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Abstract. Stability analysis and a systematic robust fuzzy control design for uncertain non-
linear systems with polytopic uncertainties are presented. The approach given uses the T-S fuzzy
systems which are represented by a family of local uncertain linear systems with aggregation. The
resulting fuzzy controller is a blending of state feedback gains obtained from a guaranteed cost
control (GCC) problem. A sufficient condition for the robust stability of the feedback T-S fuzzy
system with uncertainties using a quadratic Lyapunov function is given. A feature of the proposed
approach is that an upper bound on the guaranteed cost is minimized by solving an optimization

problem with linear matrix inequalities (LMIs).
Mathematical subject classification: 93C42, 93B51, 34D20.
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1 Introduction

The main difficulties found in the control design for real systems are the nonlin-
earities and uncertainties. If we treat nonlinearities as uncertainties the obtained
results for stability are in general conservatives. In the last years, attractive sta-
bility results for nonlinear systems using Takagi-Sugeno (T-S) fuzzy systems [1]
based on the theory of stability of nonlinear systems appeared in Feng et al. [2]
and Cao et al. [3]. In the same context, stability conditions using LMIs were
given in Hong and Langari [4], Li et al. [5] and Wang et al. [6]. Following
this trend, the robust stabilization of uncertain nonlinear systems became an ac-

tive field of research wherein available robust control techniques for uncertain
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52 CLASS OF UNCERTAIN NONLINEAR DYNAMIC SYSTEMS

linear systems is extended to deal with the T-S fuzzy systems [7]-[10]. In the
framework of T-S fuzzy systems, parametric uncertainty can be represented in
general by norm-bounded or polytopic uncertain sets. Different robust control
solutions for the T-S fuzzy system with norm-bounded and polytopic uncertainty
representation can be found in Lee et al. [7] and Tanaka et al. [8] and Cao et
al. [9], respectively. In Cao et al. [9] it is developed a constructive algorithm to
the H., feedback control of uncertain nonlinear systems based on a piecewise
differentiable quadratic Lyapunov function. They accomplish this in a rather
involved manner by decomposing the T-S fuzzy system into independent sub-
systems of the state space representing the crisp, boundary and transition regions.
The latter subsystem is in turn decomposed into a set of extreme subsystems.
The motivation for this approach is the fact that one can associate a Lyapunov
function to each subsystem. In this paper, we follow Cao et al. [9] to represent
the uncertain nonlinear dynamic systems with polytopic uncertainties but we
consider a common Lyapunov function to establish the stability for the global
T-S fuzzy system, thus simplifying the solution. In the context of LMIs, we give
a computationally tractable solution to the design of guaranteed cost fuzzy con-
trollers (GCFC) and stability analysis of real systems which can be represented
by this class of uncertain nonlinear systems.
We consider a class of uncertain nonlinear dynamic systems described by

xX() = f(x(1), p) + g(x(1), p), u(r) )

where x(¢) € R" is the system state vector, u(t) € R™ is the input vector, p € RV
is the uncertain parameter vector, f(.) : R" x R — R"and g(.) : R" x RN —
R™™ are uncertain nonlinear functions. We assume a polytopic representation
of (1) as

x(t) = Z Me(P) (fie(x (1)) + e (x(1))u (1)) 2

k=1

for

%
k=1,2,...,0,m(p) =0, m(p)=1,

k=1
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where fi(.) and g¢(.), k = 1,2, ..., v define the called vertex systems, with the
number of vertexes equal to v(v = 2V; N the number of uncertain parameters
of the system).

Local uncertain linear models of (2) are constructed by extending the lineariza-
tion formula proposed by Teixeira and Zak [10], which yields a good approxi-
mates of the system in the vicinity of the operating point even if the operating
point is not an equilibrium point. The T-S fuzzy system adopted in this work is
inferred as a weighted average of local input-output relations of (2) and can be
represented by

1) = Y (D) (A (p)x (1) + Bi(p)u(t)) 3)
i=1
where A;(.) and B;(.),i = 1,2,...,r describe the uncertain linear systems
linearized in » chosen operation points, x () are the premise variables, «;(.), i =
1,2, ..., r are the normalized membership functions, such that o; (x(¢)) > 0 for
i=1,2,...,rand ) ;_ o;(x(2)) = 1[8].

