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Abstract. Hermite approximation in multiple dimensions is investigated. As an example, a
spectral scheme and a pseudospectral scheme for the Logistic equation are constructed, respec-
tively. The stability and the convergence of the proposed schemes are proved. Numerical results

show the high accuracy of this new approach.
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1 Introduction

Spectral methods for partial differential equations in unbounded domains have
been received more and more attentions recently. Gottlieb and Orszag [1], Ma-
day, Pernaud-Thomas and Vandeven [2], Coulaud, Funaro and Kavian [3], Fu-
naro [4], and Guo and Shen [5] developed the Laguerre spectral method. While
Funaro and Kavian [6] provided some numerical algorithms by using Hermite
functions. Furthermore, Guo [7] established some approximation results on the
Hermite polynomial approximation with applications to partial differential equa-
tions. Guo and Xu [8] studied the Hermite pseudospectral method and obtained
good numerical results.
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168 HERMITE SPECTRAL AND PSEUDOSPECTRAL METHODS

As we know, most practical problems are set in multiple dimensions. We
may set up some artificial boundaries and impose certain artificial boundary
conditions, and then use the usual numerical methods to resolve them in bounded
subdomains. But it is not easy to derive the exact boundary conditions, and
so some additional errors occur usually. In opposite, if we use the Hermite
approximation directly in unbounded domain, then the above trouble could be
removed. However, so far, there is no results on the Hermite polynomial and
interpolation approximations in multiple dimensions. The aim of this paper is
to develop the Hermite spectral and pseudospectral approximations to nonlinear
partial differential equations in multiple dimensions.

This paper is organized as follows. In Section 2, we establish some results
on the Hermite polynomial approximation and Hermite interpolation in multiple
dimensions which play important roles in the analysis of the Hermite spectral
and pseudospectral methods. As an example, we construct a Hermite spectral
scheme for the multiple dimensions Logistic equation and prove the stability
and the convergence of the proposed scheme in Section 3. The corresponding
pseudospectral scheme is discussed in Section 4. In the final section, we present
some numerical results which show the high accuracy of this new approach.

2 Hermite approximation in multiple dimensions

In this section, we consider the Hermite approximation in multiple dimen-
sions. Let A; = {x;|] —00 < x; <00}, A = A X Ay X -+ X Ay, x =
1

n

2
(X1, X2, ooy Xp), |x| = (Z x?) ,and w(x) = e For 1 < p <00, let
i=1

LP(A) ={v|v is measurable and lvllp < o0}
where

1
" (/ |v(x)|pa)(x)dx)p . 1<p<oo,
Lk = A

esssup |v(x)|, p = oo.
xeA

In particular, L2 (A) is a Hilbert space with the inner product
vz = [ 0@,
A
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Let k = (ki1, kp, ...k,), k| = Z ki, k; being any non-negative integers, and
i=1

35 u( )_—a\klv (x)
v(x) = x).
! k.. gl

For any non-negative integer m,
Hy (M) = (v]djv € L (A), 0 < [k| < m).

For any real r > 0, the space H)(A) with the semi-norm |v|,.,, and the norm
v, is defined by space interpolation as in Adams [9].
n
Let! = (I, ...l,), I; being any non-negative integers, and |/| = Zl,-. The

i=1
Hermite polynomial of degree [ is of the form

H;(x) = ﬁ Hli (x;) = (_1)\llelx\28)lc (e—lxlz) .

i=1

The set of Hermite polynomials is the L2 (A)-orthogonal system, i.e.,

/ Hy(x) Hi(x)w (x)dx = 2"11(r)2 8,4
A

where [! = 1_[ ;! and

i=1

For any v € L2 (A),

V() =) H ()

|1]=0

where
1
Uy =—— | vOO)H (x)w(x)dx, [|=0,1,---.
i 2””(”)2/;\ (xX)H;(x)w(x) ||
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170 HERMITE SPECTRAL AND PSEUDOSPECTRAL METHODS

Let N be any positive integer and Py be the set of all algebraic polynomials
of degree at most N in each variable x;, 1 < i < n. The L2 (A)-orthogonal
projection Py : L2(A) — Py is a mapping such that for any v € L2 (A),

(v—Pyv, )y =0, Vo € Py.

Let w; (x;) = e and Py ; be the L(Zyl_ (A;)-orthogonal projection.

Lemma2.1 (see Theorem 2.1 of Guo [7]). Foranyv € H,, (AD)andO<pu <r,
v = Py.ivlue < eN'T 0]l

We now consider the multiple-dimensional Hermite polynomial approxima-
tion.

