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Abstract. This paper solves the problem of forecasting the number of trees in the selection
stands predicted for harvesting in a future period, so that the main resource of the number of trees
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the certain partial differential equation.
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1 Introduction

The number of trees in selection stands naturally increases in time. If the con-
ditions were ideal, if there were no natural or artificial (due to an anthropogenic
impact) removals of trees, the increase would be exponential in the timegfrom
tot, i.e. the dependence would be:

X(t) = Xg - /-0 (1)

wherex(t) is the number of trees in the selection stand per hectare depending
on timet; u is the factor of constant growtlyg is the initial number of trees in
the stand at the mometgt

Let S(x, t) be the number of felled trees, i.e. the planned impact of the anthro-
pogenic factor on the number of treei the selection stand. There is a problem
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how to organise and limit the number of trees for felling in a time petiedT,
without disturbing the resources. In other words, the question is what capacity
of the number of trees in the selection stand can be counted on and planned for
harvesting at a definite future moment, so as to maintain the natural process of
growth. The significance of the problem is manifold: environmental and eco-
nomic, bearing in mind that taking care of environmental conditions results in
long-term economic gains.

In this paper, the dependencig$) andS(x, t) are modeled by It6"s stochastic
differential equations and the distribution for the random progéssis given.
Then the decision on the allowable cut is based on the requirement that the
ratio of the changed number of trees in the selection stand and the changed
number of felled trees is balanced. This is achieved by solving the derived
partial differential equation of the second order, with two boundary conditions
and one final condition.

2 Modeling the number of trees in the stand

. dx(t . . .
If we observe a relative chang?(i—)) of x(t) > 0 in a short time interval,

we may conclude that it is broken down into the predictable, deterministic part
and the random part, with white noise in its base. This is the standard way
to explain many natural processes of growth. In other words, the continuous
random process(t) can be represented by Itd”s stochastic differential equation:

dx = ux dt+ ox dw, (2)

wherep is the drift, the expected rate of retuenis the volatility, the measure of
standard deviation, and is the standard Wiener process. The first term in the
above relation is deterministic and the second one is characterised by the presence
of the Wiener process as the carrier of randomness: # 0 (there were no
removals of trees in selection stand), from the differential equatios ux dt,
we can easily get the solution (1) for the process

Assume thatt ando are constants in the definite time period. The parameters
w ando are given in time units, mainly for a year. Oftem,is not changeable
for one kind of selection stand. In the spatial model they are taken to be constant

Comp. Appl. Math., Vol. 24, N. 2, 2005



SLOBODANKA S. MITROVICH 287

values, previously determined by statistical methods based on field data (look at
statistical data from [5]).
According to (2), it easy to see that;(:n has a normal distribution with:
0

E(InX)—( 12)t D(InX)— 2t
Xo =W 20 ’ Xo -0

X

wherety; = 0, w(tg) = 0, Xx(0) = Xo. It means thatx— has a lognormal
0

distribution with density:

X ( (s — (e~ %02)t)2)
exp| — 3 , X>0.
o X~/ 2t 20°t

3 Requirement derivatives

. 1 . . .
Letus mtroducet— fot x(p)dp as the continuously sampled arithmetic average of

the number of trees. If we denote= fot x(p)dp, itis easy to see thatl = xdt.

Now the value of the number of felled tre€éx, t, | ) depends on three varia-
bles: x, | andt. Let us suppose that the dependence is expressed by a continuous
function with continuous partial derivations

39S 9S 9S 32S
—,—,— and —.
ot~ ax’ ol ax2
Then by applying It6"s lemma:
39S 39S S 1, ,3%S
—0

dS= —dt+ —d —dl —
ot +8x X+8I +2 X8x2

By this we get the stochastic differential equation of random walk which repre-
sents the process of the number of felled trees.

Let us consider the relatio®(x, t, | ) andx(t), by introducing a new function,
the requirementl:

dt.

MM=S-—Q-Xx,

where2 = g—f is chosen (rate of chand&x, t, | ) compared to(t)). Such an
interpretation of2 in this model, aims at neutralising the stochastic component
in the following step. It is naturally to consid&t as the difference between
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Xx(t) andS. In a reality we always consider how many trees we have now in
selection stand and how many trees are allowed to fell. So, this difference is
in the structural form of the selection management and its value shouldn’t be
interrupted.

From the natural assumption that in a short time intedtalthe number of
trees in the selection stand is not disturbed and that the ratio of the number of
trees and the number of felled trees is constant, we get:

dl1=dS—Q-dx=dS-— a—de=
X
39S dS 9S ,92S dS

1
= 220t + LCdx 4+ xdt + o222 2dt — dx =
gt O T G O T X At 2 X e X

S 9S 1 , ,3°S
=\|— X— —o°X*— |dt=0
(8t LR TR 8x2)

Therefore: S S 25
d B 1,,0°S
§+X8—I+§O’XW—O, (3)

and the determination d&(x, t, I ) means the solution of (3), a linear partial
differential equation of the second order PDE, parabolic type. Thereis a problem
in solving of this PDE. Typically the value & must be calculed numerically.
If we suppose thaB(x, t, 1) has the formx - F(R, t), whereR = | /X, we can
reduce the problem from three to two dimension.

