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Some Bianchi type III cosmological models with magnetic field for massive string are investigated. F12 is
only the non-vanishing component of electromagnetic field tensor Fi j . To get a determinate solution. we have
assumed that the expansion (θ) in the model is proportional to the shear (σ). This leads to C = An where A
and C are functions of time alone. A particular solution for n = 1 is discussed. The physical implications of the
models, are also discussed.
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1. INTRODUCTION

It is still a challenging problem before us to know the ex-
act physical situation at very early stages of the formation of
our universe. The string theory is a useful concept before the
creation of the particle in the universe. The string are nothing
but the important topological stable defects due to the phase
transition that occurs as the temperature lower below some
critical temperature at the very early stages of the universe.
The present day configuration of the universe are not contra-
dicted by the large scale network of strings in the early uni-
verse. Moreover, the galaxy formation can be explained by
the density fluctuations of the vacuum strings.

The general relativistic formalism of cosmic strings, are
given by Letelier [1,2] and Stachel [3]. They have given the
energy-momentum tensor for string distribution in the form

Ti j = ρuiu j−λwiw j (1.1)

where

uiui =−wiwi =−1 and uiwi = 0 (1.2)

where ρ is the energy density for a cloud of strings with par-
ticles attached to them, λ the string tension density. The unit
time like vector ui is the flow vector and the unit space like
vector wi specifies the direction of the strings. The particle
density associated with the configuration is given by

ρp = ρ−λ (1.3)

Using these concepts, a number of general relativistic ex-
act solutions were investigated, Krori et al [4] investigated
Bianchi type II, VI0, VIII and IX string cosmological models.
A class of cosmological solutions of massive strings has been
obtained by Chakraborty [5] for Bianchi type VI0 space time.
Roy and Banerjee [6] have investigated some LRS Bianchi
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type II string cosmological models which represent geometri-
cal and massive strings. Banerjee et al [7] investigated some
cosmological solutions of massive strings for Bianchi type I
space-time in presence and absence of magnetic field. Tikekar
and Patel [8] obtained some exact solutions of massive string
of Bianchi type III space time in presence of magnetic field.
They have also discussed some string solutions of Bianchi
type III space time in absence of magnetic field. Lidsey et al
[9] have discussed the aspects of super string cosmology with
the cosmological implications of duality symmetries. Bali et
al. [10-14] have a investigated Bianchi Types I, V, IX string
cosmological models in General Relativity. Wang [15-18]
has investigated and discussed some cosmological models and
their physical implications in some Bianchi Type space-times.
Melvin [19] in his cosmological solution for dust and electro-
magnetic field, has suggested that the presence of magnetic
field is not as unrealistic as it appears to be because during the
evolution of the universe, matter was in a highly ionized state,
smoothly coupled with the field subsequently forms neutral
matter due to universe expansion. Very recently Bali and
Pradhan [20] have established a formalism for studying the
new integrability of Bianchi Type III massive strings cosmo-
logical models in General Relativity.

In this paper, we have investigated Bianchi type III massive
string cosmological models in presence of magnetic field. The
string solution for general values of n and n = 1 are investi-
gated. The physical implications of the models are also dis-
cussed. The behaviour of the models in presence and absence
of magnetic field are also discussed.

2. THE METRIC AND FIELD EQUATIONS

We consider the Bianchi III space-time in the form

ds2 =−dt2 +A2dx2 +B2e−2αxdy2 +C2dz2 (2.1)

where α is a constant and A, B and C are function of t only.
We assume that the coordinate to be commoving so that

u1 = 0 = u2 = u3 and u4 = 1 (2.2)
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The energy momentum tensor for a cloud of string dust with
magnetic field along the z-direction of the string, given by

Tik = ρuiuk−λwiwk +
1

4π

[
g`mFi`Fkm− 1

4
gikF̀ mF`m

]
(2.3)

where ui and wi satisfy conditions (1.2) is considered as the
source term in the Einstein field equation

Rik− 1
2

R gik =−8πTik (2.4)

In a comoving system, we have

ui = (0,0,0,1), wi =
(

0,0,
1
C

,0
)