Theorem 2.1. Foranyv € H)(A) and0 < pu <,

wr
||U_PNU||;L,w<CN 2 ”U”r,w-

Proof. By (2.3) of Guo and Xu [8], Py ;0;;v = 0y, Py;vforl <i,j < N.
Therefore by Lemma 2.1,

”v_PNv”/L,w = ”v_PN,Z"'PN,nv”,u,w
+ 1Py Py — Py iv)l e
< <Nl

In practice, we also need the H!(A)-orthogonal projection P), : H(A) —
Py. It is a mapping such that for any v € H!(A),

(V(v — Pyv), Vo), =0, Vo € Py.

As explained in Guo [7], we can prove that the projection Py, is exactly the same
as Py.
Next let

Comp. Appl. Math., Vol. 22, N. 2, 2003
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Lemma 2.2. Foranyv € H)(A),

”Xil,mimaxl Tt axmvllw =< C”v”n,w'

Proof. We have from integration by parts that for any i,

lwol2 = / 202 (x)oo (x)dx
A

= 1/ vz(x)a)(x)a’x—i—/ X 0(x)dy; V(X)) (x)dx
A

2 A
1 » 1 2 1 2
< —|vli + =llxivll; + =0y v
< 2|| Il 2|| ivll, 2|| vl
2 1 2
= EHUHLw‘i‘E”in”w
whence
Ixivllew < V10
Next,

n
1xixm vl < 1xnvllre <l + X vllo + D 1xmds vllo < cllvlle.
i=1

By induction,
n
o [ Txillo < cllvlino.
i=1

Similarly

||Xi1,--

slm

axil o axim U”w = c“v”n,ar

Lemma 2.3. Foranyv € H(A),

1.2 1 1
)| < cez™ lI21v]2 e
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Proof. We have
Oy, <e_|"|2v2(x)) = —2xie_|x‘2v2(x) + 2e‘|x|2v(x)3xiv(x).

By induction,
B 0, (TP = (<2 [Twie P v20)
i=1

+ ¢ Z Xiefl"'zv(x)axi v(x)
i=1

(2.1)
+e Y Xine  u)d, 0 v()
1<iy,ir<n
+ o 267000y B, - B 0 (X)
where c¢; are certain constants. Furthermore let y = (y{, - -+, ¥,). Then
—IxP 2 ™ . —IyP, 2
e U()C)I/ / axlaxz"'ax,,<e U(y)>dy‘
—0o0 —0o0
By virtue of (2.1), Lemma 2.2 and the Cauchy inequality,
]2
e M2 (x) < cllvllwllvline.
Theorem 2.2. Foranyv € H)(A) andr > n,
le™ 2 (@ — Pyv) ey < N2 0l
Proof. By Lemma 2.3 and Theorem 2.1, we verify that
1 1
() — Pyo)| < ce?™ v — Pyvl3 v — Pyvllie
< ce? P NETE o,
This completes the proof.
We now turn to the Hermite-Gauss interpolation. Let j = (ji, -+, ju), 0 <

Ji< N, 1<i<n,and o be the zeros of the Hermite polynomial Hy_;(x;).
Let

6] = (Oj190j27 st 9an)’
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and Ay be the set of all points o;. For any v € C(A), the Hermite-Gauss
interpolant /yv € Py is determined by

Iyv(x) = v(x), x € Ay.

Next let w) be the Christoffel number with respect to w(x), namely,

n
o = [T
i=1

where wU?) are the Christoffel numbers with respect to w;(x;), 1 <i <n.

We introduce the following discrete inner product and norm,

@ Von= Y, 0P, 00, 0,

0<ji,.jn<N
lolloy = .02 .
Clearly
(v—Iyv,P)pn =0, Yo € Py. (2.2)
For technical reasons, let

. 1
W Vo= Y 0Wu@)v@;), vl = @® )y

0<ji<N

By Guo and Xu [8], if ¢ is a polynomial on A; of degree at most 2N + 1, then

/:\. @ (x) Y (xp)w; (x;)dx; = (¢, 1/f)w,~,1v- (2.3)
Guo and Xu [8] also proved that for any v € Hci,- (A)),

10lloyn < eNF[Vlla, + N5 [0]l1,0,- 2.4)
By using (2.3), it can be shown that for any ¢y € Poy 1,

/A¢(X)1/f(X)w(X)dx = (@, V)on- (2.5)
In particular,
I9llo = ll¢llon Vo € Py.

