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Abstract 
This paper proposes a novel variable-length beam element that 
takes into account the effect of beam spinning. This is the first 
such beam element of variable length based on the absolute nodal 
coordinate formulation. In addition to the position and slope vec-
tors, the angles of rotation around the element axis of cross sections 
that contain two nodes are introduced into the element coordinates 
to describe the spinning of an assumed Euler–Bernoulli beam with 
circular cross section. The material coordinates of the two nodes 
are also included in the arbitrary Lagrangian–Eulerian description 
used for previous element to describe the varying element length 
caused by mass transportation at the boundaries. The proposed 
element facilitates convenient and effective numerical modeling of 
the dynamics of a circular-cross-section beam with transportation 
boundaries and that is spinning. Numerical examples demonstrate 
that the proposed element can describe the dynamic behavior of a 
circular-cross-section beam effectively. In the field of engineering, 
this novel element could be used in the dynamic analysis of drill 
stems, the slender workpiece of a cylindrical shaft during the turn-
ing process, and the lead screw in a ball screw mechanism. 
 
Keywords 
Beam, circular cross section, absolute nodal coordinate formulation, 
arbitrary Lagrangian–Eulerian description, variable-length beam-
shaft element, spinning. 
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1 INTRODUCTION 

In the late 1990s, Shabana (1996) proposed a new method for modeling the dynamics of flexible 
multi-body systems. Known as the absolute nodal coordinate formulation (ANCF), this method is 
based on the finite element method (Bonet and Wood, 1997; Khan et al., 2016) and continuum 
mechanics (Shabana, 2012; Asemi et al., 2014). Unlike conventional formulations (e.g., large rota-
tion vector and floating frame of reference formulations) that use both global and local reference 
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frames, the ANCF uses only a global reference frame. A position vector and its gradients defined in 
the global frame are selected as the generalized coordinates of each node. This ensures that no re-
striction is imposed on the amount of rotation within the finite element, thereby describing the mo-
tion of a flexible multi-body system more exactly (Shabana, 1997). As such, the ANCF has received 
extensive attention since it first appeared and has been developed considerably over the past 20 
years. Various types of ANCF-based finite elements have been developed to apply this method to 
the dynamic analysis of flexible multi-body systems including structures of beams (Shabana, 1997; 
Sugiyama and Suda, 2007), plates (Dmitrochenko and Pogorelov, 2003; Dufva and Shabana, 2005), 
shells (Mikkola and Shabana, 2003), and three-dimensional (3D) solids (Kubler et al., 2003). 

In the research area of ANCF-based beam elements, Shabana (1997) first developed a beam el-
ement based on the assumption of planar strain. Omar et al. (2001) then developed a two-
dimensional (2D) shear-deformable beam element. Following on from 2D beam elements, Shabana 
and Yakoub (2001, 2001) developed a 3D beam element that uses the position vector and its three 
gradients as node coordinates. This element relaxes the rigid-section assumption of classical beam 
theory. It describes cross-sectional deformation using two position gradients, making it a more gen-
eral model than the Timoshenko beam model. Unfortunately, this element is disadvantageous for 
the dynamic analysis of very slender beam structures because of the locking problem. Dombrowski 
(2002) developed a beam element based on the Euler–Bernoulli beam assumption. This element is 
better at describing slender beams because the number of coordinates of each node is reduced from 
12 to 7 compared with Shabana’s 3D beam element. This element can be used to resolve problems 
with torsional beam dynamics because Tait–Brian angles are used to describe the cross-sectional 
spinning; however, the mass matrix of the element is no longer constant. Besides, the singularity 
introduced by Tait–Brian angles prevents this element from being used to describe arbitrary spatial 
motions. Gerstmayr and Shabana (2006) developed a 3D cable element that abandons the rotational 
angles of Dombrowski’s beam element and exhibits advantages in the dynamics of 3D slender beams 
for which the effect of spinning can be neglected. 

To study the dynamics of a time-varying cable network, Lu (2007) developed a variable-length 
ANCF-based cable element by changing the original length of the boundary elements. This element 
does not strictly satisfy energy conservation, however, it still can be an engineering approximation. 
Based on Gerstmayr’s cable element, Tang et al. (2011) developed a new variable-length tether 
element that combines the Lagrangian and Eulerian descriptions. When used to resolve the dynam-
ics of multi-body systems containing time-varying cable structures, way of length varying or mass 
transportation conditions of boundary elements must be defined in advance. Hence, this element is 
suitable only for problems involving simple transportation boundaries. Hong and Ren (2011) and 
Hong et al. (2011) generalized Tang’s cable element and developed a variable-length beam element 
(VLBE) for a one-dimensional continuum by combining the arbitrary Lagrangian–Eulerian (ALE) 
description with the ANCF. The material coordinates of the two nodes used to describe the mass 
transportation are introduced into the system’s dynamic equations as generalized coordinates. As 
such, this element can be used as an accurate and effective numerical modeling method for the dy-
namics involving complex transportation boundaries. Du et al. (2015) developed a simpler variable-
length cable element that uses the position vectors of the two nodes as generalized coordinates only 
and uses shape functions of linear interpolating. This element maintains a straight-line configuration 
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and therefore fails to describe the bending deformation. Hence, it is applicable to the dynamic mod-
eling of cables that sustain only tension. 