According to partial derivations d(x,t, 1) = x - F(R, t):

— =X ) YT —
at at al oR ax2

we have the new PDE:

S OF 9S_9F 9°S_ ., 1 0°F
x OR?’

dF 9F 1 , ,0°F
NI J - | 4
ot TarR 27" 3R )

4 Boundary conditions and final condition

First, we are analysing fortawhenR tends to 0, the behaviour &. Since

t
RX(), 1) = (1/%) /O x(p)dp,
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R satisfies the stochastic differential equation

IR IR 1 92R
dR= —dt+ —dx + —o?x*>——dt.
gt OL T G OX T 2T X e

According to

R R 92R
dx=xu dt+oxdw, — =1 — =—R/X, — =2R/X?,
pattoxtw, = X % e /

we have
dR= (1+ (¢? — p)R)dt — Rodw.

FromR — 0, we getdR = dt > 0. So we only know that in the case— O,
F is finite. If R tends to 0, in the equation (4):

oF  9F 1 2R232F 3

-4 =0,
ot Tar 727 TR
: ,0%F
we can ignoreRc—.
oR?
9%F 9%F
If: R°>— = O(1), then— = O(1/R?), or F = O(log R).
TR? D TR? (1/R%) (logR)
This is inconsistent withr being finite. So it remains:
JoF oF
On the other hand it is clear that:
X - F(oco,t) = 0. (6)

Sincex is bounded for 4, the only way thalR = | /X, increases i tends to
zero. In this case there will not be felling.

These are boundary conditions.

Finally, we have to determine the final condition. Naturally, the number of
felled trees in future timd& , will be a difference between the number of tree in
the stand and the continuously sampled arithmetic average of the number of tree
from the beginning timé =0to T:

SX, T, 1) =maxx(T) —1/T,0) = x-max1—- R/T,0). @)

Itis clear that forl /T > X, there will be no felling. It is naturally expecting
that foryu > 0, the value of growtkx(t) is great than the average valuexdfom
time 0 tot. Condition (7) is the final condition for PDE (3).
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5 Solving PDE
In order to solve PDE (4) we seek a solution of the form:
F(Rt)=p® +q® R,

whereR = 1/x, and from the final condition:p(T) = 1, q(T) = —-1/T.
According to partial derivations:

oF , aF 3°F
S =PO+a® R ——=q(),

- =0,
ot R IR?

and the condition (5) we obtairp/(t) = —q(t), andq’(t) = 0. Finally we have:
p) =t/T, qt) =-1/T,

) t
F(R,t):%—?R, S(X,t,l):X-F(R,t):t _)I(_(t)—%/o x(p)dp.

And the explicit expression fdB(x, t, |) intime T is:

T

1
ST, D =x(T) — 2 f x(p)dp, ®)

0

which represents the maximal number of wood allowed to cut in ime

6 Examples

Based on statistical data measured in the Management Unit “Tara” — National

Park “Tara”, Bajina Basta, Serbia, between 1960 and 1990, several times the
number of felled trees amounted up to even 20% of the number of trees in the

stand. Also, by comparing only the numbers of trees in the stand in a ten-year

period, it was calculated that these values were statistically equal (see [5]), which

leads to a conclusion that the method of selection forests management applied in
the forests of Tara in the past decades was relatively successful. In other words,
the initial resource of the number of trees was maintained, and the quantity

selected for felling was only the percentage that accumulated during ten years,
like an “interest”.
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Example. In1970, the number of trees in the selection stand, Compartment 51,
Management Unit “Tara”, was(t) = 557.4, (with the expected rate of return
u = 0.02, and the standard deviatien= 0.2). On the same sample plotin 1980
the number of trees was 680 (see [5]). By the data from the ten years period
we can calculaté /10 = 1—10 Olox(p)dp = 5793. Now, we getS(x, t + 10) as
an allowed number of trees selected for fellig= 1011 in 1980.

In 1980 the number of felled trees was 109.1 per hectare (see [5]), which is
little greater than the maximal number of trees selected for felling, calculated by

theoretical means.

Example. In 1960, the number of trees in the selection stand, Compartment
62, Management Unit “Tara”, wagt) = 664.0 (with the expected rate of return
u = 0.02, and the standard deviatien= 0.2). On the same sample plotin 1970
the number of trees was 811.0, (see [5]). By the data from the ten years period
we can calculaté /10 = % Olox(p)dp = 6932. Now, we getS(x, t + 10) as
an allowed number of trees selected for fellifg= 117.8 in 1970.

In 1970 the number of felled trees was 126.4 per hectare (see [5]), which is
little greater than the maximal number of trees selected for felling, calculated by

theoretical means.

7 Conclusion

As the permanent maintenance of selection structure is possible only by syste-
matic selection management, primarily by selection cuttings the above stochastic
analysis of the number of trees and the number of the felled trees during a longer
time period can point to the success-failure of the performed selection system
of management. The primary objective of this type of study is to predict based
on a stochastic model effect of the scope of selection cuttings and the number
of trees for recruitment. The simulation of growth is useful to foresee the future
development of selection stands.

The above examples point out that the field data on the number of felled trees,
correspond completely to the theoretical upper boundaries. This means that the
calculated forecast fdB(x, t) can also be applied in future for the assessment of
the upper permissible limit of the number of trees for felling.
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