Comp. Appl. Math., Vol. 22, N. 2, 2003
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Lemma 24. Foranyv € H)(A),

n
n_k
Wlloy <> N5 vllko.
k=0

Proof. We use induction. When n = 1, the desired result is exactly the same
as (2.4). Suppose that the result is valid for n = m. Now letn = m 4 1, and
W (x) = e~C1++5) | By virtue of (2.4), we have that

5 , , , )
”U”me,N — Z w(]l) . w(]:n)w(]n1+1)v (ajl S, Ujm» Ujm+1)

0<j1, jmsjm+1=N

_ (m+1) (v Um) 2 (5 - . .
— Z w /" w RO (0]17"'6j)7z’6])71+1)

0<jm+1=N 0<j1,jm<N
i “ 2m
=< Z wUm+1) Z cNT kK lv(., Ujmﬂ)”%,w,,,
0= jm+1=N k=0
m
= Z N%_k Z w(ij) / e_(X12+'“+xr2n)
k=0 0<jm+1=<N ArAm
ol gl Y
Z (xl... va(xl,...,xm,o]m+1)) dxl...dxm
0<ly+-+m <k
;=0
m
= CZNsz_ / (i) Z
k=0 A 0=y ++m =<k
;>0
i 2
Z wbm+1) (3)1611 ...a}’;";v(xl, e X, 0./'m+1)> dxy -+ -dxp,
0<jm+1=N
m
ceSwE [ )
k=0 ArAp

N3 e_xlzn+l(8l| co i (xy, - N2d
N X1 Y 1, s Xmos Xm4+1 Xm+1
m+1

0=l +-+lm <k
;>0

_1 —x2
+ N3 / e+ (D, 8?' e 8)lc’,”nv(x1,~ ey X, xm+1))2dxm+1) dxy---dxpy
Amt1

=Y NFHE Y (N%[ MGl alm vy, ) dx
A

k=0 0<ly+-+m <k

1;20

_1 —xI?
+ N3 / e Il (axm+1a)lcl1 "'8)lcrrnnv(x1’"' vxm+1))2dx)
A
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m
NEK (N2 N3 v|?
& ”v”k,a)rrH»l + ||v||k+1vwm+l

<
k=0
m _— m-+1 omin
g2 g0 2L 12
=) N Wl e DN VIR,
k=0 k=1

IA

m+1 Yt l)
mrl)_k 2
e N vl

k=0

So

m+1
m+l_k
1Wllapn < €Y NT 720l
k=0

The induction is compete.

Theorem 2.3. Foranyv € H)(A),0 <u <randr >n,

LyK_
v = INVilpw < eN3T272 (0] 0-

Proof. By Guo [10], for any ¢ € Py and u > 0,
1l < CNT [l (2.6)
We have from (2.5), (2.6) and Lemma 2.4 that

K’ I3
[Py = INVlpw = cN2[IPyv—Iyvlo =cNZ|[Iy(v — Pyv)|o

I
= cNZ|v = Pyvllon

n
k
< Y NI o= Pyvle.
k=0

Therefore by Theorem 2.1,

A

v = Pyvllpw+ 1PNV = INV]po

eN3TEE ol

”U - INU”;/,,a)

IA

Theorem 2.4. Foranyv € H)(A) andr > n,

_ L2 In_r
(v — Iyv)e 2" || Lop) < N2 0]l 0.
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Proof. Thanks to Lemma 2.3 and Theorem 2.3, we get that for any x € A,

1,2 1 1
ce?™ v — Iyvlidllv — Iyvll? o

1 2 7
ce? NI ], .

[v(x) — Iyv(x)|

IA

A

The desired result follows.
We have from (2.5) and Theorem 2.3 that for any v € H)(A), ¢ € Py and

r=n,

(v, @) — (V, Plon| = [(V=1Iyv, P)o| < cllv—InviulPllo

L, 2.7)
cN3 2 llre el

A

3 Hermite spectral scheme for the logistic model

This section is for application of the Hermite spectral approximation to the Lo-
gistic equation in two-dimensions. We construct a Hermite spectral scheme,
and prove its stability and convergence. The main idea and techniques in this
section are also applicable to other nonlinear partial differential equations in
n-dimensions.

Lety = (y1, y2) and A = (A1, Ay). V(y, s) describes the population of bud-
worm. g(y, s) and Vy(y) are the source term and the initial state of population,
respectively. Then the Logistic model takes the form

2 2 —
oV -0, V-0, V=VA-V)+g, yeA O0<s<T,

3.1
V(y,0) = V), y € A.

As pointed out in [7], the Laplacian in (3.1) does not correspond to a positive-
definite bilinear form in Hol)(A), and so (3.1) is not well-posed in the weighted
space. So we take the following similarity transformation

Yi

—  i=1,2, t =In(l + ). 3.2
2J/1+s ( ) (3-2)

x = (x1,Xx2), X =
Let
W(x, 1) = V(Q2xe?, e — 1), Wox) = Vo(2x), 8(x,t) = g(Qxe?, e’ — 1).
Then

o,V =e" B,W—lxlax W—lxzax w, 32,_V:le_’82_W, i=1,2.
2 1 2 2 Vi 4 Xj
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So (3.1) becomes

1 1 1., 1.,
B,W — Exlale — EXQBXZW — ZBXIW — ZBXZW
=Wl —-W)+eg, xeA 0<t<In(l+T7), (3.3)
Wi(x, 0) = Wy(x), x € A.

