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These lectures provide an elementary introduction to Chern Simons Gravity and Supergravity in

d = 2n + 1 dimensions.

I Introduction

The present situation of High Energy Physics is both
exciting and paradoxical. On one side we have a mon-
umental theoretical machinery built on the most beau-
tiful ideas —strings, membranes, dualities, M —theory,
AdS-CFT correspondence—, with hardly any experi-
mentally testable predictions for the near future. On
the other hand, there is a growing corpus of puzzling
observations coming mostly from astrophysics, includ-
ing gamma ray bursts, missing mass, microwave inho-
mogeneities, indications of an accelerated expansion,
which defy present standard wisdom about the uni-
verse, acquired through observations of our more im-
mediate neighborhood. The new observations are for
the most part surprising, and one could expect by now
that the surprises will continue. In an effort to cope
with the new data, a number of exotic proposals have
been put forward. Thus, in recent times notions such as
quintessence and other nonminimal extensions of Gen-
eral Relativity (GR) including a nonvanishing cosmo-
logical constant, and extra dimensions at macroscopic
scales have gained acceptance in respectable journals.
In this situation, a reasonable attitude for a theoret-
ical physicist would be to critically examine all consis-
tent alternatives to our time-honored foundations. In
this vein, here we discuss a class of gravity theories
which share the essential geometric foundation of GR:

e a) General covariance

e b) Second order field equations for the metric

At the same time, other features of GR are re-
laxed:

Here [z] is the integer part of .

e ¢) Spacetime is allowed to have any number of
dimensions

e d) Spacetime is not necessarily asymptotically
flat

e e) The action is extremized under independent
variations of the metric and affine connection

Condition (c) is absolutely necessary in the context
of string theory and (d) is most natural in the light of
the recently discovered AdS-CFT correspondence.

Requirement (e), on the other hand, allows for in-
dependent propagation of the metric and affine struc-
tures of spacetime. This is satisfactory in view of the
fact that the metric and affine features of spacetime are
geometrically independent: one has to do with the mea-
surement of distances while the other relates to parallel
transport. A natural way to implement condition (c) is
to use the first order formalism, where the independent
fields are the vielbein one-form e® = ej,dz" ,and the spin
connection w® = waldat.

The family of gravity theories obtained with these
postulates where studied by Lovelock in the early 70’s
[1]. The five dimensional case had already been dis-
cussed by Lanczos in the late 30’s [2]. More recently,
Zwiebach [3] and Zumino [4] showed the Lanczos-
Lovelock (LL) theories to be appropriate to describe
the effective low-energy gravity theory found in the
weak coupling limit of string theory.

In their simplest version, the LL theories have the
same fields, symmetries and local degrees of freedom as
ordinary gravity. The action is a polynomial of degree
[d/2] in curvature!, which can also be written in terms
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of the Riemann curvature R* = dw? + w%w® and the
vielbein as?

Ic = n/ Z a, L™, (1)

where o, are arbitrary constants, and L) is given by

L(P) = €ay-ay RO102... RO2p—102p p02p+1 .. p0d (2)

What makes the LL theories so special is the fact
that they comply with the requirement b) above. An
arbitrary Lagrangian density constructed with the met-
ric and curvature tensors, on the contrary, would give
rise to fourth order field equations for the metric, in
general. A powerful reason to choose the Einstein-
Hilbert (EH)action in four dimensions is that the Ein-
stein equations are second order. This feature of the
EH action stems from the fact that the EH Lagrangian
in two dimensions is the density of a topological invari-
ant: the Euler characteristic of the manifold. Similarly,
the LL theories in d-dimensions are linear combinations
(with arbitrary coefficients) of the Euler densities of all
dimensions below d. Thus, General Relativity is a par-
ticular case of LL theory.

A. Drawbacks of the Generic LL Action

In spite of their nice features, the LL theories suf-
fer from an original sin: they are endowed with a col-
lection of indeterminate dimensionful parameters o,
p=1,.. [%] This has two puzzling consequences al-
ready at the classical level:

e (i) The theories have a large number of physical
parameters which should be experimentally deter-
mined. This would make gravity less interesting
as a fundamental theory, because it would have
more natural constants, like Gnewtonand the cos-
mological constant A, to be adjusted.

e (ii) The field equations admit solutions which
have indeterminate spacelike dependence and
timelike evolution. This results from the fact that
the field equations are polynomials of degree p
in the derivatives of the metric (9g). Thus, the
values of the velocity can jump between different
roots of the equation arbitrarily and still extrem-
ize the action[5], [6].

A consequence of (ii) is the fact that the Legendre
transformation from the Lagrangian to the Hamiltonian

2Wedge product between forms is understood throughout.
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cannot be performed in general, making the canonical
quantization program ill-defined. Another problem re-
lated with the second issue is the existence of several
vacua with different topologies. This could be an in-
teresting novel feature of these theories, were it not for
the fact that the perturbation expansions around the
different vacua give rise to completely different theories
and typically contain ghosts [9].

There is one more reason to find the presence of
the large number of coefficients in the Lagrangian un-
desirable. The bare a,’s are dimensionful constants
and therefore could receive quantum corrections beyond
control, making the possibility of constructing a quan-
tum theory of gravity even more remote than in stan-
dard GR. This would be so unless the values of these
constants are protected by some fundamental symme-
try, like the zero mass for the photon, or the equal num-
ber of quarks and leptons, which are “protected” by
gauge invariance.

Thus, it would be interesting to find a “natural” way
to fix the a’s. Moreover, if the criterion that fixes these
coefficients is based on some symmetry principle, and
possibly protect them from renormalization with a rea-
sonable symmetry principle. In this scenario, one finds
two special families, which stand out among all LL the-
ories. They correspond to a Born-Infeld -like theory in
even dimensions, and the Chern-Simons theory for the
anti-de Sitter (AdS) gauge group for odd D. In section
III we review these theories in general. In section IV
the CS case and their supersymmetric extensions are
analyzed in greater depth. The next section is just a
cursory review of nonabelian CS theories which can be
skipped by the experts and by those eager to get to the
juicy stuff.

IT Chern-Simons Theory in 3
Dimensions

Chern-Simons (CS) theory has a curious history. It
was discovered in the context of anomalies in the 70’s
and used as a rather exotic toy model for gauge sys-
tems in 241 dimensions ever since [10] . It was only by
the mid 80’s that it was realized that ordinary Einstein
gravity in 2+1 dimensions is a natural example of a CS
system, especially through the work of Witten [11]. As
it turns out, CS systems are more conspicuous than it
might seem at first sight. General Relativity in 241
dimensions (with or without cosmological constant) is

3There is a vast literature on this subject. For an extensive treatment of CS theories, see e.g., [7], or [8].
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a CS system (for ISO(2,1) or SO(2,2) groups, respec-
tively); any ordinary mechanical system in Hamiltonian
form can be viewed as an abelian CS system in 0+1
dimensions[12]. This way of looking at mechanical sys-
tems is not completely absurd and it even sheds some
light into ancient problems such as the justification for
the old quantization rule of Bohr and Sommerfeld.

