Volume 28, N. 2, pp. 135-155, 2009

COMPUTATIONAL g
&APPLIED 0pyr1ght(f32009 SBMAC

www.scielo.br/cam

Periodic solutions for nonlinear telegraph equation
via elliptic regularization

G.M. DE ARAUJO!, R.B. GUZMAN! and SILVANO B. DE MENEZES?

IUniversidade Federal do Para, FM, PA, Brasil
2Universidade Federal do Ceara, DM, CE, Brasil

E-mail: silvano@ufpa.br
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1 Introduction and description of the elliptic regularization method

In this paper we deal with the existence of time-periodic solutions for the non-
linear telegraph equation

wHw —Aw4w+ WP Pw = f (x, 1) e Q=Qx]0,T[, (1.1)

Q being a bounded domain in R" with a sufficiently regular boundary 9.

d
All derivatives are in the sense of distributions, and by &’ it denotes 8_§ The
function f we will be assumed as regular as necessary.
We shall use, throughout this paper, the same terminology of the functional

spaces used, for instance, in the books of Lions [6]. In particular, we denote by

#743/07. Received: 27/X1/07. Accepted: 16/1V/08.



136 PERIODIC SOLUTIONS FOR NONLINEAR TELEGRAPH EQUATION

V = HO1 (Q) and H = L?*(R2). The Hilbert space ¥ has inner product ((., .))
and norm ||.|| given by ((u, v)) = [, Vu.Vvdx, |ul* = [, |Vul*dx. For the
Hilbert space H we represent its inner product and norm, respectively, by (., .)
and |.|, defined by (u, v) = [, uvdx, |ul* = [, |u]* dx.

The telegraph equation appears when we look for a mathematical model for
the electrical flow in a metallic cable. From the laws of electricity we deduce a
system of partial differential equations where the unknown are the intensity of
current i and the voltage u, cf. Courant-Hilbert [4], p. 192-193, among others.

By algebraic calculations we eliminate i and we get the partial differential
equation:

az—u—Czy—u—i-(a—l—,B)a—u—l-aﬁu:O
ar2 0x2 ot '
called Telegraph Equation. In this case the coefficients C, «, B are constants.
Motivated by this model, Prodi [10] investigated the existence of periodic

solution in ¢ for the equations

12 ar 9t ot ’
in a bounded open set © of RY with Dirichlet zero conditions on the boundary.
The problem posed by Prodi [10] was further developed by Lions [6] with the
aid of elliptic regularization associated to the theory of monotonous operator, cf.
Browder [3].

More precisely, Lions [6] investigate periodic solutions of the problem
w' —Aw+yw)=f in 0 =Qx]0, T,
w=0o0nX =9Qx]0, T, (1.2)
w(0) =w(T), w(0)=w'(T)in L,
with y (w') = |w'|P72w'.
Because of this important physical background, the existence of time-periodic
solutions of the telegraph equations with boundary condition for space variable
x has been studied by many authors, see [7, 8, 9, 11] and the references therein.

We consider the existence of the solutions w(x, ¢) of Eq. (1.1), which satisfy
the time-periodic (or T -periodic) condition

w0 =wk,T), wx,0=w{), xe, (1.3)
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subject to the Dirichlet condition
w(x,t) =0, (x,1) €d0x]0,T[. (1.4)

Based on physical considerations, we restrict our analysis to the two dimensional
space and standard hypothesis on f is assumed. Arguments within this paper
are inspired by the work by Lions [6].

However, the classical energy method approach cannot be employed straightly,
giving raise to a new mathematical difficulty. In fact, multiplying both sides of
the equation (1.1) by w’ and integrating on O, we have, using the periodicity

condition, that
/|w’(x,z)|2dxdz+/ |w/(x,z)|f’dxdz:/ f(x, Hw'(x, )dxdt.
0 0 0
In this way we obtain only estimates for
f|w/(x,t)|2dxdt and /lw/(x,t)lpdxdt,
0 0

which is not sufficient to obtain solution for (1.1).