Further, let
U=e W, Ux) =" Wor), f=eth g

Then problem (3.3) is changed into

1 1 1 1, 1,
OU + U + 500U+ 5xdn U = 203U — (9,U
= U1 —e WUy + £, xeA O<t<In(1+T7T), (34
Ux,0) = Uy(x), x € A.

The weak formulation of (3.4) is to find U € L*(0,In(1 + T); HL(A)) N
L*®0,In(1+T); LLZU(A)) such that
1 1
0, U (1), v)o + E(U(t)’ V) + Z(VU(t), V),
— (U@t — e FPU21), v), + (f(1), V),
U( (1), V)o + (f (1), V) (3.5)
Vv e HY(A), 0 <t <In(1+T),

U(0) = Up.

The Hermite spectral scheme for (3.5) is to find uy(t) € Py forall 0 < ¢ <
In(1 4+ T'), such that

1 1
@Oun (1), @)+ 5w (). $)o + 3 (Vun (1), Vo),
= e un(t) — e Uk (1), §)o + (f (1), P)ors
VoePy, 0O<t<In(l1+T),

(3.6)

uy(0) =uyo = PyUp.

We give some Lemmas which will be used in the analysis of the stability and

the convergence of scheme (3.6).

Comp. Appl. Math., Vol. 22, N. 2, 2003
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Lemma 3.1 (see Lemma 2.3 of Guo [7]). Forany v € H, (A)),

Ixivlle, < V10

Lemma 3.2. Foranyv € H), (A;),

x2
18, (e~ Z V)| < V2[[0]l 1.0

Proof. By integration by parts and Lemma 3.1, we obtain that

2 2
/ (a (e—év<xl~)>) dx;
A

2

= / e <xl-2v2(xi)—inv(xi)axiv(xi)—l—(E)xl.v(xi))z) dx;
A

1
=5 / e v (xy)dx; — / xXie 5 v(x) 0y, v(x)dx; + f e (3, v(x;))2dx;
Ai

i A

IA

1
2 2 2
SVl + xivlle 10k vllo; + 105 vl = 20vIT0,-

Lemma 3.3. Foranyv € H(})(A),

2x|%. 4 2 2
/e Wy () < 8l o]l
A

Proof. For any x € A,

242 o . £+13 45
e Uy (xy, ) = 2[ e 2 v, x)0 (e_2v(.§,x2)> d§

—0o0
< 2/ e 7 |u(E, x2)| |0 (e : v(é,xz)) |d§.
—00
Similarly
o 2.2 34
e T2 (x) xy) < 2/ e T (x| |0, <e_ T, 77)) |dn.
—00
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Thus we have

2 2 2 4 60 52+X% $2+X%
eyt (), xy) < 4 e 2 v, x)| [0 e 2 v, x2) ) |dE
—0Q

X/ e 7 |u(xr, I |9, (e 2 v(xl,n)> ldn.
—00
The above with Lemma 3.2 leads to

/e_zlx‘2v4(x)dx
A
824 e
- 4/ T uE, x2)] [0 (e =2 v(ém)) \dedxs
A

2

5t i
X/ e 7 |v(xy, )9y, <€ 2 v(XlJ?)) |dx1dn
A

IA

2 2 % Ez+x% 2 i
4( / e ¢ +"2)v2(§,x2)d$dx2> ( / <85(e_2v(5,x2))> dsdx2>
A A
1
2,2 2 s+’ : >
X (/ e‘("1+")v2(x1,n)dmdn> (/ <8n(e_2v(x1,n))) dwa)
A A

2 112
= 8lllg Ivl1 o

A

We now consider the stability of (3.6). Assume that f and uy ¢ have the

errors f and i ~.0, respectively. They induce the error of numerical solution u y,
denoted by u . Then the errors fulfill the following equation

1 1
BN (1), Pl + E(ftzv(t), $)o + Z(Vft/v(t), Voo

e (iin (t) — e PP (@3 (1) 4+ 2un (DN (1)), 9o + (F (1), D) 3.7)
VoePy, 0O<t<In(1+T),

un(0) =iyy.
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By taking ¢ = 2iiy in (3.7), we obtain that

d . o 1
e EMOUARSS LAOT
< 2¢'(Jan ]2 — (72,0, iy (1)w) (3-8)
— 2 P un i (), iy (D) + 21 F O3