In retrospect, we can see that the key to the con-
struction of the CS form (in three dimensions) is the
following: the Pontryagin form

P =Ti[F AF), (3)

is closed

dP = 0. (4)

By Poincaré’s lemma, P is locally exact, that is, it is
always possible to write it in an open neighborhood as
the exterior derivative of a 3-form

P =dL. (5)

Thus, the 3-form L is the Chern-Simons Lagrangian.
Clearly, this idea can be generalized to higher (odd) di-
mensions, and for other integral topological invariants,
like the Euler characteristic. This is precisely where
the connection with the LL theory can be found: if
one asks, what is the 3-form whose exterior derivative
is the J-dimensional Euler density?, the answer is the
Einstein-Hilbert action with nonzero cosmological con-
stant.We now briefly review a few facts about standard

3-dimensional CS systems.
The idea is to find a three-form Lgg such that
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is the curvature (field strength) in the adjoint represen-
tation and A is a Lie algebra-valued connectionl-form.
Let G be the gauge group and G its Lie algebra gen-
erated by the matrices T, such that [T, Tp] = CS,T..
Under the action of the gauge group, the connection

A :AZTad:n“
transforms as
A A =g tAg+ g dy, (8)

where the 0-form g(z) is an element of G. Then, the
curvature changes as

F > F =¢ 'Fy, (9)

and it is easily shown, using the cyclic property of the
trace, that Tr[F A F] is invariant under (8, 9). From
(6), the CS Lagrangian is found to be

2
LcszTI‘[A/\dA-I-gA/\A/\A]. (10)

A. Gauge Invariance

It is easily checked that the CS action is invariant
under gauge transformations. First observe that under
a gauge transformation of the form (8), the right hand
side of (6) does not change and therefore §(dLcs) =0

déLcs = 0.

In other words, under a variation of the fields
that leaves the Pontryagin form invariant, the CS La-
grangian changes by a closed form. Thus, provided the

dLos = Tr[F A F], (6) change dL¢ogs approaches zero sufficiently fast at the
where spacetime boundary, the CS action should be invariant
F=dA+AAA (7) as well. Substituting (8) in (10) one finds
|
1
Les(A') = Les(A) — dTr[dgg ' A] — gTr[(g*ldg)ﬂ- (11)

Then the action changes as

TosIA') = ToslA] = [ Toidgg™A) = 3 [ Ti(ady )L (12)

This raises an important issue: is the action really in-
variant under the gauge transformation (8)? The an-
swer seems to be no, unless ¢ — 1 sufficiently fast to
cancel the second term, and some other miracle makes

the third term also vanish. The first condition one can
always demand because it is part of the rules of the
game in any variational problem that the fields satisfy
appropriate boundary conditions, and that necessarily
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restricts the type of field transformations allowed at the
spacetime boundary.

The last term in (11) is closed and therefore, pro-
vided there are no topological contrivances, this term
can be expressed locally as the exterior derivative of
some 2-form which depends on g(z). It is obvious that
this term cannot be made to vanish simply by imposing
some asymptotic condition on the gauge transformation
g. In fact, there are some interesting simple examples
in which the integral of this last term doesn’t vanish.
For instance, if the manifold M is topologically a 3-
sphere and the gauge group is SU(2), the last term in
(12) is 47> N, where N is the winding number of the
mapping g : M — SU(2).

The transformation law (12) tells us that the action
changes by a surface term and possibly by a functional
of g(x). Although none of these terms can alter the field
equations, they can change the global properties of the

]

dlcs[A] = 2/

M

Here we see that the condition of having an extreme
under arbitrary variations 6 A%implies

F* =0, (13)
provided the group algebra is such that
Yab = Tr[TaTb],

is a non-singular matrix, which is always the case for a
semisimple Lie algebra in the adjoint representation
and v, is the Killing metric.

Semisimple algebras are those which do not contain
invariant abelian subalgebras (roughly, those that can-
not be written as G = Gy @ U, where U is abelian).
Semisimple algebras correspond to the classical groups
SO(n), SU(n), Sp(2n), and other more exotic choices
such as OSp(n, m), USp(p,q), Es, etc. There is an im-
portant exceptional Lie algebra which is not semisim-
ple and yet there is a faithful representation for which
~eb i nondegenerate. This is the case of the Poincaré
group in 241 dimensions, I50(2,1), whose algebra is
50(2,1)®R?*!, where R*! is the group of translations in
2+1 dimensions. This exception to the rule allows writ-
ing the Einstein-Hilbert Lagrangian as a CS 3-form for
the Poincaré group, and is the key to the quantizability
of gravity in 241 dimensions [11].

The field equations (13) look strikingly simple and
not much could be expected from them. In fact, there

T[T, Ty]F* A SA —/

Jorge Zanelli

theory, like the definition of conserved charges. They
also provide different weight for topologically different
configurations in the quantum theory as defined by the
path integral. At any rate, the action Izg[A] is gen-
uinely gauge invariant if the manifold has no boundary
(OM = 0), or the gauge transformation goes to zero
at the boundary fast enough, and the topology of the
mapping g : M — G is trivial. These conditions are
met by gauge transformations which are everywhere in-
finitesimally close to the identity, e.g., g = 1+ A*(z)T,,
with A*(z) << 1. This is sufficient for most practical
purposes in the study of CS systems as field theories.

B. Field equations

Now that we have a good action principle for the
connection A, it is natural to ask, what does it de-
scribe? One way to answer this is to study the field
equations. Varying the action yields

Tr[T,Tp] A A SA°.
oM

is a well known result according to which if on a homo-
topically trivial open set B,

dA+AAA =0,

then A can be written as a gauge transformation of a
trivial connection,

A = g 'dg everywhere in B. (14)

In other words, by a gauge transformation it is al-
ways possible to take A — 0 on any small patch of M.
Thus, the field configurations described by the equa-
tion (13) would be trivial unless there are topological
obstructions which prevent (14) from being valid glob-
ally throughout the entire manifold M even if it re-
mains valid on any small open set B. This is in fact
what happens with gravity in 2+1 dimensions, where
the field equations are of the form (13) and still one can
have nontrivial solutions such as black holes and grav-
itational collapse. At any rate, what remains true is
the fact that a CS system in 2+1 dimensions has no lo-
cal degrees of freedom that could propagate. In higher
dimensions, however, CS systems possess propagating
local degrees of freedom and the situation is similar to
that of a standard gauge theory.
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C. Generalization to Higher Dimensions

In spite of their interesting mathematical structure,
these three-dimensional theories might seem too unre-
alistic as models for our world. We are now going to see
how these ideas are extended to higher dimensions. The
essential ingredient in the construction of CS theories
in higher dimensions is the existence of a 2n— form