In view of this, as in Lions [6], we use an approach due to Prodi [10] which
relies heavily on the following set of ideas: we investigate solutions for (1.1) of
the type

w = u + uy,

uo independent of ¢ (1.5)
T
/ u(t)dt =0, the average of u is zero.
0
Substituting w given by (1.5) in (1.1), we obtain
' +u — Auu+ P72 = f+ Aug — uo, (1.6)

which contains a new unknown u, independent of ¢ by definition.
To eliminate u( in (1.6) we consider the derivative of (1.6) with respect to ¢

obtaining
d d
E(u" +u —Autu+ )P = d_j:
T
/ u(t)dt =0 (L.7)
0
u(0) =u(T), u'(0)=u(T).
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138 PERIODIC SOLUTIONS FOR NONLINEAR TELEGRAPH EQUATION

Suppose that we have found u by (1.7). Observe that by (1.7),,
%(u" +u' —Autu+ P2 — f)=0.
Thus u is solution of
' +u — Au+u+ P — f =g, (1.8)

2o independent of t, in which g is a known function.
Then u is obtained as the solution of the Dirichlet problem:

—Aug +ug = —g
uy =0o0n 0Q2.

(1.9)

Therefore, w = u + ug is the T — periodic solution of (1.1). We are going to
resolve problem (1.7) by using elliptic regularization.

Observe that Lions [6] investigate the problem (1.2) by elliptic regularization,
reducing the problem to the theory of monotonous operators, cf. Lions [6].

In this work we consider the time — periodic problem (1.1), (1.3) and (1.4) and
solve it by elliptic regularization as an application of the monotony type results,
cf. Browder [3]. Thus our proof'is a simpler alternative to the earlier approaches
existing in the current literature.

In fact, we consider the periodic problem

w’' +w —Aw+ w4+ [w|P2w = f in Q=Qx]0, T,
w=0on 9Qx]0, T, (1.10)
wkx,0)=wkx,T), wx,0=wx,T) inQ.

Thus for w = u + uy, the function u is determined by (1.7).

We begin the functional space

W= {v; v e LX0,T; V), v' € L2(0, T: V) N LP(Q),

r (1.11)
v’ € L*(0, T; H),/ v(s)ds =0, v(0) =v(T), V() = v/(T)}.
0
The Banach structure of W is defined by
lvllw = vl 20.7:) + 1V 220,720y + IV lr 7322020 + 1V 1200, 7011 -
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In the sequel by (., .) we will represent the duality pairing between X and X7,
X' being the topological dual of the space X, and by ¢ (sometimes ¢y, ¢;, ...)
we denote various positive constants.

Motivated by (1.7) we define the bilinear form b(u, v) for u, v € W by

T
b(u,v) = f [ +u' +u, V) + (Au, V') + (y ), V)] dt,
0

where 4 = —A and y(u/) — |u/|p72u/.
Then the weak formulation of (1.7) is to find # € W such that

T
b(u,v):/ (f.v)dt, (1.12)
0

forallv e W.

Let us point out that the main difficulty in applying standard techniques from
classical functional is due to the fact that the bilinear form b (u, v) is not coercive.
To resolve this issue, we perform an elliptic regularization on b(u, v), following
the ideas of Lions [6]. Subsequently we apply Theorem 2.1, p. 171 of Lions
[6] to finally establish existence and uniqueness of solution to elliptic problem
(1.12).

2 Main result

As we said in the Section 1, the method developed in this article is a variant of
the elliptic regularization method introduced in Lions [6] in the context of the
telegraph equation.

Indeed, following the same type of reasoning cf. Lions [6], to obtain the ellip-

tic regularization, given u > 0 and u, v € W we define

T
. (u,v) = [L/ [@”,v") + @', v) + (4u', V)] dt
° 2.1)

T
—|—f (u” +u' + Au+u+y), U’)dt,
0

where 4 = —A and y (u') = |u/|P 2.
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140 PERIODIC SOLUTIONS FOR NONLINEAR TELEGRAPH EQUATION

It is easy to see, cf. Lemma 2.2, that the application v — 7, (u, v) is continu-
ous on W. This allows to build a linear operator B, : W — W', (B, (u), v) =
7w, (u, v).