By the Schwartz inequality and Lemma 3.3,

A

e a2 @), iy ()l < 2820 @12 iy Ol

3.9
< 22l Ollollin O3,
e P un iy (1), iy (D)ol = [y @), e i3 1))l
< 2V20un ) llollin O llollin @10 (3.10)
< el—6||ﬁN(t)||iw + 32¢' [lun (112 lin ()11

Substituting (3.9) and (3.10) into (3.8) and integrating the result with respect to

t, we obtain that

"1
lan @2 +/ (Z - cl(T)IIﬁN(n)IIw) IIﬁN(n)II?,wdn
0 (3.11)

t
<plino, f, 1)+ c2(uy, T)/ ||L~‘N(77)||¢20d77
0
where

t
plino, f,0) = llinol? + 2/ ILf (mlizdn,
0

ci(T) = 4v2(1 + 1),
Ea(uy T) =200+ T) (14 640+ T un gt 723000 ) -
Lemma 3.4 (see Lemma 3.1 of Guo [7]). Assume that
(1) the constants by > 0,b, > 0,b; > 0andd > 0,
(i) Z(t) and A(t) are non-negative functions of t,

Comp. Appl. Math., Vol. 22, N. 2, 2003
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2

b .
(iii) d < b—; e~ for certain t; > 0,

2

@iv) forallt < t,
Z(1) +/ (b1 — b2 Z2 () A(n)dn < d +b3/ Z(n)dn.
0 0

Then forallt < t,
Z(t) < de.

Applying Lemma 3.4 to (3.11), we obtain the following result.

Theorem 3.1. Let 0 < a < 1 and uy(t) be the solution of (3.6). If for certain
t >0,

(1—a)
= 16¢2(T)

—ca(un, Tty
9

p(ﬁN,Oa _f()a

then forallt < ty,
~ , a [" . 5 ~ _ g
” uN(t) ”w +Z/ ” uN(n) ”l,a) d}’) < IO(MN,O’ fO’ t)eCZ(MN~ )f‘
0

Remark 3.1. Theorem 3.1 indicates that the scheme (3.6) is of generalized
stability in the sense of Guo [11, 12], and of restricted stability in the sense of
Stetter[13]. It means that the computation is stable for small errors of data.

We next deal with the convergence of scheme (3.6). Let U be the solution of
(3.5),and Uy = PyU = P} U. We get from (3.5) that

1 1
OUND), P)o + 5(UND). o + 7 (VUNGT), Vo
= ' (Un(t) — e UL, )0 + (F(1). )0
+ G, 9)+Ga(t, ), YopePy, O<t<In(1+7),

(3.12)

Un(0) = PyUy

Comp. Appl. Math., Vol. 22, N. 2, 2003
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where
Gi(t,¢) = (B, Un@) — 3,U(1), ¢)w,
Ga(t, ¢) = e' (e " (WU () — U*(1)), $)o-

Let UN(I) = uy(t) — Uy(t). By subtracting (3.12) from (3.6), we get that

~ 1 - 1 _ -~
@ UN®), P + E(UN(I)’ P + Z(VUN(t)a Vo),

= ¢ (On(0) — W@ + 20y (TN (1), §)o (3.13)

—Gi(t,9) = Ga(t,4), Vo ePy, 0 <t <In(1+T),

Un(0) = 0.

Comparing (3.13) to (3.7), we only need to estimate the terms |G;, (¢, UN(t))|.
By Theorem 2.1,

1G1(t, Un@)| < 1OvONZ + N1, U7,
By Lemma 3.3 and Theorem 2.1, we have that for r > 1,
1Go(t, Uy@)] = €' ™ W)+ Un@)Txy (@), Ut) — Uy ()0l

1 1 1
< ECI(T) U@ +Un®llo 1UE) + Uv@Of,

~ 1 . 1
IUNOllo TUNDOIF, 1UE) = Un@)llo
1 g 2 2 —r 4
T IUNOIl1 ,, + cci (TN UMD,

Finally we obtain the following result.

Theorem 3.2. [fU € H'(0,In(1 + T); H (A)) with r > 1. Then for all
0<t<In(1+T7),

t
1n 1% + / 10N odn < N7
0

where c* is a positive constant depending only on T and the norms of U in the

spaces mentioned above.
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Remark 3.2. By Theorem 3.2 and Theorem 2.1, we have that under the con-
ditions of Theorem 3.2,

t
luy (@) = U@Il; + N~ / lun () = UM ,dn < c*N7".
0

Remark 3.3. Since ¢,(Uy, T) depends on T? linearly, we can see that c*
depends on T3 linearly.