QQn(A) = Ya1...a

which is closed,

JFUANF2AN- ANFO (15)

dQ2n =0 )

and invariant under a gauge transformation A — A’ =
9~'Ag+g~dg,

Q2n (Al) = QQn(A)

It is straightforward to show that the invariants of
the form

S

'

n-times

satisfy these requirements, where we have defined

Yai...an = <Ta1Ta2 T Tan> )

and (...) stands for a trace operation in an appropri-
ate representation of the Lie algebra G. The invariants
of the form (15) are in one-to-one correspondence with

]

L2Cn571 (Al)

where the (2n — 1)-form $ is a function of A and de-
pends on g through the combination g~ 'dg. Thus, the
action

il = [ ot

describes a gauge theory for the group G, which under
a finite gauge transformation changes as the integral
of (19). The second term in the RHS of (19) gives
rise to a boundary term, and the third is proportional
to the winding number. Again, one can see that under
an infinitesimal gauge transformation (connected to the
identity) of the form

0A = -V, where A << 1,

the action changes by a surface term, which can be set
to zero under the appropriate boundary conditions.

= LZH(A) +dB + (1)
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the nth rank invariant tensors 7,,. . ,, which could be
constructed for a given gauge group. The number of
such tensors is rather small in general and is related to
the number of Casimir invariants of the group. (In the
next two sections we will discuss specific realizations of
these brackets, so most of the mystery will be dissipated
shortly.) From now on, we will not explicitly write the
wedge symbol unless there is an ambiguity, so we will

also write 02, as
Q2n(A) = (F"). (16)

These invariants belong to the family of charac-
teristic classes known as the Chern-Weil invariants.
These classes themselves define integral invariants re-
lated to the topological properties of the maps that can
be established between manifold M and the group G.

The equation analogous to (6) now reads

dLgs " = (F"), (17)

and its solution can be written as

1 1
Lzt = ) /0 dt (A(tdA + A*)" ") + a,

(n+1)!
(18)

where « is an arbitrary closed (2n — 1)-form (da = 0).
Under a gauge transformation of the form (8), the
Chern-Simons form (18) changes as

ey nl(n —1)!

1! ((g7"dg)>™ "y, (19)

I11 General Relativity as a
Chern-Simons Theory

So far, the best description of our universe at large scale
is general relativity with the Einstein-Hilbert (EH) ac-
tion defined on a four-dimensional spacetime

1= v -ana (20)

where R is the Ricci scalar curvature and A is the cos-
mological constant. More than sixty years of frustrated
efforts to quantize this theory can explain the immedi-
ate attention drawn by Witten’s classical observation
that gravity in 241 spacetime dimensions is an exactly
solvable model[11]. This result means that the quan-
tum theory can be completely and explicitly spelled out,
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that is, all correlation functions or, alternatively, its en-
tire Hilbert space, can be known. This is remarkable
since in just one more spatial dimension, the quantiza-
tion problem becomes intractable. It could be argued
that quantization of 241 gravity is no big deal since
the theory has no propagating degrees of freedom and
therefore its quantum description is like that of a system
of point particles. Although this is certainly an impor-
tant simplification, the key to the proof of solvability is
the fact that 2+1 gravity is a CS system and hence, it
has all the nice features of a gauge theory. Gravity in
3+1 dimensions, on the other hand cannot be construed
as a gauge system of the Poincaré or (A-)dS groups, and
this is a serious limitation for it quantization. In what
follows we will cast 2+1 gravity as a CS system and will
see how this can be generalized to higher dimensions.

The three-dimensional EH action analogous to (20)
can be cast as a first order theory, in which only first
order derivatives occur, by using form language,

Iw,e] = %/Eabcd (R“b - éAe“eb> ecel, (21)

Here R® is the curvature two-form R} = dwg+w3w§
(here the wedge product symbol (A) has been sup-
pressed), and the dynamical fields are the vielbein e® =
e (x)dz”, and the Lorentz (spin) connection wi’ =
wi(z)dzt. Note that the action (21) depends on the
fields and their first derivatives only (this is a conse-
quence of the fact that only exterior derivatives are used
throughout and therefore higher order derivatives with
respect to one coordinate can never occur). When this
action is varied with respect to e and w®®, the following
field equations are found

1
€abed (Rab — 5A6a6b> e =0 (22)
€apcale? = 0. (23)

The first expression are the usual Einstein’s equa-
tion, which relates the curvature to the metric, while
the second implies vanishing torsion, T* := De® =
de® + wie® = 0, which is usually postulated in gen-
eral relativity. Solving this second equation for w?® as
a function of e, de and e~! and substituting w®(e) into
(22) the standard second order form of the Einstein
equations is obtained. The action (21) is the first order
formulation of the EH theory and it is the most general
local 4-form invariant under Lorentz rotations in the
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tangent space, constructed out of the vielbein, the spin
connection and their exterior derivatives only [13, 4].
This suggests that in other dimensions, the same pre-
scription could be applied to construct the action for
the gravitational field.

A. Beyond the Einstein-Hilbert action

In order to describe the gravitational field for d > 4
one could assume the spacetime geometry as given by
the same EH action (20) —with or without cosmolog-
ical constant— integrated now over d dimensions. One
of the reasons for the universal appeal of the EH action
is that it yields second order field equations, but as we
already mentioned, other attractive alternatives exist
in higher dimensions of the form (1).

The Lanczos-Lovelock (LL) Lagrangian is the most
general local d-form invariant under Lorentz rotations
of the tangent space, constructed out of the vielbein,
the spin connection and their exterior derivatives with-
out using other structures [13]. In particular, the met-
ric, the inverse vielbein or the Hodge-* dual* are never
used in the construction, ensuring that only first order
field equations for e and w can be produced. If the
torsion-free condition is assumed, the equations for the
metric become second order.

B. Gravity as an (anti-)de Sitter CS The-
ory

The coefficients in the LL action can be made di-
mensionless by the redefinition a;, — a,l? 2P, where [
is a parameter with dimensions of length. Then, the
LL Lagrangian reads

[d/2]
L = E apl2p7d€a1___adRa‘1a2 co RO2p-102p o02p+1 | o0d
p=0

(24)
The embarrassing freedom to choose the «,’s arbitrar-
ily can be drastically cut by the following observation:
The field equations for e and w involve R*, T and e®.
Taking the covariant exterior derivatives of these equa-
tions and using the Bianchi identities, new algebraic
relations between the curvature and torsion tensors are
produced, which would generically introduce nonholo-
nomic restrictions on the degrees of freedom of the the-
ory . This is so for all choices of a,’s, except in two
cases, for which no new constraints on the geometry
are generated [14]:

4The Hodge %-operation relates a p-form and a (d — p)-form through its action on the basis

*(d:v“l .. -dx‘”’) =

€up -

1
m, /‘g‘gmm B et et I

vy dxVr+1 ... dghd .