All of the aforementioned variable-length tether/beam elements neglect beam spinning; there-
fore, they cannot be applied to certain engineering problems such as the dynamic modeling and 
simulation of drill stems in the drilling process. In this work, we develop a novel variable-length 
ANCF-based beam element that includes the effect of spinning. Our intention is to resolve the dy-
namics of a circular-cross-section (CCS) beam of variable length for which the effect of spinning 
cannot be neglected. We refer to this novel element as a variable-length beam-shaft element 
(VLBSE) to reflect the introduction of both bending and spinning effects. 

In addition to the position and slope vectors, we introduce the angles of rotation around the el-
ement axis of cross sections that contain two nodes into the generalized coordinates of this element 
to describe the spinning motion. This is done on the assumptions of an Euler–Bernoulli beam and a 
CCS. The material coordinates of the nodes are also included in the ALE description used for pre-
vious element to describe the variation of element length caused by mass transportation at the 
boundaries. The rotational angles and material coordinates appear as unknowns in the dynamic 
equations along with the position and slope vectors. Hence, the VLBSE provides a convenient and 
effective numerical modeling method for the dynamics of CCS beams with either simple or complex 
transportation boundaries and for which spinning cannot be neglected. 

The VLBSE can be used in the dynamic analyses of (i) the drill stem of a planetary soil-drilling 
sampler in a deep-space exploration mission (Tian et al., 2012; Deng et al., 2014; Yang et al., 2014), 
(ii) the slender workpiece of a cylinder shaft in a turning process (Lv et al., 2015; Han et al., 2012), 
and (iii) slender rods in linear motion elements (Katz, 2001; Huang and Wang, 2014). 

In the present work on the VLBSE, we begin by introducing the variables that are used to de-
scribe the motion of the element, the generalized coordinates of the element, and the corresponding 
shape-function matrix. We then address the axial strain, bending curvature, and change rate of 
rotational angle of cross section, all of which describe the deformation of the element. The mass 
matrix and generalized force matrix of the element are given by calculating the virtual work of the 
inertial and active forces. Based on these matrices, a mathematical description of the dynamical 
model of a CCS beam that has been discretized into elements is obtained according to the general 
equation of dynamics. Finally, the novel element is verified by three series of typical dynamical 
problems concerning an axially moving beam/string, a torsion shaft with one end fixed and the 
other end free, and a rotating shaft subjected to an axially moving and rotating load. 
 
2 MOTION AND DEFORMATION OF THE ELEMENT 

The following assumptions are made about the beam before establishing the VLBSE. 
(a) The beam cross sections are rigid and remain perpendicular to the beam axis during defor-

mation because of the slenderness of the beam. 
(b) Any bending-induced rotational inertia effects relative to the neutral axis of the beam cross 

sections are neglected. 
Together, assumptions (a) and (b) constitute the Euler–Bernoulli beam assumption. 
(c) The beam cross sections are circular and uniform. 
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Assumption (c) is consistent with the Euler–Bernoulli beam assumption because a non-CCS 
would distort if the beam were subjected to torsion. 

The motion of an element can be described by two features: translation of an arbitrary point on 
the element axis, and rotation of the corresponding cross section. Translation of a point on the ele-
ment axis can be described by the position vector r of the point. Rotation of a cross section can be 
described using only the third Tait–Brian angle instead of the direction cosine matrix of the element 
local reference frame with respect to the global reference frame in the general case with the Euler–
Bernoulli beam assumption according to Dombrowski’s work (Dombrowski, 2002). This angle is 
written as θ, the physical meaning of which is the rotational angle of the cross section around the 
element axis. 

Hence, the motion of the VLBSE is described by four variables that can be expressed as a gen-
eralized position vector of an arbitrary point on the element axis: 
 

      η r
T TT θ r r r θ1 2 3 . (1)

 

A schematic of the VLBSE is shown in Figure 1. In addition to r and θ, r' is the slope vector of 
the arbitrary point on the element axis. The derivative is with respect to p, i.e., r' = ∂r/∂p, where p 
is the material coordinate of the point, which is the arc length along the unstrained beam from the 
reference point. Terms r1, r'1, θ1, p1, r2, r'2, θ2, and p2 are the corresponding parameters of the two 

nodes. Function f(p,t) is the distributed external load per unit length on the element, and FC is the 

concentrated force on the element. The concentrated torque T is not marked in the figure. 
 

 

Figure 1: Schematic of the VLBSE. 