As we shall see, the linear operator B,, satisfies the following properties:

(a) B, is a strictly monotonous operator; (B, (v) — B, (z), v —z) > 0 for all
v,z e W,v # z;

(b) B, is a hemicontinuous operator; A — (B, (v + Az), w) is continuous
in R;
(c) B.(S) is bounded in W’ for all bounded set S in W;

(Bu(v), v)

(d) B, is coercive; — oo as [v|y — oo.

In view of these properties and as consequence of Theorem 2.1, p. 171 of
Lions [6], the existence and uniqueness of a function u,, € W such that

T
7w, Uy, v) :/ (f,v')det, forallve W, (2.2)
0

follows immediately.
The Eq. (2.2) is called of elliptic regularization of problem (1.7).
Our main result is as follows

/ , 11
Theorem 2.1.  Suppose f € L” (0, T; L” (Q)), with — + — =l and p > 2.

Then there exists only one real function w = w(x,t), (x,t) € O, w € W,
such that

w = u+uy, ug € H}(Q) (2.3)
uel*0,T;V) 2.4
u' € LP(0, T; LP()) (2.5)

and w satisfying (1.1) in the sense of L>(0, T; V') + LP(0, T; L? ().

Now, we begin by stating some lemmas that will be used in the proof of the
Theorem 2.1.
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T
Lemma 2.1. If/ u(x,t)dt =0 then
0

T T T T
2 2
/ lullydt < C/ lu'llydt and / lull?p @yt < C/ e 175 et
0 0 0 0

for u derivable with respect to t in [0, T] and u € L*0,T: V), u € L*0, T;
VYNLP, T; LP(2)).

Proof. The proof of Lemma 2.1 can be obtained with slight modifications
from Lions [6] or Medeiros [8].

Lemma 2.2. The form v — m,(u, v) defined in (2.1) is continuous on W.

Proof. By Cauchy-Schwarz inequality and Young’s inequality we have

77 (s )] < cpllullwllvli, (2.6)

where ¢, 1s a constant positive that depend of n. Then the result follows. O

Lemma 2.3. The operator B,, : W — W', (B, (u),v) = m,(u, v) is hemi-
continuous, bounded, coercive and strictly monotonous from W — W'.

Proof. It follows of (2.6) that B, (1) is bounded. From Lemma 2.1 and equal-

T
itYf (v @), u')dt = ||u'|], g, we obtain
0
(B, (v),v) > c,llvll3,

T
because / u(x, t)dt = 0. Thus B, is W-coercive. The hemicontinuity of the
0

operator v — |v|?~2v allow us to conclude that the operator B .« 1s hemicontin-
uous. Finally, the proof that the operator B, is strictly monotonous follows as
in Lions [6], p. 494. O
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Proof of Theorem 2.1. The arguments above show that there exists a unique
solution u,, € W of the elliptic problem (2.2).
Explicitly the Eq. (2.2) has the form:

T T
“/0 [ v") + ), v) + (), v)] dt +/0 (uy +u), +uy, v')dt
; ; ; 2.7
+/ (0, 0))) dit + / (y()), V) dt = / (/') dt.
0 0 0
We need let u goes to zero in order to obtain u,, — u for the solution. Then
we need estimates for u,,.
In fact, setting v = u,, in (2.7) and observing that u,, and u, are periodic since
they belongs to W, we obtain

T T T
u/o (|u;;|2+|u;|2+||u;||2)dt+f0 |u;|2dz+/0 17 gyt

(2.8)
T ) e [T )
p I
< Ep’/(; ||f|Lp/(Q) dt + 1—)/0 |}, |10y A1
This implies that
(u,) is bounded in L0, T; H) when it — 0 (2.9)
(u;L) is bounded in L?(0, T; L?(2)) when u — 0 (2.10)
T
u/ (I, | 4y, 1P+ Nl 1%) dt < e (2.11)
0
T
Since f u,dt = 0, we have by Lemma 2.1 that
0
(u,) is bounded in L7 (0, T'; L?(2)) (2.12)
T
" / llulPde < . (2.13)
0
Setting
t 1 T
v(t) = / u,(o)do — 7/ (T —o)u,(o)do, (2.14)
0 0
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it implies
T
/ v()dt =0, Yve W
0 (2.15)
v =y,