Note that this expression involves explicitly the inverse of the metric and its inverse.
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e d = 2n: The Born-Infeld (BI) case,

ap:n<z>,0§p§n (25)

e d =2n —1: The AdS Chern-Simons (AdS-CS)
]
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case,

Qp =

K n-—1
<p<n-1. (2
(07t )ospsn-1 oo

The reference to BI in the first case stems from the fact that, in that case, the Lagrangian reads

L =

l

1
K - \/det [R“b + 1—26“6”} ,

which is reminiscent, of Lagrangian for the Born-Infeld
electrodynamics

The odd-dimensional case is referred to as AdS-CS
because that Lagrangian is of the CS family and it can
be cast in a form which is manifestly invariant under
local AdS transformations. This can be seen as follows.
Consider the array of 1-forms

ab —1_a
AB _ | w " e
W - _lfleb 0 ) (28)
where the indices a,b,... = 1,2,..d and A, B,... =

1,2,..d + 1. It is a simple exercise to show that this
connection defines a curvature 2-form given by

B = awAB 4 wAwes
Rab+l—2eaeb l—lTa
= | 0 (29

]

k-pfaff [R“b + %e“eb} ,

K- €aq...aq (R‘““Z + l%e‘“e‘”) cee <Rad‘1“d + l%e“d“e“d) )

(27)

where the A, B, ... indices are raised and lowered using
the AdS metric®,

nap = diag(—1, -1, +1, ..., +1). (30)

—AB
The AdS curvature R can be used to construct the
Euler form in 2n dimensions as

—A1 A2

SA2nd—142n
g2n = €A1...A2n R

which, by virtue of the Bianchi identity (Dﬁab = 0),
can be shown to be closed, df,, = 0. [Here RAB de-
notes the (d+ 1 = 2n)-dimensional curvature, not to be
confused with the (d = 2n — 1)-dimensional one, R®.]
Substituting (29) into (31) one finds the explicit form
for &, in terms of the (d = 2n — 1)-dimensional tensors
under the SO(2n — 2,1) (Lorentz) group,

EQn =M€ a Ro1a2 +l_26a16a2 .. (R%2nd—3a2n—2 +l_26a2nd—3ea2n—2 To2n-1
1.Q2n—1

Now, the same arguments applied to find the CS Lagrangian from the Pontryagin density can be applied now

to the Euler form. Thus, one may ask, what is the (2n — 1)-form whose exterior derivative gives (31)7. Direct
computation yields the answer in the form (24), but with fixed coefficients:
[4/2] 1op—d
KI*P n—1
Epn = dln p;o . 2% < P ) €a1...adRa1a2 e R¥2p-102p pQ2p 41, o0d | (32)
= dL{9s. (33)

5All that it is said in this lecture about AdS can be easily carried over to the de Sitter case. It is necessary to change a few signs at

the right places.
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That is, the coefficients a; given by (26).

C. Gauge invariance

We now show that the Lagrangian L5 is really

invariant under infinitesimal SO(d — 1,2) (AdS) rota-
tions. Under SO(d — 1,1) e* and w§ transform as

wab — wlab — d}\ab +wac>\b . +wa>\a .
= D, A" , o (34)
e’ e’ =)\ eb

—AB
then the new curvature R~ transforms as a tensor un-
der a larger group. In fact, (34) is a particular case of
the SO(d — 1, 2) transformations of the form

WAB — W' A = dAAB + WANCE + WE AAC
= DwAAB ’
(35)

]

n—1 1 n 1
— E - 2p—D
LQn_l = I‘épzo D— 2p < » ) =P €aq---

Here « is the gravitational constant similar to New-
ton’s constant in d = 4 and can be shown to be quan-
tized in this theory [15]. A remarkable feature of this
Lagrangian is that if written in terms of the AdS con-
nection W4, it has no dimensionful constants, and
this makes it a good candidate for a renormalizable field
theory. However, there is an obscure point here because
the vacuum of the theory seems to be defined by the
AdS-flat configuration W4P = 0 and this means that

]

6wab .

Configurations with vanishing local AdS curvature
—AB . . .
(R = 0) are obvious solutions of these equations,
while torsion-free spaces with flat Lorentz curvature
(T* = 0 = R%) are not. Other less trivial solutions are
torsion-free spaces with (2n — 2)-dimensional submani-
folds of constant curvature foliated along one direction,
such as black holes or cosmological solutions [16].

E. Gravity in 2+1 Dimensions

As in all CS systems, the 241 dimensional case is
illuminating and not completely trivial. In this case the

eabag...aQn_l(R%M + 1—26%6@4) Ce (Ra2nd73a2n—2 + 1_26a2nd—36a2n—2)Ta2n—1 =0
de? - eaa2___a2n_1(Ra2a3 + l*26a26ﬂ3) Ca (Ra2nd—2a2n—1 + l72ea2nd—2ea2n71) =0

Jorge Zanelli

where we have defined

ab —1lya
AAB = _/\lfl/\b lo A ' (36)
These transformations include, besides the Lorentz
transformations (determined by A?*), also “AdS
boosts” defined by A*. Setting A = 0 in (36), (34)
is obtained. Therefore, the (d+ 1)-form &y, is invariant
under the full Anti-de Sitter group. This in turn im-
plies that the CS Lagrangian obtained from the Euler
form is also invariant under local AdS transformations.
It is the magic of the choice (26) that the group of local
invariances of the action has grown from SO(d — 1,1)
to SO(d —1,2).
Finally, the Lagrangian in d = 2n — 1 dimensions
reads

a2n_1Rﬂ1ﬂ2 s RA2p—102p p02p41 |, o@2n—1 (37)

both w?® and e® must vanish, a situation hard to rec-
oncile with a meaningful spacetime interpretation.

D. Field Equations

The field equations obtained varying with respect
to WAE are

—A3A4

SA2nd—1A42n
€Ay...Asn I8

R =0,

or, equivalently varying with respect to w® and e®

CS Lagrangian whose exterior derivative is the Euler
density in 4 dimensions is the standard EH action in
three dimensions,

1
Lyi1 = %Eabc(R“b + ﬁe“eb)ec. (39)
The corresponding field equations are
1
are( B + e’ = 0, (40)
T = 0. (41)

The last equation implies that the connection can
be written as a function of the vielbein and (40) states



Brazilian Journal of Physics, vol. 30, no. 2, June, 2000

that the spacetime must have constant curvature at
each point. In view of the fact that (2+1) gravity has
no propagating degrees of freedom, constant curvature
spacetimes were thought to be rather dull configura-
tions. However, one can be surprised by the fact that
solving (40) explicitly for spherically symmetric, static
configurations does not necessarily produce a globally
AdS spacetime, but an AdS spacetime with identifica-
tions as well. This is because the field equations only
refer to local properties of spacetime and do not restrict
the global topology further. Thus, the spacetime mani-

]

ds® =

0<r<oo,

Solving the Einstein equations yields

P2 o= r2—M+£ (43)
N = N(w) (44)
Ne = - (%—{—N“@(oo)) L )

which defines a black hole of mass M, angular momen-
tum J, provided J? < M?2.