The remainder of the paper is organized as follows: Section 2 presents the
stability analysis and the GCFC design. Simulation results on a mass-spring-
damper mechanical system are given in Section 3 to illustrate the effectiveness
of the proposed approach. The paper concludes with brief remarks in Section 4.

2 Fuzzy control design for T-S fuzzy systems with uncertainties

In the fuzzy control design, we use the concept of parallel distributed compensa-
tion (PDC), where each controller is distributively designed for the correspond-
ing rule of the T-S fuzzy system [6]. Therefore, the fuzzy controller for T-S
fuzzy system (3) is inferred as a weighted average of the controllers designed

for each rule,

u(t) ==Y o;i(x () Fx(t) )

i=1

where F; € R™", i = 1,2,...,r are the local state feedback gains to be
designed with o;(.),i = 1,2, ..., r as defined before. Substituting (4) in (3),
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54 CLASS OF UNCERTAIN NONLINEAR DYNAMIC SYSTEMS

we obtain the state feedback T-S fuzzy system as

£(1) =YY ai(x (1) (Ai(p) — Bi(p) F)x (1) )

i=1 j=1

Using (2) and some algebraic manipulations, we can write (5) as

i) = Za?(x(z))[an(p)Hik]xa)
i=1 k=1

+ Zm(x(r))a,-(x(z))[Zm(p)G,-jk]x(r)

i<j k=1

(6)

where Hik = Aik — BikE and Gijk = Aik — B,‘ij + Ajk — B/kFl for
i=1,2,...,randk =1,...,v. In(6), notation ZL]. means, for instance for
r=3, Z?<j Qij & o+ o3+ a3,

2.1 Stability analysis

In this section, we derive a sufficient condition for the stability of the feedback
T-S fuzzy system (6) in terms of a Lyapunov function candidate of the type
V(x@®) =x®)T Px(t) [6].

Proposition 2.1 The equilibrium x(t) = 0 of the state feedback T-S fuzzy system
[6] is globally asymptotically stable if there exists a common symmetric positive

definite matrix P of appropriate dimensions satisfying

HYP+PHy <0; Vi=1,2,...,r; k=1,2,...,v @)
GlLuP+PGij<0; Vi<jiij=L....rik=1..,v (8

with Hy, and Gij fori = 1,2, ... ,randk =1,2,...,v as already defined.

Proof. Consider a Lyapunov function candidate of the type

V(x(0) = x(®)" Px() ©))
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along the trajectories of system (6). Taking its derivative, we have

V@) = x0T Px@) + x@)T Px(t)
r v T
x(t)T[Zalz(x(r))(Z nk(p>H,~k> P+ P(
i=1 k=1

r v T
+ Y e (x(0)e (x(1)) ( > ﬁk(P)Gijk> P

i<j k=1

+ P(Zm(p)Gi,-k)]x(r).

k=1

Z nk(P)Hik)

k=1
(10)

Since (10) is a quadratic function, system (6) is asymptotically stable if we have

r v T v
Za?(x(t))(Z Uk(P)Hik) P+ P(Z ﬂk(P)Hik>
i=1 k=1 k=1

r v T
+ Zm(x(z))a,-(x(z))(Zm(p)Gijk) P (11)
k=1

i<j
+ P(an(p)G,-,-k) <0
k=1
Using the fact that o;(x(¢)) > 0 and n(p) > O foralli = 1,2,...,r and
k=1,2,...,v,wehave
HYP+PHy <O;¥i=1,2,...,r;k=1,2,...,v

and

G.TjkP+PGijk<0;Vi<j;i,j=1,...,;k=1,...,v

11

which completes the proof.

2.2 Guaranteed cost fuzzy control design via LMIs

In this section, we propose a robust fuzzy control design in terms of an optimal
quadratic guaranteed cost problem as in Costa and Oliveira [11] and Jadbabaie
et al. [12]. This approach is based on the global stability of the feedback T-S
fuzzy system (6). In order to obtain a systematic control design, we formulate
the problem in the context of the convex analysis using LMIs.
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56 CLASS OF UNCERTAIN NONLINEAR DYNAMIC SYSTEMS

Definition 2.1. The T-S fuzzy system with uncertainties (3) is said to be stable
if there exists a stabilizing control law as in (4) such that an upper bound on the

quadratic performance index
C(xo, u(t)) = f (x ()" Qox (1) + u(t)" Rou(t))dt (12)
0

along the system trajectories is minimized with Qg € R"*", Ry € R™*™, Q¢ >
0 and Ry > 0 weighting symmetric matrices which are chosen to yield desired

performances.