In fact, integrating both sides of the equation (2.14) on [0, 7], we obtain

T T pt Ty T
/ v(t)dt:/ / uu(a)dadt—/ —f (I' —o)u,(o)dodt.
0 o Jo o T'Jo

On the other hand,

T
/ 1/ (T —o)uy(o)dodt = / —dt/ (T —o)u,(o)do
(T—cr)f uﬂ(s)dsl —I—/ f u,(s)dsdo _/ / u,(s)dsdo.

Therefore, we reach our aim (2.15).
Thus, taking into account (2.14) in (2.2) we get

T
,u/o [l ul) + (uyyuy) + (Aul,, uy,) ] dt
T
+/0 [(u;i uy) + (u;“ up) + (Aup, uy) + Wy, uy) + (y(u;L), u#)]dt (2.16)

T
=/ (fouy)dt.
0

By using periodicity of u,,, u), € W, we obtain
T
/ (uy,, u,)dt = / W), u,)dt = / (Au,, u,)dt = 0. (2.17)
On the other hand,

T
/(”Z’”u)dt = (u, (T), uu(T)) — (u,(0), u,(0))
0

T r (2.18)
—/ W), u,)dt = —/ ), |dt.
0 0
From (2.17), (2.18) and estimate (2.9), we have
T
‘/ (u;i, u,)dt| <c, whenpu — 0. (2.19)
0
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Also, from (2.10) and (2.12) we obtain

T T
/ |uu|2dt+/ (y(u;),uu)dl‘
0 0

T (2.20)
= / |”u|2df + ||V(u;)||L17’(0,T;Lp/(g))||”u||Lﬁ(o,T;LP(Q)) =c3.
0
Combining (2.17), (2.19) and (2.20) with (2.16) we deduce
T
/ luyl?dt < cs. 2.21)
0

It follows from (2.21) and (2.10) that there exists a subsequence from (u,,),
still denoted by (u,,), such that

u, —> u weak in L>(0, T; V) (2.22)
u, — u’ weak in L”(0, T; L”(R2)) (2.23)
y () —> x weakin L7 (0, T; L” (). (2.24)

Our next goal is tho show that u verifies (1.7), — (1.7)3.
Indeed, it follows from (2.22) and (2.23) that u,, € C°([0, T']; H) and

T T
lirr%) (u;“ @) dt = / (', ) dt, Yo € L*(0, T; H) (2.25)
n=0Jo 0

T T
lirr%)/ (u,., ¢) dt =f (u, p)dt, Yo € L*(0, T; V) (2.26)
=Y Jo 0

Setting ¢ = Qv into (2.25) with & € C'([0, T]; R), 6(0) =6(T)andv € V,
we have

T T
/ W), 0v)dt — f W', 6v) dt (2.27)
0 0

T T
/ (uy, 0'v)dt —>/ (u, 0'v) dt. (2.28)
0 0
Again, by using periodicity of u, and u), we obtain
T d
/O E(u“’ Ov)dt = (u,(T), 0(T)v) — (u,u(0), 6(0)v) = 0.
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Thus
T T
/ (u/u,ev) dt —I—/ (uy, 0'v)dt = 0.
0 0
Since

T T
/ (', 6v) dl‘+/ (u,0'v)dt =0,
0 0

as u — 0, we obtain

T
d
f = (u,0v)dt = 0.
o dt

This implies that
w(T), 0(T)v) — (u(0), 6(0)v) = 0,

that is,
u(T) = u(0). (2.29)

The proof that «’'(0) = u'(T) will be given later. Now, we go to prove that

T
/ u(t)dt =0.
0

T
Taking the scalar product on H of[ u,(0)do = 0with ¢(¢), ¢ € L*(0, T;
0

H), we find
T
(/ u,(o)do, go(t)) =0.
0
Thus
T
/ (up(0), (1)) do = 0.
0
Therefore,