F. Exotic Gravity

The Pontryagin form can be defined for any group,
and in particular this is also true of the Lorentz and
AdS groups too. The Lorentz-Pontryagin form is de-

fined as
Lor _ n
P*" = RUIRZ? - - Ry, (46)
and the AdS-Pontryagin form as
— A=A —A,
PAS =R R - Ry (47)

Because these curvature two-forms are antisymmet-
ric in their indices, it is obvious that they can only be
defined for even n. This means that they are natu-
rally constructed in 4k dimensions. This in turn means
that both AdS and Lorentz Chern-Simons theories as-
sociated with the Pontryagin family can only exist in
4k — idimensions, these are the so-called exotic La-
grangians, which are independent from the Euler CS
forms discussed above in d = 2n — 1.
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fold can be cut and pasted, identifying points connected
by a finite isometry along a Killing vector —as when
one makes a cylinder out of a plane—, one should still
have a solution®. In fact, one can produce a black hole
in this fashion . What is even more remarkable, is the
fact that one can generate a solution by a Lorentz boost
that sets the black hole in rotation about its symmetry
axis. [17]

A good example of a nontrivial solution of (40) is
the 2+1 black hole geometry [18, 19],

—N ()2 f(r)2dt® + f(r)"2dr® + r*(dp + N?(r)dt)?,
0 << 2m,

t <t<ty. (42)

|
IV Chern-Simons Supergravity

Supersymmetry is the only nontrivial way to extend
spacetime symmetries. This result was well known be-
fore the era of supersymmetry and it states that in a
local field theory whose S-matrix relates in- and out-
eigenstates of energy and momentum, all other “in-
ternal” quantum numbers such as color, flavor, hyper-
charge, etc., must be spacetime scalars. In other words,
under spacetime transformations these labels do not
transform. In mathematical terms this means that the
group of invariances of the S-matrix must be of the form
G =S ®Z, where S is the group of spatial transforma-
tions (e.g., Poincaré, AdS, etc.), and Z is the internal
symmetry group.

For some time it was hoped that the nonrenormaliz-
ability of GR could be cured by its supersymmetric ex-
tension. However, the initial hopes raised by supergrav-
ity (SUGRA) as a mechanism for taming the ultravio-
let divergences of pure gravity eventually vanished with
the realization that SUGRAs would be nonrenormaliz-
able as well [20]. Again, one can see that, like GR,
SUGRA is not a gauge theory for a group or a super-
group, and that the local (super-) symmetry algebra
closes naturally only on shell. The algebra could be
made to close off shell by force, at the cost of introduc-
ing auxiliary fields —which are not guaranteed to exist
for all d and N and [21]-, and still the theory would not

6Care should be taken, however not to produce closed timelike curves that could generate paradoxical spacetimes scenarios (where
one could kill his ancestors, for example). Spaces with closed timelike curves of a large finite proper length only could still make sense:
if the period of those curves is of the order of the age onf the universe, for instance.
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have a fiber bundle structure since the base manifold is
identified with part of the fiber.

Whether it is the lack of fiber bundle structure the
ultimate reason for the nonrenormalizability of grav-
ity remains to be proven. It is certainly true, however,
that if GR could be formulated as a gauge theory, the
chances for proving its renormalizability would clearly
grow.

In three spacetime dimensions, on the other hand,
both GR and SUGRA define renormalizable quantum
theories. It is strongly suggestive that precisely in 241
dimensions both theories can also be formulated as
gauge theories on a fiber bundle. It could be thought
that the exact solvability miracle is due to the absence
of propagating degrees of freedom in three-dimensional
gravity, but final the power counting renormalizabil-
ity argument rests on the fiber bundle structure of the
Chern-Simons form of those systems.

There are other known examples of gravitation the-
ories in odd dimensions which are genuine (off-shell)
gauge theories for the anti-de Sitter (AdS) or Poincaré
groups [22, 23, 24, 15]. These theories, as well as their
supersymmetric extensions have propagating degrees of
freedom [25] and are CS systems for the corresponding
groups as shown in [26].

A. From Rigid Supersymmetry to Super-
gravity

Rigid SUSY can be understood as an extension of
the Poincaré algebra by including supercharges which
are the “square roots” of the generators of rigid trans-
lations, {Q,Q} ~ T'-P. This idea can be extended
to local SUSY substituting the momentum P, = id,
by the generators of diffeomorphisms, H, and relating
them to the supercharges by {Q,Q} ~ T'- H. The re-
sulting theory has on-shell local supersymmetry algebra
[27].

An alternative approach —which we would like to ad-
vocate here— is to construct the supersymmetry on the
tangent space and not on the base manifold. This point
of view is more natural if one recalls that spinors pro-
vide a basis of irreducible representations for SO(N),
and not for GL(N).
fined relative to a local frame on the tangent space

Thus, spinors are naturally de-

rather than on the coordinate basis. The basic point
is to reproduce the 2+1 “miracle” in higher dimen-
sions. This idea has been successfully applied in five
dimensions[23], and for pure gravity [24, 15] and to su-
pergravity [28, 26]. The SUGRA construction has been
carried out for spacetimes whose tangent space has AdS
symmetry [28], and for its Poincaré contraction in [26].

Jorge Zanelli

B. Assumptions of Standard Supergrav-
ity

Three implicit assumptions are usually made in the
construction of standard SUGRA:

(i) The fermionic and bosonic fields in the La-
grangian should come in combinations such that their
propagating degrees of freedom are equal in number.
This is usually achieved by adding to the graviton and
the gravitini a number of lower spin fields (s < 3/2)[27].
This matching, however, is not necessarily true in AdS
space, nor in Minkowski space if a different representa-
tion of the Poincaré group (e.g., the adjoint represen-
tation) is used [29].

The other two assumptions concern the purely grav-
itational sector. They are as old as General Relativity
itself and are dictated by economy: (ii) gravitons are
described by the Hilbert action (plus a possible cos-
mological constant), and, (iii) the spin connection and
the vielbein are not independent fields but are related
through the torsion equation. The fact that the super-
gravity generators do not form a closed off-shell algebra
can be traced back to these assumptions..

The procedure behind (i) is tightly linked to the
idea that the fields should be in a wector representa-
tion of the Poincaré group and that the kinetic terms
and couplings are such that the counting of degrees of
freedom works like in a minimally coupled gauge the-
ory. This assumption comes from the interpretation
of supersymmetric states as represented by the in- and
out- plane waves in an asymptotically free, weakly in-
teracting theory in a minkowskian background. These
conditions are not necessarily met by a CS theory in an
asymptotically AdS background. Apart from the dif-
ference in background, which requires a careful treat-
ment of the unitary irreducible representations of the
asymptotic symmetries [30], the counting of degrees of
freedom in CS theories is completely different from the
counting for the same connection 1-forms in a YM the-
ory.