Definition 2.2. [f there exist a stabilizing fuzzy control law (4) and a positive
scalar & such that C(xg, u(t)) < 6 for the T-S fuzzy system with uncertainties (3)

then § is a guaranteed cost and (4) is a guaranteed cost control.

Proposition 2.2. Consider the T-S fuzzy system with uncertainties (3), fuzzy

control law (4) and cost performance (12). If there exist a symmetric positive

definite matrix W and matrices X;,i = 1,2, ... ,r of appropriate dimensions
which satisfy
Qo>0;Ry>0,W=>0 (13)
B 12 172 17277
or  woy* xTrY xRy
o’w - 0 0
R(l)/ZX] 0 —Iy 0 <0 Vi=1,...,r;k=1,...,v (14)
| RPx, 0 O

O := WAL + AW — XI'BL — By X,

B 1/2 1/2 1/27]
o woy? XTRY? .. xRy
o*w -1 0 0
1/2 . e Lo 1
R0 X 0 —In . 0 <O, Vi<ji,j=1,....rik=1,...,v
12 i ) :
| RPX, 0 [

15)
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Giji = WA + AuW — XT B — By X,
+ WAJ + AW — X[ Bl — BjiX;

where W := P~ and X; := F;W, then the fuzzy control law (4) with F; =
X; W~ is a guaranteed control law and the cost given by § := xOT Wlxyisa

guaranteed cost.

Proof. Assume that there exist a symmetric positive definite matrix P = W~!
and matrices F; = X;W~! satisfying LMIs (13)-(15). Applying the Schur
complement [13] in (14) and (15) and pre and post multiplying the resulting
inequalities by P, after performing some algebraic manipulations, they can be

reduced to
Hy P+ PHy+ Qo+ Y _ F'RoF, <0;
=1 (16)
i=1,2,...,.r;k=1,2,...,v
and
Gl P+ PGij+ Qo+ Y F/RoF; <0: a7

=1
i<, j=1,2,...,rk=1,2,...,v.

Multiplying (16) by o7 (x(1))n(p) and (17) by a;(x(t))ej(x(1))ni(p) and

using the fact that

Y om(p)=1 and Y o) =1,
k=1 i=1

we have

r v T v
Za?(x(r))(z m(p)H,-k) P+P ( > nk(p)Hik)
i=1 k=1

k=1

r v T
+ Zai(X(t))aj(x(t))(Z m(p)G,-jk) P (18)
k=1

i<j

+ P(an(P)Gijk> < —(Qo—I-ZETRoE).

k=1 =1
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As Qo + Y .i_ FTRyF > 0, by Proposition 2.1, the state feedback T-S
fuzzy system (6) is asymptotically stable. Using Proposition 2.1, (18) can be
written as

X(t)T<Qo+ZFlTRon>X(t) < —V@)). (19)

=1

Substituting (4) in (12), it results

C(xo, u(t)) = /OOX(I)T

0
r T r

[QO + (Za;(x(t))F,) RO( E sz(x(t))Fz)]x(t)dt.
=1 =1

Using the fact that

r r T r
Y F'RoF; > (Zaz(xa))ﬁ) Ro(Zazu(z))Fz) @1)
=1 =1 =1

[12], we can write (19) as

(20)

C (xo, u(1)) =/ x(t)T(Qo+Zl7lTR0E>x(t)dt. (22)
0 =1

Thus, using (22) and integrating both sides of (19), we have
C(xo,u()) < xOT Px, (23)

The result follows by Definitions 2.1 and 2.2.

Lemma 2.1. If§ = x! W™'x is a guaranteed cost for the feedback T-S fuzzy

system (6) under performance index (9) then
8max = )\max(Wil) ||)Co||2 (24)

is a guaranteed cost for (6) and an upper bound for § with Ay, (.) the maximum

eigenvalue.
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Proof. Using singular value decompositions the result follows straightforward.

Using both Proposition 2.2 and Lemma 2.1, we can construct the following
generalized eigenvalue problem (GEVP) [13] in order to obtain the GCFC for
the state feedback T-S fuzzy system with uncertainties (6)

I‘}/li)?l)/ subjectto I <y W, (13)-(15) (25)

If (25) is feasible, we have y > Apa (W ~!) and the feedback gains F; = X; W1,
fori=1,2,...,r.