 
A control volume for the element can be expressed as 1 2[ ( ), ( )]p t p t  using an interval representa-

tion. In the ALE framework, both p1 and p2 are time-dependent functions, which means that there 

is mass transportation across both element boundaries and that an element can slide and stretch 
arbitrarily on the beam. However, if p1 and p2 remain constant, there is no mass transportation 

across the element boundaries; the VLBSE becomes a fixed-length beam-shaft element in the La-
grangian framework. The material coordinate p can be normalized into a local coordinate s that 
satisfies 
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( ) ( )
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-
. (2)

 

From equation (2), the local coordinates of the first and second nodes are −1 and 1, respectively. 
The length of the unstrained element is 
 

2 1( ) ( ) ( )= -eL t p t p t . (3)
 

Of the four components of the generalized position vector, the first three corresponding to the 
position vector are interpolated using third order polynomials to ensure continuity of the position 
and slope vectors at the nodes. The position vector can then be written as 
 

' 'r = r + r + r + rN N N N1 1 2 1 3 2 4 2 , (4)
 

where 
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(5)

 

The fourth component of the generalized position vector corresponding to the rotational angle is 
interpolated using a linear polynomial: 
 

θ H θ H θ1 1 2 2= + , (6)
 

where 
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Equations (4) and (6) can be unified as 
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which can be simplified to 
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e 1 2 e e1 e2 e1 e1 e2 e2

e2

( ) ( ) ( )
 

       

q
S q S S S q S q

q
p t p p t p t t, = , , = = +η . (9)

 



S. Yang et al. / A Variable-Length Beam Element Incorporating the Effect of Spinning     1511 

Latin American Journal of Solids and Structures 14 (2017) 1506-1528 

To partition the matrix Se, two submatrices 
 

1 1et et1 et2           S S S I I 0 I I 01 3 3 2 3 3 3 3 3 3 4 3 3 3= = N N N N , (10)
 

er er1 er2         S S S 0 0 0 01 3 1 3 1 1 3 1 3 2= = H H , (11)
 

are defined to represent the first three lines and the fourth line, respectively, leading to the follow-
ing equations: 
 

et
e et e er e

er

 
 
 

θ= = =
S

S r S q S q
S

. (12) 

 

The first and second derivatives of the generalized position vector with respect to time (i.e., the 
generalized velocity and acceleration, respectively) can be written as 
 

 η Sq= , (13)
 

p η Sq η= + , (14)
 

where 
 

e e
e1 e e2 e

1 2

 

 

 
 
 

S S
S= S q S q

p p
(15)

 

is the shape-function matrix of the element, 
 

e1 1 e2 2 1 2' '      q q q r r r r1 1 1 2 2 2= =
T TT T T T T Tp p θ p θ p

 
(16)

 

represents the generalized coordinates of the element, and 
 

2 2 2
e e e e e

p 1 2 e 1 1 2 2 e
1 2 1 1 2 2

    

     

   
   
   

      
S S S S S

η q qp p p p p p
p p p p p p

2 2
2 2= 2 + + +2 +

 
(17)

 

is an additional generalized acceleration due to mass transportation across the element boundaries. 
This term vanishes if there is no mass transportation, in which case both p1 and p2 are constants. 

Matrix S is partitioned in the same way as Se (i.e., two submatrices St and Sr represent the 

first three lines and the fourth line, respectively), leading to the following equations: 
 

t
t r
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S= r =S q =S q
S

θ , (18)

 

where 
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et et
t et1 e et2 e
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p p
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Because the VLBSE is part of the beam, the deformation description of the beam also applies to 
the element. Due to the Euler–Bernoulli beam assumption, only one the nine components of the 
Green–Lagrange strain tensor is nonzero, which is the axial strain, besides, the bending curvature of 
the beam axis and the change rate of the rotational angle of the cross section are also taken into 
account to describe the beam deformation. These three components are given by  
 

 T' 'r rε
1

= -1
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, (21)
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= = , (23)

 

where r" is the second derivative of r with respect to p, i.e., 2''  r r 2= p . The axial strain 

measures the extension of the beam axis, the bending curvature measures the change of orientation 
of the tangent vector of beam axis, and the change rate of the rotational angle measures the twist of 
beam. The detailed expressions of r', r" and θ' can be written as: 
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er er
e e' = = =

  

   

θ s
θ

p p p s

S S
q q . (26)

 
3 MASS MATRIX AND GENERALIZED FORCE MATRIX OF THE ELEMENT 

The mass matrix and generalized force matrix of the VLBSE need to be given first to obtain a 
mathematical description of the dynamical model of the CCS beam. These can be obtained by cal-
culating the virtual work of the inertial and active forces on the element. The active forces can be 
classified into viscoelastic and external forces: the latter include distributed external loads, concen-
trated forces, and concentrated torques. 
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The virtual work due to inertial force arises from both translational acceleration of material 
particles on the element axis and rotational angular acceleration of the cross sections: 
 