Thus, the only natural extension for a gauge the-
ory of the AdS spacetime is supergravity, constructed
enlarging the group to some supergroups that contain
AdS but are otherwise semisimple. The construction
of these theories can be found in [31]. The crucial ob-
servation is that the Dirac matrices provide a natural
representation of the AdS algebra in any dimension,
thus, the connection W4 can be written in this rep-
resentation as W = e®J, + %w“bJab, where
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go= |30 0] 48
R (18)
Jap = { %(ng)g g } . (49)

This spinorial representation for the connection nat-
urally leads to a representation for a superalgebra
whose generators have entries in the remaining blocks
of similar matrices. The non zero blocks in (48) and
(49) are m x m where m = 2[%/? is the number of
components of a spinor in d dimensions. The algebra
is completed by the (pseudo-) Majorana generators of
supersymmetry,

a sk
-l | (50)

k _
Q'Y |: —nyguki 0

which are in a vector representation (described by the
index k) of some internal symmetry group with gener-
ators

0 (mH)

M’“’:{O 0 } (51)
Following [31], one arrives at all the possible superalge-
bras in dimensions d, except for d = 5 mod 4. In those
cases the representations are necessarily complex. Then
the pseudo-Majorana condition has to be relaxed and

the generators of supersymmetry take the form

S [0 s
0 0
N (53)

instead of (50). With this, one can write the algebra
for any d. The only nontrivial condition for the closure
of the superalgebra comes from the anticommutator of
two supersymmetry generators. In some cases this an-
ticommutator includes all generators of the Pauli al-
= gLt 0 < Kk < d (for
d = 5 mod 4), sometimes it contains only the sym-
metric subalgebra, (CF(k))T = CT, (ford =2,6,7,8
mod 8), and sometimes it includes only the antisym-
metric ones, (CF(k))T = —CT, (for d = 2,3,4,6 mod
8). The fact that d = 2 and 6 appear in both fami-
lies is due to the fact that in those cases there are two

gebra, F(k)

inequivalent choices of charge conjugation matrix (C)
with CT = +C.

We now consider the supersymmetric extensions of
the locally AdS theories defined above. In particular,
one can write the “exotic” Lagrangian,

~ -1
dLyp | = ZTkTr[(RABFAB)%]. (54)
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which is a particular form of the Pontryagin form (47).
Other possibilities of the form Tr[F"~F]Tr[F?], are not
necessary to reproduce the minimal supersymmetric ex-
tensions of AdS containing the Hilbert action. In the
supergravity theories discussed below, the gravitational
sector is given by

dLQn_l = STT[F

-1
AL = S Tr{(RPTap)™] (55)
1 1
= i2_nLéd2€%1_§L?d2i71- (56)

which is a particular form of (47) where the trace over
spinor indices in this representation. Other possibilities
of the form <F”7”> (F?), are not necessary to reproduce
the minimal supersymmetric extensions of AdS contain-
ing the Hilbert action. The + signs correspond to the
two choices of inequivalent representations of I'’s, which
in turn reflect the two chiral representations in d + 1.
As in the three-dimensional case, the supersymmetric
extensions of Lo,_1 or any of the exotic Lagrangians
such as Egn_l, require using both chiralities, thus dou-
bling the algebras. Here we choose the + sign, which
gives the minimal superextension.

Under a gauge transformation, A transforms by
0A = V), where V is the covariant derivative for the
same connection A. In particular, under a supersym-
metry transformation, A = €Q; — Q';, and

by, — pFey

D€j7
—Dé

(SEA: —i i ’
€ ’QZJ]' —’(/J €;

(57)

where D is the covariant derivative on the bosonic con-
nection,

1 1 1 :
Dej = (d+ §[eaFa + §wabf‘ab + ﬁb[r]f‘[r]])ej — aje;.
Two interesting cases can be mentioned here:

C. d=5 SUGRA

In this case the supergroup is U(2,2|N). The asso-
ciated connection can be written as,

1 _ _
A =T, + §wab-]ab + GATA + (@W"Qr — Q") + bZ,
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where the generators J,, J,;, form an AdS algebra
(s0(4,2)), Tp (A =1,--
of su(N), Z generates a U(1) subgroup and Q,Q are
the supersymmetry generators, which transform in a

:N? — 1) are the generators

vector representation of SU(N). The Chern-Simons

]

Jorge Zanelli

Lagrangian for this gauge algebra is defined by the re-
lation dL = iSTr[F3], where F = dA+ A? is the (anti-
hermitean) curvature. Using this definition, one obtains
the Lagrangian originally discussed by Chamseddine in
23],

L= Lg(w™,e) + Lguny(ay) + Ly (W™, @b e b) + Lp(w?,e® ,as, by, (58)
with

Lg = Z€abede [R“bRCdee/l + %Rabecedee/l3 + Ltetelecete [17]

Leuny = —Trla(da)® + 2aPda + 2a°]

Ly = (&-w) b(db)? + v [TaT — R%eqep, — PR Ry /2] b (59)

VLD

Le = E[0RVY, + 5 FIV] +cc.

where a’ = a®(7A)" is the su(2,2) connection, f7 is its curvature, and the bosonic blocks of the supercurvature:

R = —T“F 4= (R“b + e"e) Loy + 7dbI -

The cosmological constant is —/~2, and the AdS co-
variant derivative V acting on v, is

Vi = Dbt e Lot~ ﬁ%w(i—%)wpmm
where D is the covariant derivative in the Lorentz con-
nection.

The above relation implies that the fermions carry
a u(1) “electric” charge given by e = (§ — ). The
purely gravitational part, Lg is equal to the stan-
dard Einstein-Hilbert action with cosmological con-
stant, plus the dimensionally continued Euler density”.

The action is by construction invariant —up to a
surface term— under the local (gauge generated) super-
symmetry transformations dyA = —(dX + [4, \]) with

A=€Q, — Qrer: or

Se? _ % (Erl’\a,(/}r _ djr]_’_\aer)
&Uab — _1 (—rrab,(/} ¢rrab€r)
da"y, = —z( Ehs — " es)

5"/}1‘ = —Ve,

sYr = V&

0 = —i(EY, — D).

As can be seen from (59) and (60), for N = 4 the
b field looses its kinetic term and decouples from the
fermions (the gravitino becomes uncharged with respect

1 7.8 T _ fT L r_l_r
5¢s1/’ 7‘7:5 - fs + Ndbtss 21/} l/Js-

to the U(1) field). The only remnant of the interaction
with the b field is a dilaton-like coupling with the Pon-
tryagin four forms for the AdS and SU(N) groups (in
the bosonic sector). As it is also shown in the Appendix
A, the case N = 4 is also special at the level of the alge-
bra, which becomes a superalgebra with a u(1) central
extension.