(2.5)

The electromagnetic field tensor Fik has only the non-zero
component F12 because the magnetic fields is assumed to be
along the z-direction. Subsequently Maxwell equation

Fik,` +Fk`,i + F̀ i,k = 0 and [F ik(−g)1/2],k = 0

lead to

F12 = K e−αx (2.6)

where K is a constant so the magnetic field depends upon the
space coordinate x only. From (2.3), (2.5) and (2.6), it follows
that F14 = 0. The field equations (2.4) impose the requirement

R14 = α
[

Ȧ
A
− Ḃ

B

]
= 0 (2.7)

Here and in what follows a dot denotes the derivative with
respect to t. We have two cases α = 0 and A = B. When α = 0,
the metric (2.1) degenerates into Bianchi type I considered by
Banerjee et al [1990]. As we wish to consider space times
with Bianchi III symmetry, we assume that α is non-zero and
A = B The field equation (2.4) lead to the following system of
equations

8πρ =
2ȦĊ
AC

+
Ȧ2

A2 −
α2

A2 −
K2

A4 (2.8)

8πλ =
2Ä
A

+
Ȧ2

A2 −
α2

A2 −
K2

A4 (2.9)

Ä
A

+
C̈
C

+
ȦĊ
AC

+
K2

A4 = 0 (2.10)

where ρp = Particle density = ρ−λ.
Thus the particle density ρp is given by

8πρp =−2Ä
A

+
2ȦĊ
AC

(2.11)

in accordance with (1.3).
The velocity field ui is specified by (2.5) is irrotational. The

expansion scalar θ and the shear scalar σ2 are respectively
found to have the following expressions

θ = ui
,i =

2Ȧ
A

+
Ċ
C

(2.12)

σ2 =
1
2

σikσik =
1
3

[
Ċ
C
− Ȧ

A

]2

(2.13)

3. SOLUTION OF THE FIELD EQUATIONS

The field equations (1.2) are a system of three equations (2-
8-2.10) with four unknown parameters ρ, λ, A and C. One
additional constraint relating these parameters is required to
obtain explicit solutions of the system. Referring to Thorne
[21], observations of the velocity redshift relation for extra-
galatic sources suggest that Hubble expansion of the universe
is isotropic within 30% range approximately [22,23] and red-
shift studies place the limit σ

H ≤ 0.30 where σ is shear and H
the Hubble constant. Following Bali and Jain [24], we assume
that the expansion (θ) is proportional to the shear (σ) which
is physically conditions. This condition leads to

C = An (3.1)

where n is a constant.
From equation (3.1) in equation (2.10), we get

Ä
A

+ k
Ȧ2

A2 =− β
A4 (3.2)

where

k =
n2

n+1
(3.3)

and

β =
K2

n+1
(3.4)

Now put Ȧ = f (A) in equation (3.2), we get

d
dA

( f 2)+
2k
A

f 2 =−2β
A3 (3.5)

Further, equation (3.5) leads to

f 2 =
(

dA
dt

)2

= L A−
2n2
n+1 − K2A−2

n2−n−1
(3.6)
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Thus the metric (2.1) reduces to the form

ds2 =−
(

dt
dA

)2

dA2 +A2dx2 +A2e−2αxdy2 +A2ndz2 (3.7)

=− dT 2

LT−2n2/n+1− K2T−2

n2−n−1

+T 2(dX2 + e−2αX dY 2)+T 2ndZ2

(3.8)
where A = T,x = X ,y = Y,z = Z.