     2

1i    
 r r q M q Qp T T

p
δW δ -ρA dp δθ -ρIθ dp -δ ele p= + = + , (27)

 

where ρ, A, and I are material density, area, and polar moment of inertia, respectively, of the ele-
ment cross section. Terms Mele and Qp are the mass matrix and the matrix of the additional gener-

alized inertial force caused by mass transportation, respectively. Under the assumption of uniform 
material density, these can be written as 
 

1 
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A block diagonal matrix appears in the integrands of these two matrices, which is unlike exist-
ing elements in the literature. The virtual work of viscoelastic forces arises from tension, bending, 
and torsion of the element: 
 

s sε sκ sδW δW δW δW= + + , (30)
 

where δWsε, δWsκ, and δWsφ are the virtual-work contributions of tension, bending, and torsion, 

respectively. Specifically, 
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where E and c are the elasticity modulus and damping coefficient, respectively. Term Qsε is the 

generalized viscoelastic force matrix resulting from the tension of the element: 
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where, 
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and 
 

T '
'

 

 

r
r

q q

ε
= , (35)

 

 et e'  
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22

= =
p p

. (36)

 

Similarly, 
 

 2

1
 p T

sκ sκp
δW - EJ κ cκ δκdp -δ= + = q Q , (37)

 

 2

1    p T
s sp

δW - GI c δ dp -δ= + = q Q , (38)
 

where J is the moment of inertia of the element cross section and G is the shear modulus. Terms 
Qsκ and Qsφ are the generalized viscoelastic force matrices of element resulting from bending and 

torsion, respectively: 
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The virtual work of the viscoelastic forces can then be written as 
 


T T T T

s sε sκ s sδW -δ -δ -δ -δ= =q Q q Q q Q q Q , (41)
 

where Qs is the generalized viscoelastic force matrix and can be written as 
 

s sε sκ s= + +Q Q Q Q . (42)
 

In particular, when beam torsion or bending is negligible, Qsφ or Qsκ can be omitted accordingly. 

The virtual work of a distributed external load can be written as 
 

2

1

p T T

f p
δW δ dp δr f q Qf= = , (43)

 

where Qf is the generalized external force matrix of the distributed external load: 
 

t





T
-

p
ds

s
1
1f =Q S f . (44)

 

The generalized external force matrix of a concentrated force and a concentrated torque can be 
obtained similarly: 
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t
T

F = CQ S F , (45)
 

rQ ST = TT . (46)
 

The total virtual work of an element can then be obtained as 
 

 q M q Qele ele ele= +TδW -δ  , (47)
 

where Qele is the generalized force matrix of the element: 
 

sele p f F T= + - - -Q Q Q Q Q Q . (48)
 

To resolve the dynamics of a CCS beam with mass transportation, we divide the beam into sev-
eral VLBSEs that are connected by nodes. Suppose that the beam consists of N elements; therefore, 
there are N+1 nodes. The generalized coordinates of the beam are 
 

1 2' ' '  …
TT T T T T Tθ p θ p θ p1 1 1 2 2 2 N+1 N+1 N+1 N+1=q r r r r r r . (49)

 

In general, these coordinates are not completely independent, for example: in the case that the 
beam is connected at node i with a fixed point C in the inertial reference frame by means of a 
spherical joint, the constraint equation is given as 
 

ir rC= , (50)
 

in another case that all of the elements of the beam are of equal length, the constraint equations are 
given as 
 

 1
N

p p p
N N

i N+1

- +1 -1
= + =

i i
i 2,3,...,N . (51) 

 

More constraint equations of different joints are given by García-Vallejo et al. (2003). These 
constraint equations can be expressed uniformly in the form of an algebraic equation as 
 

 C q 0, t = . (52)
 

By introducing a Lagrange multiplier λ, the dynamical equation of the beam can be obtained as 
 

 T+ + =qMq Q C λ 0 , (53)
 

where M and Q are the mass matrix and generalized force matrix, respectively, of the beam. These 
derive from Mele and Qele of each element, with Cq being the Jacobian matrix of the constraint. 

The dynamical equation (53) and the constraint equation (52) constitute a set of differential al-
gebraic equations (DAEs) and should be solved synchronously. In this paper, such DAEs are inte-
grated using the classical differential algebraic system solver DASSL (Brenan et al., 1996), whose 
core algorithm is the backward differential formulation, i.e., BDF. 
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4 NUMERICAL EXAMPLES AND DISCUSSION 

The VLBSE is verified in this section. The first example is used to show that this element retains 
the ability of the VLBE to resolve the dynamics of a CCS beam with mass transportation in the 
case without spinning. The second example is used to demonstrate the ability of this novel element 
to resolve purely torsional dynamics. Synthetic verification of the VLBSE is carried out in the third 
example. Finally, potential engineering applications of the VLBSE are discussed. 
 