4 Hermite pseudospectral scheme for logistic model

In this section, we consider a Hermite pseudospectral scheme for (3.5). Let
n = 2, we use the same notations as in Section 2.

The Hermite pseudospectral scheme for (3.5) is to find uy (1) € Py for all
0 <t <In(l1+T),such that

1 1
@un (1) o + 5 Un (1), D) + 3 (Vun (1), Vo),
= ¢ (un(t) — e Uk (1), Bwy + (F(0), Do,

) 4.1)
Vpe Py, 0<t <In(1+4+T1),

uy(0) =uyo = InyUo.
Remark 4.1. By (2.3), the first formula of (4.1) is equivalent to
1 1
Qrun(@), Pon + E(MN(t)’ Pon + Z(VMN(t), Vo)w.n

= ¢ (uy () — e U (), Yoy + (F(), Doy,
Vo € Py, 0 <t <In(1+T).

The following Lemma will be used in the analysis of the stability and the
convergence of scheme (4.1).

Lemma 4.1. Forany v € Py,

—(02% 402 i
Z e (0“+6/2)w(j)v4(o-j) < 8||U||2) ||U||%w
0<j1.2=N
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Proof. We have

—0o0

2 2
T 1
< 2/ e 2 |v(xy, 05)| |0y (6 2 U(Xl,ijz)) |dx;.
Aq

_0-2 2 ajl xlz XIZ
e (o)) = 2[ e 2v(x1,0),)0y | e 2 v(xy,0p) |dx

Similarly

2

2
—o? _ _
e szUz(Uj) < 2/ e 2 |v(oj, x2)| |0y, (6 2 U(Ojl,xz)) |dx>.

A2

Therefore, by the Holder inequality, (2.4) and Lemma 3.2, we obtain that

2 ;
Z e loil a)(])v4(0j)

0<j1,2=N
() -
> oPe |v<x1,a,;z)| |05, (€™ 2 v(x1. 07,) ) Idxy
Alo<j<n
G —2
X / oVe” T v (o, x2)| 9y, v(cr,],xz) |dx>
A2 g<ji<N
< 4 Z w12 (x1,0},)dx
M 0<jp<N

x2
w2 <3x1 (e 2 v(xy, sz))> dxi

10<jp<N

>

2
X / Z wWe x2v2(0j1,x2)dx2
A2 9<ji<N

=

2
/ Z WD <3 (e” 2v(0J1,X2))> dx;
A

20<j1<N

s % R 2 2 2
=4 (/ e ! vz(x)dx> (/ e <3x.(e_2lv(x))) dx)
A A

1

, % ) 2 2 2
X <f e ! vz(x)dx> (/ e i <8x2(e_22v(x))> dx)
A A

2 0112
= 8l vl -
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We now analyze the stability of (4.1). Assume that f and u ¢ have the errors
f and @i N.0, Tespectively, which induce the error of u y, denoted by i1 y. Then the
errors fulfill the following equation

1 1
By (1), 9w + E(ﬁN(t), o + Z(Vﬁzv(t), Vé)o

| =eano- e P @2, (1) + 2un (Diiy (1)), P)on w)

+(f(®), Pon, YPePy, 0<t<In(1+T),

un(0) = uyo.

Comparing (4.2) with (3.7), we only have to estimate the upper-bounds of the
following terms with ¢ = iy,

Fi(t,¢) = (1), Pon. Foltd) = (i1, oy
F5(t,¢) = (e P uy @ity (0), @)ooy, Falt, ¢) = (F1), Pl v-

By the Schwartz inequality, (2.5) and Lemma 4.1, we have that

Fit,in®) = llav®l2,

1B, in@)| < e @@ llonlliyOlloy < 2820y Ol iy Oll1o
< 2V2linOllullin Ol .

I3t in@)] = 1™ a0, uny)on| < e a2 @ llonlluy ©lloy
< zf 2w (@)l Niin Ellolliin 110
< ||uN<r)||1w+32e lun N2 lan @32,

- 1
|Fa(t,iin ()] < I FON2 y + Zuﬁmni.
Let

t
plino, f.1) = lliinoll’ v + 2 / I £ I, vdn.