T T
f u(o), p(t))do = (/ u(o)do, <p(t)) =0, Vo) e H, (2.30)
0 0

as u — 0.
It follows from (2.30) that

T
/ u(t)dt = 0. (2.31)
0
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From (2.9), (2.10), (2.11) and (2.13), we deduce
u;L —> u' weak in L?(0, T; H),
u;L — u' weak in L?(0, T; L?(Q)),
Juul, — x1 weak in L*(0, T; H),
\/ﬁu;L —> xp weak in L2(0, T; H),
\/ﬁu;l —> x3 weak in L2(0, T; V).

It follows from (2.34) that
T T
lifr})ﬂ/ (uy,, ) dt = / (x1,9)dt Vo e L*(0,T; H).
n— 0 0

Hence, taking ¢ = v”, v € W, in (2.37), we find

T T
lim / W vy di = / G o) dt.
u—0 0 0

Therefore

T T
lim ,u/ (u,, v")dt = lin})ﬂ (ﬁ/ (', v”)dt) =0.
0 n— 0

u—0

By analogy, we prove that

li
n—0

T T
m /1,/ (), v)dt = lim M/ (Au),,v")dt = 0.
0 n=0""Jo

By using periodicity of u,, v € W, we obtain

dt

T T
/ ), v)dt = —/ ), v")dt.
0 0

It follows of (2.9) that

T
d
/ —(u,,,v")dt = 0.
0

This implies that

T T
f(uk»¢>df—>/ W', p)di V¢ e L*(0, T; H).
0 0
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Taking ¢ = v” € L%(0, T; H) in (2.41) we obtain
T T
lim [ (u,,v")dt = / (', v")dt. (2.42)
0

u—0 Jo

From (2.2), we can write
T
M/O [),, v") + (), V") + (du),, V)] dt

T
—i—/o [l 0" + (), V) 4 (Aug, ) + (g, V) + (v (), 0] dt (2.43)

T
=/ (f,v)dt.
0

From (2.9), (2.10), (2.22), (2.38), (2.39), (2.40) and (2.42), we can pass to the
limit in (2.43) when 4 — 0 and obtain

T
/ [(_u/7 UN) + (u/9 U/) + (Au7 U/) + (u9 U/) + (X9 U/)] dt
° (2.44)

T
:/ (f,vhdt, YveWw.
0

Let (p,) be a regularizing sequence of even periodic functions in #, with pe-
riod 7.

Denote by ¥ = u * p, * p,, where * is the convolution operator. Integrating
by parts, we find u’ x p, * p, = u * p * p,.

Observe by (2.12) and (2.21) that v € C®(R; V), v € C®(R; L?(R2)), V" €
C*®(R; H), v and V' periodic in z.

As in Brézis [2], p. 67, we to show that

T
/ W', v")ydt = 0. (2.45)
0
In fact, we have
T g T T
/ d—(u’,u’*pv*pv)dt = / (u”,u’*pv*pv)+/ ', u" % py % py) dt
o at 0 0

T T
2/ (u’,u/*,o]’)*p,,)dt:Z/ W', v")dt.
0 0
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T T 1 d
/ (u’,u’*pL*pv)dt=/ —— @', u' xp, x p,)dt =0,
0 0o 2dt

due to periodicity of ¥’ and p,, it follows (2.45).
Similarly, we show that

T
/(u/,%")dtzo.
0

T
/ (Au,v)dt = 0.

0
T
(u,v)dt = 0.
0

From (2.44) to (2.48) we obtain

T T
f (x, ') dt = f (f,u)dt.
0 0

Now, let us prove that x = y (u').
In fact, from (2.2) and (2.1) we get

T T
u/o [|u;1|2+|u;|2+||u;||2]dz+/o [u), ) + (v (), u))] dt

T
=/(; (fsu))dt.