4.1 Free Flexural Vibration Analysis of an Axially Moving Beam 

When a beam moves continuously along its own axis, as shown in Figure 2, its transverse vibra-
tional characteristics are affected significantly by the global axial motion. In Figure 2, OXZ repre-
sents the inertial reference frame, and x is the coordinate in the X direction. The target object in 
this example is the beam section between the two supports. The beam is in continuous motion; 
hence, the deflection of cross section should be seen as a function of the field coordinate x and time 
t in the framework of Eulerian description (Liu et al., 2011). 
 

 

Figure 2: Axially moving beam. 

 
Suppose that the beam cross section is uniform and circular. The length of the beam section be-

tween the supports is l, its cross-sectional area is A, its material density is ρ, its flexural stiffness is 
EJ, and its deflection is expressed as w(x,t). The beam travels at a constant speed υ0 in the X direc-

tion under the action of tension F. The dynamic equation of free flexural vibration can be written 
as (Liu, 2012; Wickert and Mote, 1990) 
 

 
2   

    

w w w w
ρA ρAv EJ F ρAv

t x t x x

2 4 2
2

0 02 4 2+ + - - = 02 . (54)

 

To study the natural frequency characteristics more conveniently, the flexural stiffness of the 
beam can be neglected. In that case, the axially moving beam degenerates to an axially moving 
string, and the dynamic equation can be simplified to 
 

 
2  

   

w w w
ρA ρAv ρAv F

t x t x

2 2
2

0 02 2+ + - = 02 . (55)

 

The first-order natural frequency of the free transverse vibration of the string can be written as 
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 2f c v
lc

2
1 0

1
= -

2
, (56)

 

where c = F (ρA)  is the axial propagation speed of the string’s transverse vibration. 

Conventional ANCF elements in the Lagrangian framework are not suitable for modeling the 
beam section that flows between the supports in this example, because their target object is the 
continuum in initial configuration throughout. If the target object is the continuum in a certain 
fixed region in space, the ALE description degenerates into the Eulerian description. Therefore, the 
transverse vibrational characteristics of an axially moving beam/string are studied in the following 
using Hong’s VLBE (Hong and Ren, 2011; Hong et al., 2011) and the VLBSE proposed in this pa-
per, which are both established in the ALE framework. 

The geometric, material, and kinematic parameters of the axially moving beam/string are given 
in Table 1, where r is the cross-sectional radius. 
 

Parameter l r ρ E F v0 

Value 1 m 0.005 m 2700 kg/m³ 70 GPa 1000 N 40 m/s 

Table 1: Simulation parameters of an axially moving beam/string. 

 
(1) ANCF solutions of free transverse vibration of an axially moving string 
The string section between the two supports is divided into four elements of equal length. The 

string begins vibrating freely because of the initial transverse velocities of three intermediary nodes. 
Transverse displacements of the material point halfway between the supports are compared in Fig-
ure 3 for two types of element. 
 

 

Figure 3: Comparison of transverse displacements of the material point halfway between supports. 

 
The transverse-displacement–time curves obtained using the two different elements are nearly 

coincident. According to equation (56), the first-order natural frequency of the transverse vibration 
of the string should be 22.6857 Hz; the numerical solutions give 22.6723 Hz (VLBSE) and 
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22.6786 Hz (VLBE) with relative errors that are both less than 0.1%. These results demonstrate 
that, in the dynamic analysis of a CCS beam subjected to only tension, the VLBSE can describe the 
continuum dynamics effectively. 

(2) ANCF solutions of free flexural vibration of an axially moving beam 
Mesh generation for a beam section between two supports is the same as that for a string sec-

tion, but now bending is taken into account in the dynamic equations. The beam begins vibrating 
freely because of the initial transverse velocities of three intermediary nodes. The deflections of the 
material point halfway between the supports are compared in Figure 4 for two types of element. 
 

 

Figure 4: Comparison of deflections of the material point halfway between supports. 

 
The deflection–time curves obtained using the two different elements are nearly coincident. The 

numerical solutions for the first-order natural frequency of flexural vibration of the beam are 
32.2097 Hz (VLBSE) and 32.2425 Hz (VLBE), with a relative error of approximately 0.1%. Fur-
thermore, the first-order natural frequency of transverse vibration of an axially moving beam is 
clearly greater than that of an axially moving string as the result of flexural stiffness. In the case 
described by the simulation parameters given in Table 1, the natural frequency increases from 
22.7 Hz to 32.2 Hz. The above results demonstrate that, in the dynamic analysis of a CCS beam 
subjected to both tension and bending, the VLBSE can describe the continuum dynamics effectively.  

From the above analysis of the free transverse vibration of an axially moving beam/string, we 
see that the VLBSE retains the ability of the VLBE to resolve the dynamics of a CCS beam with 
mass transportation but without spinning. In fact, the VLBSE degenerates to the VLBE if the rota-
tional angles θ1 and θ2 both remain zero. 