0

Then the following result follows.
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Theorem 4.1. Let 0 < a < 1 and uy be the solution of (4.1). If for certain
1 >0,

2
A —a) _unmn

iinos fo, 1) <
puno, fo, 1) < 16c3(T)

’

then forallt < 1y,

1
- a . ~ .
iy @) |7, +Z_/ | &n () ||%w dn < p(iiy.o, fo, )21
0

where ¢ (T) is the same as in Theorem 3.1.
Next, we deal with the convergence of scheme (4.1). Let Uy = PyU = P13/U .
We get from (3.5) that

1 1
@ UN@). $)o + 5 (Un(D). D)o + 2 (VUN (D), V)o

— ' (Un(t) — e WP UL (), @l + i Gilt. )+ (fO), Do, )
Vo € Py, 0 <t <In(1+T), .
where
Gi(t,8) = BUn(t) = U (1), @
Ga(t,9) = €' (e " (WU (1), Doy — €' (e T UD), 9o
Ga(t, @) = (f (1), o — (D), Blurn-
Further, let Uy () = uy (1) — Uy (7). Then by (4.1) and (4.3),
BN, 9o+ 5N, Do+ 1 (VOND, TP,
= ' (Un(1) — e W@} (1) + 2Un ()T (1), oy
3 4.4)

3
— Y Git.¢), VpePy, 0<1<In(1+T),
i=1

Un(0) = IyUy — PyUy.

Comparing (4.4) to (4.2), we only need to estimate |G; (¢, U ~(t))|. Firstly, by
Theorem 2.1,

1Gi(t, Un)| < 1Ov@NZ + N8, U D12,
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Next, let
Ga(t, Uy()) = By (t, Uy(1)) + Ba(t, Uy (1))
where

Bi(t, Uy (1)) = &' (e " (U2 (1) — U*1)), Un(0)wrv-
By(t, Uy (1)) = €' (e P U (1), Uy(1))oy — €' (e ' U@), Uy (1))

By Lemma 2.3 and Theorem 2.1,

e S WO+ Un)lee < clU@ + U@ 100 +UvOl3,
VWIS U3,

IA

Thus by (2.5), we have that for r > 2,

A

187

~ x2 ~
|Bi1(z, UNn(D))| = et”e_%(U(t)'FUN(I))”LO"”U(t)_UN(t)”a),N”UN(t)”w,N

1 1 -
c lUMNs TIN5 U@ = UvOllollUnOllo

IA

IA

| . . 4
EIIUN(t)IIw +c(MNTNU D7, -
Due to (2.7),
|Ba(t, Ox ()] < ce' N3 72 |l U2 0l 1 Tn () o
It is easy to see that

8;i(e_|)c\2U2(t)) = e—|x|2(2U(t)3;iU(t)+2r8in(t)8;l__lU(t)
+ o P ) UR()

where p,(x;) is a polynomial of degree at most r. By Lemma 2.3,

i ,
lle” 2 U@l lloy, U@®)llw

le " U@L U, <
< clUDI},

le™ o, U2l < Nl el e T U@ 1T O,
< clUMIL,.
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By Lemma 3.3 and the Schwartz inequality,
le™ o, U0 UM < clUDI2,, ete.
Hence
le U2 lre < U DI,
The previous estimates lead to
G2t Un ()] < 10O + c(MNSTINUOI,,

where ¢(T) is a positive constant depending only on 72. In addition, Theorem
2.3 implies that for r > 2,

A

G3(t, Un@)| < NI 5 £Ollro 108l

7 2 e, 2
1UNDIG + 7 NSO

IA

Using Theorem 2.1 and Theorem 2.3,
~ -
IUNO) o = N3 2 Uollr0-

Finally the following result follows.

4
Theorem 4.2. If U € L* (0,In(1 + T); Hy ® (A) N H' (0,In(1 + T);

rad ryd 2
H’ (M), f € L> (0,In(1 + T); H,, * (A)) and Uy € H,' > (A) with r > >
then

t
10N @12 + / 10N I3 ,dn < d* N~
0

where d* is a positive constant depending only on T and the norms of U in the

spaces mentioned above.

Remark 4.1. By Theorem 4.2 and Theorem 2.1, we have that under the con-
ditions of Theorem 4.2,

t
lun (@) — UM+ N~ f lun () — U ,dn < d*N .
0
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Remark 4.2. Since ¢;(Uy, T) depends on T? linearly, we can see that c*
depends on T3 linearly.

5 Numerical results

We present some numerical results in this section. We shall use schemes (3.6)
and (4.1) to solve (3.5), respectively. The test function is

U(xy,xy,1) = sechz(alxl + arxy + ast + ay)

with a; = 0.3, a, = 0.3, a3 = —0.1, a4 = 3.0. In actual computation, we use
the standard fourth order Runge-Kutta method in time # with the step size . The
errors of the numerical solution uy are described by

U() —un()

Ex@) =U@) —un®lon, En(r) = ||T”w,N-

We first use (3.6) to solve (3.5) numerically. The Hermite coefficients are cal-
culated by the Hermite quadratures with N 4 1 interpolation points. The errors
Ey(t) and Ex (t) at t = 1 with various values of N and t are listed in Tables
1 and 2, which show the high accuracy and the convergence of this method.
Moreover the errors E y (¢) and E ~ (2) at various time with N = 8 and T = 0.001
are listed in Table 3, which indicates the stability of calculation. They coincide
well with the theoretical analysis in the previous sections.