We define
T
Xy = / () —y(p),u, —p)dt
0
T
+ u/o [0+ 1, + a1 it
T
+ / [, P dt, Vg € LP(0, T5 LP(2)
0

It follows from (2.50) and (2.51) that

T T T
Xu=f (f,u;pdz—f (y(wxu;—«))dt—f (). ) dt.
0 0 0
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From the convergences above, we get

T T T
XM—>X=/ (f,u’)dt—/ (V((p),u’—w)dt—/ (x, g dt.
0 0 0

Taking into account (2.53) into (2.49) yields

T T T
X=f (x,u’)dz—f (y«o),u’—go)dt—f (x. @) dt.
0 0 0

Combining (2.53) and (2.54), we obtain

T
Xzf (x —y(p),u —p)dt.
0

Since X, > 0, forall ¢ € L7(0, T; L?(£2)), then X > 0.
Thus,

T
f (x —y(@),u' —@)dt >0, Yo e LP(0,T; L7 (Q)).
0

149

(2.53)

(2.54)

(2.55)

(2.56)

Since y : LP(0, T; LP(Q)) —> L¥ (0, T: L¥ (), y W) = |[u'|P~2, is
hemicontinuous operator, the inequality above implies x = y (u’). It is suffi-
cientto set ¢(¢) = u'(t) — Aw (@), A > 0, w € LP(0, T; L?(R2)) arbitrarily and

let A — O.
We consider ¢ € C*([0, T']; V N LP(L2)) satisfying

/ Ydt =0,
Y (0) =y (7).
Setting
T 1 T
v(1) =/ Wda——/ (T —o)Y(o)do
0 T Jo
in (2.44), yields

T
fo [(—u', ")+ @', ¥) + (Au, ¥)
+ W, )+ (), ¥) — (fL ) ]dt =
because v'(¢) = (), v (t) = V' ().
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In particular, choosing ¥ = 6’v, with§ € D)0, T[and v € V N LP(Q),
in (2.59) we get

T
—u',0"v) + (W', 0'v) + (Au, 0'v) + (u, 0’
/O [(—u',6"v) + (', 6'v) + (Au, 6'v) + (u, 6'v) (2.60)

+ (W), 0'v) — (f,60'0)]dt =0, V6 € D0, T[, veVNLI(Q),
or equivalently,
T
/ (u" +u' +Aut+u+yw) - f, v)@’dt =0, (2.61)
0

forallv e VN L*R) and 0§ € D]O, TI.

Hence,
d " !/ /
E[(u +u'+Autu+yw)— f,v)]=0, YveVnNL’Q).
Consequently, there exists a function g, independent of ¢ such that
u' +u' + Au+u+ yW') — f = go, independent of z. (2.62)

We verify that

T T
u”"(p) = f u" (Do) dt = — / W' ()¢ (1) dt € L7 (Q) (2.63)
0 0

T
Au(p) :/ (Au(t))p(t)dt € V' (2.64)
0
T !
y ) (@) = fo yW)pdt € L (@) (2.65)
T
u' (@) = / u' (He(t)dt € LP(Q) (2.66)
0
T
u(@) =/ u()p(t) dt € LA(Q) (2.67)
0
T ’
f(@) = /0 FOe()di € L7 (), (2.68)
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for all ¢ € D]O0, T[, because u’ € L?(0, T; LP(R)).

Thus, from (2.63) to (2.68) and (2.62), we can write

T
gO/ p(t)ydt € V' + L7 ().
0

Therefore
g € V' + L7 (Q).

It follows from (2.62) that

u' = ftgo—u—Au—u—yu)
e L2(0, T; V') + LP (0, T; LY (Q).

Hence, we deduce from (2.62) that,
T
f (" +u' +Au+u+yW)— f—go¥)dt =0,
0

with ¢ given in (2.57).
Thus

T
f<u”+u’+Au+u+y<u’>—f—go,wdt
0

T d T
= [ Sy at [ o+ @
0 4 0
+ (Au(0), ¥) + W, ) + (@), ¥) = (f, ¥) = (o, ¥)] dt

= W' (T), y(T)) — (' (0), ¥ (0).

Substituting (2.72) into (2.57) we obtain

u'(0) = u'(T).