 
4.2 Free Torsional Vibration Analysis of a Cylindrical Shaft 

The model for free torsional vibration of a cylindrical shaft is shown in Figure 5. The length of the 
cylindrical shaft is l, the material density is ρ, and the shear modulus is G. The X axis is set to co-
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incide with the central axis of the shaft, with x the coordinate in the X direction. The rotational 
angle of the cross section is expressed as θ(x,t), and the torque acting on the cross section is T(x,t). 
 

 

Figure 5: Model for free torsional vibration of a cylindrical shaft. 

 
This torsional vibration model can be expressed mathematically as a one-dimensional wave 

equation (Gatti and Ferrari, 2003): 
 

 

 

θ θ
c

t x

2 2
2

2 2= , (57)

 

where c G ρ=  is the axial propagation speed of the torsional vibration. The torsional natural 

frequencies fi of a shaft that is fixed at x = 0 and free at x = l are 
 

    
 

2 -1
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4
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l l ρ
 (58)

 

The VLBSE in the ALE framework degenerates into a conventional element in the Lagrangian 
framework if the material coordinates of both nodes are invariant. Therefore, it applies to resolve 
problems of torsional vibration of the shaft in this example. Free torsional vibration of the shaft are 
analyzed below using the ANCF. The shaft is divided into different numbers (from 1 to 10) of 
VLBSEs of equal length. The geometric and material parameters of the shaft are given in Table 2, 
where r is the cross-sectional radius, and E and μ are the elastic modulus and Poisson’s ratio, re-
spectively, of the material. 
 

Parameter l r ρ E μ 

Value 1 m 0.005 m 2700 kg/m³ 70 GPa 0.3 

Table 2: Simulation parameters of a cylindrical shaft. 

 
Table 3 gives the numerical solutions and their relative errors for the first five orders of torsion-

al natural frequencies of the cylindrical shaft for different numbers of elements; “--” means that the 
corresponding order of natural frequencies does not exist. 
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           Order 
Element number  

1st 2nd 3rd 4th 5th 

1 
869.9 

-- -- -- -- 
10.20% 

2 
809.9 2829.7 

-- -- -- 
2.60% 19.50% 

3 
799.9 2609.7 4739.5 

-- -- 
1.33% 10.20% 20.07% 

4 
789.9 2509.7 4549.5 6589.3 

-- 
0.06% 5.97% 15.26% 19.24% 

5 
789.9 2459.8 4349.6 6529.3 8399.2 
0.06% 3.86% 10.20% 18.15% 18.22% 

6 
789.9 2429.8 4229.6 6279.4 8489.2 
0.06% 2.60% 7.15% 13.63% 19.48% 

7 
789.9 2409.8 4159.6 6089.4 8249.2 
0.06% 1.75% 5.38% 10.19% 16.10% 

8 
789.9 2399.8 4109.6 5959.4 8019.2 
0.06% 1.33% 4.11% 7.84% 12.87% 

9 
789.9 2389.8 4069.6 5869.4 7839.2 
0.06% 0.91% 3.10% 6.21% 10.33% 

10 
789.9 2389.8 4049.6 5809.4 7699.2 
0.06% 0.91% 2.60% 5.12% 8.36% 

Analytical solution 789.4 2368.3 3947.2 5526.1 7105.0 

Table 3: Numerical solutions and their relative errors for torsional natural frequencies (Hz) of a shaft. 

 
Table 3 reveals a decrease in shaft torsional stiffness with element number, in that the numeri-

cally determined torsional natural frequencies decrease accordingly and converge toward the analyt-
ical solutions. The relative error of the first-order torsional natural frequency drops below 1% at 
element number 4. The relative error of the second-order torsional natural frequency drops below 1% 
at element number 9. Eventually, the relative error of even the fifth-order torsional natural frequen-
cy drops to 8.36% when the shaft is divided into 10 elements. 

This example demonstrates that in the dynamic analysis of a CCS beam subjected to only tor-
sion, the VLBSE can describe the continuum dynamics effectively if the mesh is fine enough. 
 
4.3 Dynamic Response of a Spinning Shaft Subjected to an Axially Moving and Rotating Load 

A simply supported cylindrical shaft spinning at constant angular velocity is subjected to a con-
stant-magnitude load that remains perpendicular to the shaft axis. The load travels at constant 
speed along the shaft axis and also rotates at a constant angular speed around the shaft axis, as 
shown in Figure 6(a) (Katz, 2001). The length of the shaft is l, the cross-sectional radius is r, the 
elastic modulus is E, the material density is ρ, and the angular speed of the shaft is Ω. We establish 
an inertial frame of reference whose origin is located at one end of the shaft. The X3 axis is along 

the shaft central axis, and the X1 and X2 axes form a right-handed system together with the X3 axis. 

