the constraint equation given by

H2 =
ψ2

3(1 − β)
. (15)

Thus, for the cases of de Sitter and warm inflation models,
the field equations (9) can be written as a planar dynamical
system plus a constraint equation in the variables H and ψ,
as we can conclude from the analysis of Eqs.(10)-(12) and
(13)-(14), respectively.

3 The de Sitter Model in Scalar-
Tensor Cosmologies

Let us now find analytical solutions of Eqs.(10)-(12). From
Eq.(10) and the constraint Eq.(12) we get

Ḣ = Λ0 − 3H2, (16)

which can be integrated giving

H1 =

√
Λ0
3 tanh(

√
3Λ0(t− t0)) + H0

1 +
√

3
Λ0

H0 tanh(
√

3Λ0(t− t0))
, (17)

H2 =

√
−Λ0

3 tan(
√−3Λ0(t− t0)) + H0

1 −
√

−3
Λ0

H0 tan(
√−3Λ0(t− t0))

, (18)

H3 =
H0

1 + 3H0(t− t0)
, (19)

for Λ > 0, Λ < 0, Λ = 0, respectively, with H0 being
an integration constant. From Eqs.(10)-(12) and (17)-(19)
we obtain the solutions ψ(t) for each value of Λ0. Thus, we
have the following solutions (Hi(t), ψ±

i = ±√3H2
i − Λ0),

for i = 1, 2, and (H3(t), ψ3 = ±√
3H3).

Let us note that the constraint equation (12) is compati-
ble with (10) and (11). The same remark applies to the equa-
tions (13)-(15). We conclude that the constraint equations
(12) and (15) are nothing but particular curves of the set of
integral curves of the vector fields defined by the right-hand
side of Eqs.(10), (11), (13) and (14). It can be directly ver-
ified that the first integral of the dynamical system formed
by (10) and (11) is given by

H2 = aψ2/3 +
1
3
(ψ2 + Λ0) (20)

with a = 0 corresponding to the constraint equation (12).

Now, if a dynamical system has critical points (equilib-
rium points), it is often useful to investigate the behaviour of
the solutions near these points. For Λ > 0, Eqs.(10)-(12) ad-
mit four critical points in the phase plane Hψ. These points

are located at A(
√

Λ0
3 ), 0); B(−

√
Λ0
3 , 0); C(0,

√
Λ0
2 );

D(0,−
√

Λ0
2 , 0). These four points themselves represent

solutions of the dynamical system formed by Eqs.(10) and
(11), however only A and B satisfy the constraint equation
given by (12). Incidentally, note that the solutions repre-
sented by A and B are obtained from Eq.(17) by assigning

the values H0 = ±
√

Λ0
3 . Moreover,A and B correspond(in

the Einstein frame) to de Sitter cosmological models whose
scale factors are given, respectively, by

R(t) = R0 exp(

√
Λ0

3
t), (21)

R(t) = R0 exp(−
√

Λ0

3
t), (22)

where R0 is a constant. For Λ < 0 the system has no critical
points, while for Λ = 0 there is only one critical point at
the origin O(0,0) of the phase plane, corresponding, modulo
a rescaling of the coordinates, to the Minkowski spacetime.
In all the above configurations represented by the critical
points the scalar field φ is constant, since ψ = 0.

We now will draw the phase diagrams corresponding to
the solutions given by Eqs.(17)-(19) plus those represented
by the critical points. The curves appearing in these dia-
grams represent parametric solutions (H(t), ψ(t)) evolving
in time, in the Einstein frame. Of particular interest are the
constant solutions corresponding to the equilibrium points
since all the solutions considered are attracted or repelled
by them. The position of the equilibrium points, when they
exist, depends on the values assigned to Λ0.

A
O

B H

Ψ

Figure 1. Phase diagram for Λ0 > 0. The critical points A and B

represent de Sitter universes.

The first diagram (see Fig. 1) refers to the case Λ0 > 0.
In this case we have six solutions represented by the two
critical points A and B, the two curves lying in the up-
per part of the hyperbolae and the two curves lying in the
lower part. As we have seen before, the points A and B
describe expanding and collapsing universes in the Einstein
frame (see Eqs.(21) and (22)). At this point, it is worth not-
ing that since φ = constant in all solutions represented
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by the points A, B and O, we see from (2) that the metric
tensor g̃µν is obtained from gµν by simply rescaling the co-
ordinates. Thus, we have essentially the same geometry in
both Einstein and Jordan-Fierz frames. It is also easy to see

that, when H0 >
√

3
Λ0

the point A acts as an attractor for

the two solutions (H1(t), ψ+
1 (t)) and (H1(t), ψ−

1 (t)) when
t → ∞. By reasons of continuity the same qualitative be-
haviour is carried over into the Jordan-Fierz frame. Quite

analogously, when H0 < −
√

3
Λ0

, then both (H1(t), ψ+
1 (t))

and (H1(t), ψ−
1 (t)) move away from B as time goes by. For

Λ = 0 (Fig.2) we have three solutions, which describe an
expanding universe, a collapsing universe and Minkowski
spacetime (represented by the equilibrium point at the ori-
gin). When Λ < 0 (Fig.3) we have no equilibrium points
and in the Einstein frame the solutions appear as bouncing
universes possessing an expansion stage followed by a col-
lapsing era.