T N=4 N =28 N =16
0.01 | 2.795E-03 | 2.792E-04 | 2.792E-04
0.001 | 2.824E-04 | 8.793E-05 | 2.983E-05
0.0001 | 3.278E-05 | 2.801E-06 | 2.799E-07

Table 1 — The errors En(1).

We next use (4.1) to solve (3.5). The corresponding errors ES)(t) and E](vl)(t)
are defined in a similar way as for Ey(¢) and Ey (). The errors ES) (t) and
E‘Z(\})(t) are presented in Tables 4-6. We find that scheme (3.6) provides the
numerical results with the accuracy of the same order as (4.1). But the latter
saves the work. Thus it is more preferable in actual computation.
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N=4

N =28

N =16

0.01

1.087E-01

1.268E-02

1.268E-02

0.001

1.085E-02

4.070E-03

1.670E-03

0.0001

1.929E-03

1.070E-04

1.065E-05

Table 2 — The errors E N (D).

En(t)

En(t)

8.793E-05

4.070E-03

8.904E-05

4.152E-03

9.280E-05

4.873E-03

9.642E-05

5.691E-03

N| K| W[ =]~

1.072E-04

5.938E-03

Table 3 — The errors Ey (¢) and Ey (¢).

As an another example, we take the test function

sin(byx1 + byx,)

U ’ 7t -
(XI X2 ) (X12+X§+t+1o)h

with by = b, = 0.2 and 1 = 2.0. It decays algebraically and oscillates as x;
and x; tend to the infinity. We also use (3.6) and (4.1) to solve (3.5) numerically
as before. The corresponding errors E/(Vl)(t) and EJ(J)(t) with various N and
t are presented in Tables 7-9 for (3.6) and Tables 10-12 for (4.1). They also
demonstrate the high accuracy, the covergence and the stability of both schemes.

T N=4 N =28 N =16
0.01 | 3.026E-03 | 2.074E-04 | 2.074E-04
0.001 | 4.799E-04 | 6.562E-05 | 3.862E-05

0.0001 | 5.469E-05 | 3.009E-06 | 2.724E-07

Table 4 — The errors E ,(\}) (D).
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T N=4 N =28 N =16
0.01 | 1.026E-01 | 1.598E-02 | 1.598E-02
0.001 | 2.698E-02 | 3.064E-03 | 1.315E-03
0.0001 | 2.835E-03 | 1.787E-04 | 1.869E-05

Table 5 — The errors E"I(\})(l).

En(1)

En(t)

6.562E-05

3.064E-03

6.893E-05

3.863E-03

7.038E-05

4.801E-03

8.134E-05

6.071E-03

NP W|IN| =

9.841E-05

8.598E-03

Table 6 — The errors E/(\})(t) and E,(\})(t).

0.01 2.440E-01 | 1.438E-02 | 1.438E-02
0.001 | 4.139E-02 | 5.086E-03 | 1.187E-03
0.0001 | 8.560E-03 | 5.883E-04 | 3.014E-05
Table 7 — The errors En(1).

T N =4 N =38 N =16
0.01 2.484E-01 | 2.431E-02 | 2.431E-02
0.001 | 4.425E-02 | 4.117E-03 | 2.047E-03

0.0001 | 6.475E-03 | 4.014E-04 | 2.858E-05

191

Table 8 — The errors EN(I).
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En(1)

En(t)

5.086E-03

4.117E-03

5.323E-03

5.135E-03

5.855E-03

6.087E-03

6.957E-03

6.087E-03

N D W[N] =]~

7.366E-03

7.416E-03

Table 9 — The errors En(t) and EN (1).

0.01 2.143E-01 | 1.481E-02 | 1.481E-02
0.001 | 5.107E-02 | 5.187E-03 | 1.119E-03
0.0001 | 4.480E-03 | 5.734E-04 | 5.884E-05
Table 10 — The errors EI(\})(I).

T N =4 N=28 N =16
0.01 2.471E-01 | 1.143E-02 | 1.143E-02
0.001 | 5.848E-02 | 5.047E-03 | 2.047E-03

0.0001 | 5.277E-03 | 6.891E-04 | 5.015E-05

Table 11 — The errors E](Vl)(l).

En(1)

En(t)

5.187E-03

5.047E-03

6.114E-03

5.863E-03

6.082E-03

6.854E-03

7.571E-03

6.976E-03

N| B[ W[ =

7.841E-03

7.445E-03

Table 12 — The errors E{ (1) and £\ (¢).
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