3 Simulation results

In this section, an illustrative example of the applicability of the proposed ap-
proach is given. We consider the same example as in Tanaka et al. [8], a simple
nonlinear mass-spring-damper mechanical system with an uncertain parameter
shown in Figure 1, which is described as

M) +g(y@), y(0)) + f(y (1) = ¢(y(@)u(r) (26)

mass M /r x

spring damper
K Iil B

% %

Figure 1 — Mass-spring-damper system.

where M is the mass, u is the force, f(.) is the nonlinear or uncertain term with
respect to the spring, g(.) is the nonlinear or uncertain term with respect to the
damper and ¢(.) is the nonlinear term with respect to the input system. We
assume f(y(¢)) = c(t)y(t) with

c(r) € [0.5 1.81], g(y(1), y(1)) = (1), p(3(1)) = 1+ 0.139° (1)

Comp. Appl. Math., Vol. 24, N. 1, 2005
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and M =1, for y(¢t) € [—1.5 1.5] and y(¢) € [—1.5 1.5] as in Tanaka et al. [8].
Defining x(¢) := [y(t) y(t)]”, we can write (26) in the following state space
representation

@) | _ =1 —e@ ]| [x@ | [14013x70)
|:562(t):|_|:1 0 MWJ{ 0 }u(r). @7)

As system (27) presents one uncertain parameter, we have two vertexes in
the polytopic description as presented in Section 1. The local uncertain linear
models were constructed by selecting x = [1.9740 0]” and x = [—1.9740 0]”
as operating points fori = 1,2 andk = 1,2

—1 -0.5 1.4387
Ay = ; By =
1 0 0

-1 -1.81
A = :Bp=B
12 |: | 0 i| 12 11

0.5613
Ay = A11;321=|: 0 :|

Ap = Ap; Bn = By
The performance of the global T-S fuzzy system is verified adopting

a1 (x(1)) = 0.54x,(1)%/6.75
a(x() = 0.5—x,(1)%/6.75
c(t) = 1.155 4 0.655 cos(3x, (1) '0sentx1)y

for x; € [—1.51.5] [8].
As shown in Section 2, the design control procedure is systematically accom-
plished by using LMIs to solve the optimization problem (25). We choose

Qo=D5,Ry=007 and x,=[-05 —1.0]"

for both rules. Using the Matlab® LMI toolbox as well as the ordinary differen-
tial equation (ODE) solver, we obtain the main results summarized in Table 1.
Figures 2 and 3 show the feedback uncertain nonlinear system responses. The
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proposed solution is comparable to the one given in Tanaka et al. [8]. Its ad-
vantage is that it follows a systematic procedure and it minimizes a quadratic
performance objective or cost function (9).

Feedback gains

F1 =[1.6042 1.0833]

Fy =[4.1000 2.7711]
Solution if the optimization problem
0.5892  0.3982
0.3982  1.4966
Obtained guaranted costs

§ =1.7885

Smax = 1.7947

P=

Table 1 — Design and stability analysis: main results.

_ 05} 1
B 0
nA L L L L
0 2 4 g ] 10
i
0 irnels)
_ b5 1
BN |
15 1 1 1 1
0 2 4 5 ] 10
tirmels)

Figure 2 — Mass-spring-damper space states.

4 Conclusion

This paper addresses the design of guaranteed cost fuzzy controllers for a class
of uncertain nonlinear systems using LMIs. We establish a sufficient condition
for the stability of the global T-S fuzzy system using design methods available
for linear uncertain systems. The GCFC problem is formulated in terms of

the minimization of an upper bound on the guaranteed cost. The proposed

Comp. Appl. Math., Vol. 24, N. 1, 2005
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4
2 4
S
D L
2 1 1 1 1
0 2 4 B 8 10
i
2 ime(s)
|
st
D 1 1 1 1
0 2 4 B g 10

timerfs

Figure 3 — Force applied to the mass-spring-dumper system and performance index.

approach yields a computationally tractable solution to the control problem for
uncertain nonlinear systems using linguistic rules for the nonlinearities and a
polytopic description for the uncertainties. Different control techniques can also
be explored using the framework presented.
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