O H

Ψ

Figure 2. Phase diagram for Λ0 = 0. Here the critical points A and
B representing de Sitter universe merge into the origin (Minkowski
spacetime).

O
H

Ψ

Figure 3. Phase diagram for Λ0 < 0. The critical points disappear.

4 The Warm Inflation Model in
Scalar-Tensor Cosmologies

Let us now consider the case of warm inflation, which corre-
sponds to the system of equations (13)-(15). Here, the solu-
tions for H(t) and ψ(t) are easily obtained if we substitute
Eq.(15) into (13). This leads to

Ḣ = 3(β − 1)H2 (23)

the solution of which is given by

H(t) =
H0

1 + 3H0(1 − β)(t− t0)
, (24)

where H0 is an integration constant. From the constraint
equation (15) we have

ψ(t) = ±
√

3(1 − β)H(t). (25)

Clearly the constraint equation (15) also implies that
β < 1. ( The case β = 1 leads to ψ = 0 and H = H0,
which describes a de Sitter universe).

H
O

Ψ

Figure 4. Phase diagram for the warm inflation model.

The phase diagram corresponding to the solutions (24)
and (25) is shown in Fig. 4. These solutions represent ex-
panding and collapsing universes, for H > 0 and H < 0,
respectively, and Minkowski spacetime (H = ψ = 0). The
expanding universe starts with a big-bang at t∗ = t0 +

1
3H0(β−1) and approach Minkowski spacetime as t → ∞,
gradually slowing their expansion rate. On the other hand,
the collapsing models start at t = −∞ as Minkowski space-
time and collapse at t = t∗. As we have noted in the previ-
ous section, the same qualitative analysis of the solutions in
the vicinity of the origin may again be carried over into the
Jordan-Fierz frame.

5 Final remarks

In this paper we have presented a class of exact solutions
corresponding to vacuum solutions of de Sitter and warm
inflation models in the context of scalar-tensor cosmology.
These two particular models provide a class of field equa-
tions that can be written as planar dynamical systems plus a
constraint equation.

In the case of the de Sitter model the dynamical system
phase diagrams show that if Λ0 > 0 and Λ = 0 there ex-
ist solutions corresponding to critical points (de Sitter uni-
verses). It just so happens that in these cases the scalar field
is constant. This fact allows us to carry over our qualitative
analysis of the solutions near the equilibrium points from
the Einstein frame to the Jordan-Fierz physical frame. The
same remarks applies to the warm inflation model, where
we have only one equilibrium point, which corresponds to
Minkowski space-time. Finally, we would like to stress that
we do not touch here the problem of providing a mechanism
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to terminate the inflationary phase of the universe, our solu-
tions for both models being valid for all t.

Acknowledgments

V.B.B. and C.R. would like to thanks CNPq for partial fi-
nancial support. V.B.B., M.E.X.G. and L.P.C. would like to
thank CAPES in the context of the interinstitutional program
PROCAD/CAPES for partial financial support. M.E.X.G.
would like to thanks the kind hospitality of the Departa-
mento de Fı́sica of the Universidade Federal da Paraı́ba
where part of this work has been developed.

References

[1] M. Fierz, Helv. Phys. Acta 29, 128 (1956); P. Jordan, Z. Phys.
157, 112 (1959); C. Brans and R. H. Dicke, Phys. Rev. 24,
925 (1961).

[2] P. G. Bergmann, Int. J. Theor. Phys. 1, 25 (1968). R. V. Wag-
oner, Phys. Rev. D1, 3209 (1970); K. Nordtvedt, Astrophys.
J. 161, 1059 (1970).

[3] D. Kalligas, K. Nordtvedt, and R. V. Wagoner, in Proceed-
ings of the Seventh Marcel Grossmann Meeting on General

Relativity (World Scientific, 1996); A. Serna and J. M. Al-
imi, Phys. Rev. D50, 7304 (1996); R. V. Wagoner and D.
Kalligas, in Gravitation and Gravitational Radiation, Les
Houches 1995 (Cambridge, 1996); D. I. Santiago, D. Kalli-
gas, and R. V. Wagoner, Phys. Rev. D56, 7627 (1997).

[4] T. Damour, A. M. Polyakov, Nucl. Phys. B423, 532 (1994).

[5] T. Damour, K. Nordtvedt, Phys. Rev. Lett. 70, 2217 (1993);
Phys. Rev. D 48, 3436 (1993).

[6] A. G. Riess et al., Astron. J. 116 1009, (1998); S. Perlmutter
et al., Ap. J. 517, 565 (1998).

[7] D. I. Santiago, D. Kalligas, and R. V. Wagoner, Phys. Rev. D
58, 124005 (1998).

[8] K. Freese, F. C. Adams, J. A. Frieman, and E. Mottola, Nucl.
Phys. B287, 797 (1987); J. M. F. Maia and J. A. S. Lima,
Phys. Rev. D60, 101301 (1999).

[9] A.D. Polyanin and V. F. Zaitsev, Handbook of Exact Solutions
for Ordinary Differential Equations, CRC Press, 1995.

[10] J. S. R. Chrisholm and A. K. Common, J. Phys. A 20, 5459
(1987).