In the absence of magnetic field i.e. when K → 0 then the
metric (3.8) reduces to the form

ds2 =− dT 2

LT−2n2/n+1
+T 2(dX2 + e−2αX dY 2)+T 2ndZ2

(3.9)

3.1. SOME PHYSICAL AND GEOMETRICAL FEATURES

The rest energy density (ρ) and string tension density (λ)
for the model (3.7) are given by

ρ =
1

8π

[
−K2(2n+1)
(n2−n−1)T 4 +

(2n+1)L

T 2 (n2+n+1)
n+1

− α2

T 2 −
K2

T 4

]
(3.10)

λ =
1

8π

[
K2

(n2−n−1)T 4 −
(2n2−1)L

(n+1)T 2 (n2+n+1)
n+1

− α2

T 2 −
K2

T 4

]

(3.11)
The particle density ρp is given by

ρp = ρ−λ =
1

8π

[
−2K2(n+1)
(n2−n−1)T 4 +

n(4n+3)L

(n+1)T 2 n2+n+1)
n+1

]

(3.12)
The scalar of expansion (θ) and shear (σ) for the model (3.7)
are given by

θ = (n+2)

[
−K2

(n2−n−1)T 4 +
L

T 2 n2+n+1)
n+1

]1/2

(3.13)

σ2 =
1
3
(n−1)2

[
−K2

(n2−n−1)T 4 +
L

T 2 n2+n+1)
n+1

]
(3.14)

The energy condition ρ≥ 0 implies that

(2n+1)L

T 2 n2+n+1)
n+1

≥ α2

T 2 +
K2(2n+1)

(n2−n−1)T 4 +
K4

T 4 (3.15)

The particle density and tension density of the cloud string
vanish asymptotically in general if n2 + n + 1 > 0. The ex-
pansion in the model stops when n = −2. The model starts
expanding with a big bang at T = 0 and the expansion in the
model decreases as time increases if n2 + n + 1 > 0. Since
limT→∞

σ
θ 6= 0. Hence the model does not approach isotropy

for large values of T . The model (3.7) has singularity at T = 0.
The physical parameters ρ,λ,ρp are infinite at the singularity
T = 0 and monotonically decreasing as T → ∞. The energy
density and expansion in the model decreases more rapidly in
presence of magnetic field. In absence of magnetic field, the
energy condition ρ≥ 0 lead to

2n2

T n+1 ≤
(2n+1)L

α2 (3.16)

In absence of magnetic field, the physical parameters
ρ,λ,ρp,θ and σ are given by

ρ =
1

8π

[
(2n+1)L

T 2 (n2+n+1)
n+1

− α2

T 2

]
(3.17)

λ =− 1
8π

[
(2n2−1)L

(n+1)T 2 (n2+n+1)
n+1

+
α2

T 2

]
(3.18)

ρp =
1

8π
Ln(4n+3)

T 2 (n2+n+1)
n+1

(3.19)

θ =
(n+2)L1/2

T n2+n+1
n+1

(3.20)

σ2 =
1
3

(n−1)2L

T 2 (n2+n+1)
n+1

(3.21)

In absence of magnetic field, the particle density ρp and
tension density λ vanish when T → ∞. The expansion in the
model decreases as time increases if n2 +n+1 > 0. However,
if n2 +n+1 < 0 then the model starts expanding at T = 0 and
goes on expanding indefinitely. Since limT→∞

σ
θ 6= 0. Then

the model does not approach isotropy for large values of T .

4. SPECIAL CASE

When n = 1 in equation (3.1), we get

A = C (4.1)

Using equation (4.1) in equation (2.10), we get
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2Ä
A

+
Ȧ2

A2 +
K2

A4 (4.2)

We solve equation (4.2) by putting

Ȧ = f (A) (4.3)

so we get

f 2 =
K2 +NA

A2 (4.4)

where N is a constant.
Further, we solve equation (4.4) by putting

K2 +NA = ξ2 (4.5)

so we get

ξ3−3K2ξ−
(

3
2

N2t +3M
)

= 0 (4.6)

where M and N are constants.
The equation (4.6) leads to

ξ =


3

2

(
N2

2
t +M

)
+

3
2

√(
N2

2
t +M

)2

−K6




1/3

+


3

2

(
N2

2
t +M

)
− 3

2

√(
N2

2
t +M

)2

−K6




1/3

(4.7)

Using equation (4.5) in (4.7), we get

A =
[(a+b)1/3 +(a−b)1/3]2−K2

N
(4.8)

where

a =
3
2

(
N2

2
t +M

)
(4.9)

and

b =
3
2

√(
N2

2
t +M

)2

−K6 (4.10)