The load P coincides with the X1 axis initially; its axial speed is υ and its angular speed is ω. The 

bending of the shaft is described by the deflections of its central axis in the X1 and X2 directions, 



S. Yang et al. / A Variable-Length Beam Element Incorporating the Effect of Spinning     1521 

Latin American Journal of Solids and Structures 14 (2017) 1506-1528 

which are expressed as U1 and U2, respectively, as shown in Figure 6(b). The deflections U1 and U2 

and their derivatives with respect to time are all zero initially. 
 

  

(a) spinning shaft subjected to an axially  
moving and rotating load 

(b) bending description of a spinning shaft 

Figure 6: Dynamic model of a spinning shaft subjected to an axially moving and rotating load. 

 
Using complex notation, the dynamic equation of the spinning shaft (Katz, 2001; Katz et al., 

1988) can be written as 
 

4 2   

     

 
 
 

U UU U
EJ ρA - ρJ - Ω P z,t

z t z t z t

4 3

4 2 2 2 2+ i = ( )2  (59) 

 

where J and A are the moment of inertia and the cross-sectional area, respectively, z is the coordi-
nate along the X3 axis, and i is the imaginary unit. The load and deflection terms are 
 

tP z,t Pδ z -vt ei( )= ( ) , (60)
 

U U U1 2= +i . (61)
 

The analytical solutions of equation (59) in the general case (ω ≠ Ω) can be given using modal 
analysis and integral transformation methods (Katz, 2001) as 
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where θn is the frequency that represents the axial motion of the load, βn is the Rayleigh coefficient, 

ωn1 and ωn2 are the positive and negative values, respectively, of the natural frequencies, and r1 and 

r2 are the frequencies which describe the moving and rotating load. 

To verify the VLBSE further, the deflections of the shaft are calculated here using the ANCF 
and are compared with the analytical solutions. The shaft is divided into four VLBSEs, with the 
third node placed at the point at which the load acts. The shaft section on either side of the load is 
divided into two elements of equal length, thereby causing the length of every element to vary as 
the load travels along the shaft. 

To study the nature of the transient response intuitively, the deflections in the two directions are 
normalized with respect to Us into two non-dimensional parameters U1 / Us and U2 / Us, where Us is the 

static midpoint deflection of a simply supported beam of the same dimensions subjected to a static load 
P at its midspan. The geometric, material, and kinematic parameters of the shaft are given in Table 4. 
 

Parameter l β1 E ρ Ω 
Value 1 m 0.02 206 GPa 7700 kg/m³ 1 rad/s

Table 4: Simulation parameters of a sppining shaft. 

 
Two more non-dimensional parameters a and kω, which represent the load speed ratio and the 

number of rotations that the load completes while traversing the shaft length, respectively, are in-
troduced to describe the axial speed υ and the angular speed ω of the load. Their expressions are 
also given by Katz (2001). In the following, the normalized deflections of the shaft are analyzed for 
two different sets of simulation parameters (a, kω). 

(1) a=0.5, kω =1 

Figure 7 shows the configurations of the shaft and its projections on the X1X3 and X2X3 planes 

obtained using two methods for loading point at 1/4, 2/4, 3/4, and 4/4 of the shaft length away 
from the origin. Figure 8 compares the ANCF and analytical solutions for the normalized deflec-
tions at the loading point and the midspan of the shaft. 

When the load is at 85% of the shaft length from the origin, the ANCF solution for the normal-
ized deflection at the loading point in the X1 direction reaches a maximum absolute error of 

−0.0085, whereas the absolute error of the ANCF normalized deflection at the loading point in the 
X2 direction reaches a maximum of −0.0033 at the 78% position. When the load is at 80% from the 
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origin, the ANCF solution for the normalized deflection at the midspan in the X1 direction reaches 

a maximum absolute error of −0.0049, whereas the absolute error of the ANCF normalized deflec-
tion at the midspan in the X2 direction reaches a maximum of −0.0053 at the 72% position. 

 

  
(a) (b) 

 
 

(c) (d) 

Figure 7: Configurations of the shaft and its projections for a load at (a) 1/4, (b) 2/4, (c) 3/4, and  

(d) 4/4 of the shaft length away from the origin ( =α 0.5 , 1=k ). 

 

  
(a) (b) 

Figure 8: Comparison of normalized deflections at (a) the loading point and (b) the midspan of the shaft ( =α 0.5 ,

1=k ). 
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(2) a=1.5, kω =0.5 

For this set of simulation parameters, the axial speed υ has been increased twofold, and the an-
gular speed ω has been increased by half in comparison with the first set of simulation parameters. 
Figure 9 shows the configurations of the shaft and its projections on the X1X3 and X2X3 planes ob-

tained using two methods for loading point at 1/4, 2/4, 3/4, and 4/4 of the shaft length away from 
the origin. Figure 10 compares the ANCF and analytical solutions for the normalized deflections at 
the loading point and the midspan of the shaft. 