151

(2.69)

(2.70)

@2.71)

(2.72)

(2.73)

Note that #’(0) and «'(T") make sense because u’ an u” belongs to L?(0, T;

LP()) and L2(0, T; V') + L? (0, T; L7 (), respectively.
Let u be defined by
—Aug + 1o = —go,
up = 0on 9d€2.
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We recall that because n < 2 and p > 2, we have
H}(Q) = LP(Q) — LX(Q) — LY (Q) — H'(Q) =V,

where each space is dense in the following one and the injections are continuous.
This and (2.69) implies that go € H~'(Q) = V.
Finally, we apply the Lax-Milgram Theorem to find a unique solution u, €
H{ () of the Dirichlet problem (2.74).
Thus, w = u +uo € L*(0, T; V) with w’ € L?(0, T; L?(R2)) satisfies

w4+ w — Aw+w+ (WP = f
in L2(0, T; V') + L (0, T; L” (),

w(0) = w(T)

w’'(0) = w'(T),

that is, w is a T-periodic weak solutions of problem (1.1).
Uniqueness. Let us consider w; and w, be two functions satisfying Theo-

rem 2.1 and let £ = w; — wy.

We subtract the equations (1.1); corresponding to w; and w, and we obtain
E"+E + A5+ &+ y(w)) —y(w)) =0. (2.75)

Denoting by (p,,) the regularizing sequence defined above, by a similar argu-
ment used in the proof of existence of solutions for Theorem 2.1 we obtain

E % py *py :S*/)L*pu- (2.76)
Hence, by using (2.3) and (2.4), we can write
E=vy +&, with & eV and € L2(0,T; V). (2.77)
Also, from (2.76) we get
E x pux pp =& p, % py =V % pyxpy. (2.78)

Thus, we have by (2.5) that " € L?(0, T; L?(2)). Therefore & x p, * p,
is periodic and
&% p % pu € C(0, TT; LP (). 2.79)
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Then by (2.70) we can write
"€ L*0,T; V') + L7 (0, T; L7 ().

T
This and (2.79) show that / (", & * p, * p,) dt make sense and
0

T
/ ("€ % p,* py)dt =0. (2.80)
0
Indeed,
T d T
f € e p) i = / &, & % pu % py) dt
o dat 0
T T
—|—/ (€', &" % py *xp,)dt = / (", & % p, x py)dt (2.81)
0 0
T
+/ (&", & % py * py)dt.
0
Therefore,

4 noer 1 "d I
/ (CES *pu*pu)dt:_/ &, & xpu*py)dt =0, (2.82)
A 2 ),

because £’ and p,, are periodic.

Similarly
T
/O (A&, & % py* p,)dt =0 (2.83)
T
/ (5/, 5/*,% *pu,) dt =0 (284)
0
T
0

Consequently, it follows from (2.75), (2.82), (2.83), (2.84) and (2.85) that

T
f (y (w)) — y(wy), & * p, * p,)dt = 0. (2.86)
0

Hence using (2.86), letting 1 tend to zero, we have
T
/ (y(w)) — y(w)), w; —wy)dt =0, (2.87)
0
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that is, w; = wj.
This implies that
& =w; —w,; =6, 6 independent of 7.

Integrating the last equality on [0, T'] and observing that w; = u; + u, yields
T T
/ (wy — wy) dt = (9/ dt =0T = T(Llo1 — I/t()z),
0 0

T
because/ u;dt =0. Thus6 € V.
0

It follows from (2.83) that
T T
/ (A“Eaf/*/)u*ﬁu)df = / (A(wl _wZ)vé/*pu*pu)dt
0 0

T
= / (46,0 * p, * p,)dt = 0.
0

This implies that, when & — 0

T
/ (46,0) =0, VO eV.
0
Therefore
A0 =0, YoeV. (2.88)

Employing Green’s Theorem, we find
2 96 2
(460,0) = | —A060dx = | (VO)dx — | 6—dI' = |0]". (2.89)
Q Q r dv

Taking into account (2.89) into (2.88) yields 6 = 0, which proves the un-
iqueness of solutions of problem (1.2). Thus, the proof of Theorem 2.1 is
complete. U
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