Now metric (2.1) becomes

ds2 =−dt2 +
[{(a+b)1/3 +(a−b)1/3}2−K2]

N2

{dx2 + e−2αxdy2 +dz2} (4.11)
where

a+b =
3
2



(

N2

2
t +M

)
+

√(
N2

2
t +M

)2

−K6


 (4.12)

and

a−b =
3
2



(

N2

2
t +M

)
−

√(
N2

2
t +M

)2

−K6


 (4.13)

4.1. PHYSICAL AND GEOMETRICAL FEATURES

The rest energy density (ρ) amd string tension density (λ)
for the model (4.11) are given by

8πρ =
3N4[(a+b)2/3− (a−b)2/3]2

4b2{[(a+b)1/3 +(a−b)1/3]2−K2}2 −
α2N2

{[(a+b)1/3 +(a−b)1/3]2−K2}2

− K2N4

{[(a+b)1/3 +(a−b)1/3]2−K2}4 (4.14)

8πλ =
N4

4b3
[(a+b)2/3(2b−3a)+(a−b)2/3(2b+3a)]

{[(a+b)1/3 +(a−b)1/3]2−K2} +
N4[(a+b)2/3− (a−b)2/3]2

4b2{[(a+b)1/3 +(a−b)1/3]2−K2}2

− α2N2

{[(a+b)1/3 +(a−b)1/3]2−K2}2
− K2N4

{[(a+b)1/3 +(a−b)1/3]2−K2}4
(4.15)
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The particle density is given as

8πρp = 8π(ρ−λ) =− N4

4b3
[(a+b)2/3(2b−3a)+(a−b)2/3(2b+3a)]

{[(a+b)1/3 +(a−b)1/3]2−K2}

+
N4[(a+b)2/3− (a−b)2/3]2

2b2{[(a+b)1/3 +(a−b)1/3]2−K2}2
(4.16)

where

a =
3
2

(
N2

2
t +M

)

b =
3
2

√(
N2

2
t +M

)2

−K6

a+b =
3
2



(

N2

2
t +M

)
+

√(
N2

2
t +M

)2

−K6




a−b =
3
2



(

N2

2
t +M

)
−

√(
N2

2
t +M

)2

−K6




The scalar of expansion (θ) and shear (σ) for the metric
(4.11) are given by

θ =
3N2

2b
{(a+b)2/3− (a−b)2/3}

[{(a+b)1/3 +(a−b)1/3}3−K2]
(4.17)

σ2 = 0 (4.18)

The energy condition ρ≥ 0 leads to

[(a+b)2/3− (a−b)2/3]≥ 4b2α2

3N2 +

4b2K2

3[{(a+b)1/3 +(a−b)1/3}2−K2]2
(4.19)

The expansion in the model vanishes when t = − 2M
N2 and

when t → ∞. Thus expansion in the model represents non-
shearing and isotropic universe.

For n = 1, in the absence of magnetic field, the energy
density (ρ), tension density (λ) and particle density ρp, are
given by

8πρ =
N4

3T 2 −
α2N2

(3T )4/3 (4.20)

8πλ =
N4

9T 2 −
N2

9T 2 −
α2N2

(3T )4/3 (4.21)

8πρp =
2N4

9T 2 +
N2

9T 2 (4.22)

The expansion (θ) and the shear (σ) in the model are given by

θ =
N2

T
(4.23)

and

σ2 = 0 (4.24)

The energy condition ρ≥ 0 leads to

T 2/3 ≤ 31/3N2

α2 (4.25)

The model starts expanding with a big-bang T = 0 and the
expansion in the model decreases as time increases and the
expansion in the model stops at T = ∞. The particle density
and tension density of the cloud string vanish asymptotically
in the model:

ds2 =−4/N4dT 2 +(3T )4/3/N2{dx2 + e−2αxdy2 +dz2}

It has singularity at T = 0. The physical parameters ρ, λ,
ρp are infinite at the singularity T = 0 and monotonically de-
creasing.
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