In the bosonic sector, for N = 4, the field equation
obtained from the variation with respect to b states that
the Pontryagin four form of AdS and SU(N) groups
are proportional .
proach zero sufficiently fast at spatial infinity, there
is a conserved topological current which states that,
for the spatial section, the second Chern characters
of AdS and SU(4) are proportional. Consequently, if
the spatial section has no boundary, the correspond-
ing Chern numbers are related. Using the fact that
I, (SU(4)) = 0, the above implies that the Hirzebruch
signature plus the Nieh-Yan number of the spatial sec-
tion cannot change in time.

Consequently, if the curvatures ap-

d=11 SUGRA

In this case, the smallest AdS superalgebra is
0sp(32]1) and the connection is

1 _
=1 babcde Jabcde + dea

1 ab a
A:aw Jap + € Ja+5!

"The first term in L is the dimensional continuation of the Euler (or Gauss-Bonnet) density from two and four dimensions, exactly
as the three-dimensional Einstein-Hilbert Lagrangian is the continuation of the the two dimensional Euler density. This is the leading
term in the limit of vanishing cosmological constant (I — c0), whose local supersymmetric extension yields a nontrivial extension of the
Poincaré group [26].
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where b is a totally antisymmetric fifth-rank Lorentz
tensor one-form.
bosonic and fermionic fields, the CS form in (15) reads

Now, in terms of the elementary

LAY = LPC(Q) 4+ Lp(Q,4),  (61)

]

L3 (Q) = 275 LA (w, e) —

The fermionic Lagrangian is
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where

1 1
0= (e“Fa + iwabrab + gbabaierabcde)

N | =

is an sp(32) connection. The bosonic part of (61) can
be written as

1
§Lﬁl4’dlé£ (wa 6) + Lll)l (ba w, 6).

Lr = 6(R'DY) - 3[(DyDY) + (VRY)] (VR* DY) (62)
=3 [(WR*¢) + (DYR*DY)] (DY) + (63)
2[(DYDY)? + (YRY)? + (Y RY) (DY DY)] (YD), (64)

where R = dQ + Q? is the sp(32) curvature. The su-
persymmetry transformations (57) read

bt = LeTay b = —LeTaby

(')‘,(p = De 6babcde — El"abcde,(p_

L
8

Standard eleven-dimensional supergravity [32] is
an N=1 supersymmetric extension of Einstein-Hilbert
gravity that cannot accommodate a cosmological con-
stant [33, 34]. An N > 1 extension of this theory is
not known. In our case, the cosmological constant is
necessarily nonzero by construction and the extension
simply requires including an internal so(N) gauge field
coupled to the fermions, and the resulting Lagrangian
is an 0sp(32|N) CS form [35].

E. Summary

The supergravities presented here have two distinc-
tive features: The fundamental field is always the con-
nection A and, in their simplest form, they are pure CS
systems (matter couplings are discussed below). As a
result, these theories possess a larger gravitational sec-
tor, including propagating spin connection. Contrary
to what one could expect, the geometrical interpreta-
tion is quite clear, the field structure is simple and, in
contrast with the standard cases, the supersymmetry
transformations close off shell without auxiliary fields.

Torsion. It can be observed that the torsion La-
grangians (Lr)are odd while the torsion-free terms
(L) are even under spacetime reflections. The minimal
supersymmetric extension of the AdS group in 4k — 1
dimensions requires using chiral spinors of SO(4k) [30].
This in turn implies that the gravitational action has
no definite parity, but requires the combination of Ly

and Lg as described above. In D = 4k + 1 this issue
doesn’t arise due to the vanishing of the torsion invari-
ants, allowing constructing a supergravity theory based
on Lg only, as in [23]. If one tries to exclude torsion
terms in 4k — 1 dimensions, one is forced to allow both
chiralities for SO(4k) duplicating the field content, and
the resulting theory has two copies of the same system
[36].

Field content and extensions with N>1. The
field content compares with that of the standard super-
gravities in D = 5,7, 11 as follows:

D | Standard supergravity | CS supergravity
5 | €y Vi Yau ey Wi Yp Yau b
T et Ay by a0 [ e v Ui ar,

1| el A v A

Standard supergravity in five dimensions is dramat-
ically different from the theory presented here, which
was also discussed by Chamseddine in [23].

Standard seven-dimensional supergravity is an N =
2 theory (its maximal extension is N=4), whose gravi-
tational sector is given by Einstein-Hilbert gravity with
cosmological constant and with a background invariant
under OSp(2|8) [37, 38]. Standard eleven-dimensional
supergravity [32] is an N=1 supersymmetric extension
of Einstein-Hilbert gravity that cannot accommodate a
cosmological constant [33, 34]. An N > 1 extension of
this theory is not known.

In the case presented here, the extensions to larger
N are straightforward in any dimension. In D = 7,
the index i is allowed to run from 2 to 2s, and the La-
grangian is a CS form for osp(2s|8). In D = 11, one
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must include an internal so(V) field and the Lagrangian
is an 0sp(32|N) CS form [28]. The cosmological con-
stant is necessarily nonzero in all cases.

Spectrum. The stability and positivity of the en-
ergy for the solutions of these theories is a highly non-
trivial problem. As shown in Ref. [25], the number of
degrees of freedom of bosonic CS systems for D > 5
is not constant throughout phase space and different
regions can have radically different dynamical content.
However, in a region where the rank of the symplectic

]

{QL.Q%} =
—MijCag,

where M% are the generators of SO(32) internal group.
On this background the D = 11 theory has 2!2
fermionic and 2'2 — 1 bosonic degrees of freedom. The
(super)charges obey the same algebra with a central ex-
tension. This fact ensures a lower bound for the mass
as a function of the other bosonic charges [25].

Classical solutions. The field equations for these
theories in terms of the Lorentz components (w, e, b,
a, 1) are spread-out expressions for <F”*1G(a) >=0,
where G(,) are the generators of the superalgebra. It
is rather easy to verify that in all these theories the
anti-de Sitter space is a classical solution , and that
for ¢» = b = a = 0 there exist spherically symmetric,
asymptotically AdS standard [16], as well as topolog-
ical [40] black holes. In the extreme case these black
holes can be shown to be BPS states.

Matter couplings. It is possible to introduce
a minimal couplings to matter of the form A-J. For
D = 11, the matter content is that of a theory with
(super-) 0, 2, and 5-branes, whose respective worldhis-

tories couple to the spin connection and the b fields.

Standard SUGRA. Some sector of these theo-
ries might be related to the standard supergravities
if one identifies the totally antisymmetric part of the
contorsion tensor in a coordinate basis, k,,x, with the
abelian 3-form, A3, In 11 dimensions one could also
identify the antisymmetric part of b with an abelian 6-
form Apg, whose exterior derivative, dA, is the dual
of Fl4) = dAj3). Hence, in D = 11 the CS theory possi-
bly contains the standard supergravity as well as some
kind of dual version of it.