When the load is at 61% of the shaft length away from the origin, the absolute error of the 
ANCF solution for the normalized deflection at the loading point in the X1 direction reaches a max-

imum of 0.0090, whereas the absolute error of the ANCF normalized deflection at the loading point 
in the X2 direction reaches a maximum of 0.0055 at the 84% position. When the load is at 99% of 

the shaft length, the ANCF solution for the normalized deflection at the midspan in the X1 direc-

tion reaches a maximum absolute error of 0.0176, whereas the absolute error of the ANCF normal-
ized deflection at the midspan in the X2 direction reaches a maximum of 0.0079 at the 100% posi-

tion. 
 

 

(a) (b) 

(c) (d) 

Figure 9: Configurations of the shaft and its projections for a load at (a) 1/4, (b) 2/4,  

(c) 3/4, and (d) 4/4 of the shaft length away from the origin ( =α 1.5 , =k 0.5 ). 
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(a) (b) 

Figure 10: Comparison of normalized deflections at (a) the loading point and  

(b) the midspan of the shaft ( =α 1.5 , =k 0.5 ). 

 
We see from the above results that in the problem of the dynamic response of a spinning shaft 

subjected to an axially moving and rotating load, the numerical solutions for the normalized deflec-
tions of the shaft obtained using the ANCF are in good agreement with the analytical solutions. 

This example demonstrates that in the dynamic analysis of a CCS beam with mass transporta-
tion and that is spinning, the VLBSE can describe the continuum dynamics effectively. 
 
4.4 Potential Engineering Applications of the VLBSE 

Strictly speaking, a CCS beam with mass transportation at its boundaries and that is spinning is 
rarely used in engineering. However, in the following, we discuss several special cases in which a 
slender rod can be treated approximately using the proposed VLBSE. 

In the drilling process of a soil-drilling sampler for planetary surface exploration (Tian et al., 
2012; Deng et al., 2014; Yang et al., 2014), part of the slender drill stem is in the soil while the re-
sidual is outside the soil, and the outer part is likely constrained at certain positions to avoid buck-
ling. To study the dynamic behavior of the drill stem, it could be divided into several VLBSEs us-
ing the constraint points and the intersection of the soil interface and drill stem as nodes to estab-
lish the dynamic model. 

During the turning process of a slender shaft (Lv et al., 2015; Han et al., 2012), complex inter-
actions between the rotating workpiece and the translating cutter may cause excessive vibrations 
that not only reduce machining accuracy and lead to poor surface quality of the workpiece but also 
impose restrictions on production efficiency. To study the dynamic characteristics of the shaft, it 
could be divided into several VLBSEs using the intersection of the shaft and the cutter as one of 
the nodes. This dynamic model could also reflect the difference in shaft diameter on either side of 
the cutter due to material removal. 

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.1

0.2

0.3

0.4

0.5

U
1/U

s,U
2/U

s

Z/L

 analytical-U1

 analytical-U2

 ANCF-U1

 ANCF-U2

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

U
1/U

s,U
2/U

s

Z/L

 analytical-U1

 analytical-U2

 ANCF-U1

 ANCF-U2



1526     S. Yang et al. / A Variable-Length Beam Element Incorporating the Effect of Spinning 

Latin American Journal of Solids and Structures 14 (2017) 1506-1528 

The VLBSE could also be used in the dynamic modeling of slender rods in linear motion ele-
ments such as spline shafts in rotary spline screws and rotating ball splines, as well as the lead 
screw in a ball screw mechanism (Katz, 2001; Huang and Wang, 2014). 
 
5 CONCLUSIONS 

In this paper, we proposed a VLBSE based on the ANCF in the ALE framework. This novel ele-
ment takes spinning into account, which is an effect that is neglected in most variable-length teth-
er/beam elements that exist in the literature. 

In addition to the position and slope vectors, the angles of rotation around the element axis of 
cross sections that contain two nodes are cast as generalized coordinates of the element to describe 
the spinning of an assumed Euler–Bernoulli beam. The material coordinates of the two nodes are 
also included in the ALE description to deal with mass transportation at the boundaries. Thus, 
there are eight coordinates in each node: the position vector, slope vector, rotational angle, and 
material coordinate. This novel element could therefore be used to realize the dynamic modeling of 
a CCS beam whose length varies because of either simple or complex transportation boundaries and 
for which the effect of spinning is not negligible. 

Several typical numerical examples were considered based on the ANCF. These were (i) free 
transverse vibration analysis of an axially moving string and free flexural vibration analysis of an 
axially moving beam, (ii) free torsional vibration analysis of a cylindrical shaft with one end fixed 
and the other end free, and (iii) dynamic response analysis of a spinning shaft subjected to an axial-
ly moving and rotating load. It is shown that the VLBSE could describe the dynamic behavior of a 
spinning CCS beam with mass transportation effectively. 

Our VLBSE enriches the element library of the ANCF and allows this modeling method to be 
used in more types of dynamical problems in the field of flexible multi-body systems. 
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