1 ...
g(sz] [C’Fa J. + CFabJab + CFabcdeZabcde]a

Jorge Zanelli

form is maximal the theory behaves as a normal gauge
system, and this condition is stable under perturba-
tions. As it is shown in [39], there exists a nontriv-
ial extension of the AdS superalgebra with one abelian
generator for which anti-de Sitter space without matter
fields is a background of maximal rank, and the gauge
superalgebra is realized in the Dirac brackets. For ex-
ample, for D = 11 and N = 32, the only nonvanishing
anticommutator reads

B

V Dynamical Contents of
Chern Simons Theories

The physical meaning of a theory is defined by the dy-
namics it displays both at the classical as well as at the
quantum levels. In order to understand this question
one should be able to separate the physical degrees of
freedom from those which are redundant. In particular,
it should be possible —at least in principle— to separate
the propagating modes from the gauge degrees of free-
dom, and from those which do not evolve independently
at all (second class constraints). The standard way to
proceed is Dirac’s constrained Hamiltonian analysis and
has been studied in CS systems in [25]. Here we sum-
marize this analysis but refer the reader to the original
papers for the details.

The BGH construction

From the dynamical point of view, a CS system can
be described by a Lagrangian of the form 8

Lopy1 = UL (AD AL — AYK,, (67)

where the (2n+1)-dimensional spacetime has been split
into space and time, and

1

Ko, = —ﬂ%al....an€i1"'i2"Fi[iliz T Fé:,lm-
The field equations are
(4] - D;Ap) = 0, (68)
K, = 0, (69)

8Note that in this section, for notational simplicity, we assume the spacetime to be (2n + 1)-dimensional.
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where
g 8 sl
0 b _ a 70
ab 6A;1 6143 ( )
1 ijiz...i n
= oot Yabaz..an € i Fian i

is the symplectic matrix. The passage to the Hamilto-
nian has the problem that the velocities appear linearly
in the Lagrangian, ant therefore there is a number of
primary constraints

L=pl 1l ~0. (71)

Besides these there are the secondary constraints
K, =~ 0, which can be combined with the ¢’s into the
expressions

Go = —K, + D;oL, (72)
which together with the ¢’s form a closed algebra,
{0, 41}
{94, G}
{Ga: Gb}

= szjb )

=Cude >

=C¢ G,

where C'¢, are the structure constants of the gauge al-
gebra of the theory. Clearly the G’s form a first class
algebra which reflects the gauge invariance of the the-
ory, while some of the ¢’s are second class and some
are first class, depending on the rank of the symplec-
tic form. Here we face the first serious difficulty with
CS theory: the matrix Q% depends on the field con-
figurations, and therefore its rank cannot be thought

]

This result is somewhat perplexing. For the gravity
theory as a CS system for the AdS group, this result
gives, in d = 2n + 1 dimensions has

(2n+1)(2n+2)

N= > =(2n+1)n+1),
and therefore,
995 = n@n+Dn+1) - 2n+1)(n+1)—n
= 2% +n? - 3n—1. (74)

This number of propagating degrees of freedom is much
larger than the number found in a purely metric theory
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of as a constant, but it can change from one region of
phase space to another. This issue has been analyzed in
the context of some simplified mechanical models and
the conclusion is that the degeneracy of the system oc-
curs at surfaces of lower dimensionality in phase space,
which can be viewed as end sets of (unstable) initial
points or sets of (stable) end points for the evolution.
Unless the system is chaotic, it can be expected that
generic configurations where the rank of Qijb is maxi-
mal should fill most of phase space [12].

There is a second more tractable problem and that
is how to separate the first and second class constraints
among the ¢’s. In Ref.[25] the following results are
shown:

e The maximal rank of Q;jb is 2nIN — 2n , where
N is the number of generators in the gauge Lie
algebra.

e In consequence, there are 2n first class constraints
among the ¢’s which correspond to the generators
of spatial diffeomorphisms (H;).

e The generator of timelike reparametrizations H |
is not an independent first class constraint.

Putting all these facts together, one concludes that
in a generic configuration, the number of degrees of
freedom of the theory is

1
(n° of coordinates) — (n° of 1%class constraints) — §(n° of second class constraints)

2nN — (N + 2n) — %(QnN —2n)=nN —N —n. (73)

of gravity in dimension d.
metric  _ d(d B 3) — (21’L + 1)(2n B 2)
9d D) 2
= o2 —n-—1. (75)

Thus, for d > 3 the number of degrees of freedom
of the CS theory is much larger than that of the stan-
dard metric theory. In particular, for d = 5, (74) is 13,
while (75) equals 5. Obviously, the extra degrees of free-
dom must correspond to propagating modes contained
in the torsion, which here are independent from the
metric degrees of freedom. The precise identification of
the propagating degrees freedom, however requires sep-
arating the first and second class constraints, inverting
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the Dirac matrix and eliminating the second class con-
straints consistently. This objective seems unattainable
in general for an arbitrary gauge group.

As it is also shown in [25], an important simplifi-
cation occurs when the group has an invariant abelian
factor. In that case the symplectic matrix fob takes a
partially block-diagonal form where the kernel has the
maximal size allowed by a generic configuration. For
example, in five dimensions, those authors show that
for a group G = Gy ® U(1), one has a generic configu-
ration if the curvature for the Gy connection vanish, but
the U(1) curvature, f = db, is a nondegenerate 2-form,

ij
Qab

(00 -
Fa=o \ 0 —3vap€k fry )°

Then, the lower block of Qijb is the Dirac matrix and
the constrained Hamiltonian analysis can proceed in
the standard way.

It is a nice surprise in the cases of CS supergravities
discussed above that it seems that for certain unique
choices extended supesymmetries the algebras develop
an abelian subalgebra and make the separation of first
and second class constraints possible. It is remarkable
that in some cases (e.g., for d = 5, N = 4) the algebra
is not a direct sum but an algebra with an abelian cen-
tral extension. In other cases (e.g., ford = 11, N = 32),
the algebra is a direct sum, but the abelian subgroup
is not put in by hand but it is a subset of the gener-
ators that for that particular extended supersymmetry
spontaneously decouples from the rest of the algebra.

Final Comments

Chern-Simons theories contain a wealth of other in-
teresting features, starting with its relation to geome-
try and field theories and knot invariants. The higher-
dimensional CS systems remain somewhat mysterious
especially because of the difficulties to treat them as
quantum theories. However, they have many ingre-
dients that make them likely models to be quantized:
They carry no dimensionful couplings; the only param-
eters they can have must be quantized; in gravity these
are the only theories of the Lovelock family that gives
rise to black holes with positive specific heat [41] and
hence, capable to reach thermal equilibrium with an
external heat bath.

Efforts to quantize CS systems seem promising at
least in the cases in which the space admits a complex
structure so that the symplectic form can be cast as a
Kahler form [42].
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