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The exact calculations of the stress and strain distributions based on the controlling equations 
for a forming process with large deformation are often difficult. To circumvent such difficulties, 
some analytical methods such upper-bound analysis and slip-line field theory have been established 
by making a number of simplifying assumptions regarding the material properties and deformation 
modes. In this work an analytical model based on the upper-bound theory was successfully developed 
to predict material flow pattern and maximum process loads for an Equal Channel Angular Pressing 
(ECAP) die with circular cross-section and an intersecting channel angle of 120°. Based on the 
model, the power dissipated on all frictional and velocity discontinuity surfaces were determined and 
optimized in order predict the maximum process force as function of the channel geometry and the 
material plastic behavior. To validate the developed model, the ECAP die were produced and used to 
determine experimental load-displacement curves of AA6061-T6 specimens with different lengths. A 
good correlation between theoretical and experimental results was observed. In addition, the constant 
friction factor demonstrated to have a strong effect on the relative extrusion pressure.

Keywords: severe plastic deformation; equal channel angular pressing; upper-bound analysis; 
constant friction factor.

1. Introduction
Over the past decades, producing bulk ultrafine-grained 

(UFG) and nanostructured materials through the application 
of severe plastic deformation (SPD) methods has attracted 
a considerable interest in the field of materials science and 
engineering1. The most popular method of SPD is Equal 
Channel Angular Pressing/Extrusion (ECAP/ECAE), an 
innovative process capable of producing relatively uniform 
intensive plastic deformation in a variety of material systems, 
without causing substantial change in geometric shape or cross 
section2. For medical grade alloys, ECAP has also proved 
to be efficient in improving biocompatibility, cell adhesion 
and proliferation3, besides presenting a better combination 
between mechanical resistance and ductility compare to 
others conventional forming processes4,5.

During ECAP processing, a sample with square or round 
cross-section is pressed into a die with two intersecting 
channels of equal cross-section area. As the sample is pressed 
using a plunger, it shears at the intersection and exits through 
the second channel. All of the material passes through the 
intersecting section and experiences shear strain. As the 
cross-section is symmetric, the sample can be rotated before 
reentry into the die. Critical ECAP process variables include 
the die angle, temperature, number of passes through the die, 
and whether or not the specimen is rotated between passes6,7.

The successful implementation of ECAP to process 
different materials and alloys relies on the design, control and 
optimization of the forming process. Therefore, knowledge 
regarding the deformation patterns and stresses (loads), which 
are directly associated with lubrication, material handling, die 
design and manufacture, is required. Thus, compared with 
traditional time consuming trial-and-error methods, modeling 
is an efficient way to acquire such important information. 
Therefore, to circumvent the mathematical complexity of 
calculating the exact stress and strain distributions based on 
the controlling equations for a forming process with large 
deformation, analytical models such as upper-bound analysis 
and slip-line field theory have been established by making a 
number of simplifying assumptions regarding the material 
properties and deformation modes8.

With respect to slip-lines analysis for ECAP, 
Segal et al.9-11 already provided a fundamental analysis of 
the deformation behavior of the material over the process, 
demonstrating that plastic deformation can be spread out 
across a certain volume in the region shared by the entrance 
and exit channels, and that the shape of that volume depends 
on friction, strain hardening, and back-pressure. However, 
there are inherent difficulties in the construction of slip-line 
fields, especially when the deformation areas are irregular 
or boundary conditions involve both velocity and traction 
components.*e-mail: athos.plaine@udesc.br
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Upper-bound analysis ignores the stress equilibrium 
equations and predicts higher load levels than the exact solution, 
being very useful in predicting the punch pressure and flow 
patterns in forming processes. However, the core procedure of 
the upper-bound approach is the construction of a geometric 
consistent velocity field. This may be difficult under certain 
circumstances especially if the flow pattern is complicated 
by factors such as material properties, boundary condition, 
and temperature effects12. In 2006, Paydar et al.13 performed 
for the first time an upper-bound approach to analyze an 
ECAP die set with a circular cross-section and an intersecting 
channel angle of 90°, showing a good agreement between 
the theoretical and experimental load displacement curve. 
Medeiros et al.14 included the material strain-rate effects and 
two isotropic plasticity yield criteria in the model, showing 
that ECAP parameters most affecting the extrusion pressure 
are friction factor, intersection die channels angle, outer fillet 
radius and inner fillet radius. Since then, few other studies 
have been published on this subject, but they have originally 
been limited to 90° ECAP dies.

In this work, based on the upper-bound theory, an analytical 
model was developed for an ECAP die with circular cross-
section and an intersecting channel angle of 120°. The effect 
of the length of the specimen and the constant friction 
factor on the relative pressure was investigated. In order 
to validate the results, the ECAP die were produced and 
used to determine experimental load–displacement curves.

2. Experimental Procedure
Load–displacement curves for AA6061-T6 aluminium 

alloy bars deformed by a single pass ECAP were obtained 
to validate the analytical model. The samples were produced 
in a shape of a rod with the diameter of 8 mm and tree 
different lengths: 10, 20 and 30 mm. The ECAP processing 
was performed at room temperature in a die with channel 

angles of Ф = 120° and ψ = 30°, with an extrusion speed 
of 5 mm/min. Table 1 lists the mechanical properties of 
the as-received AA6061-T6 alloy15. The photograph of the 
self-designed split die is shown in Figure 1. Due to the good 
formability of the alloy, crack free ECAP billets could be 
produced without the application of backpressure. Semi-solid 
Molybdenum disulphide was used as lubricant in order to 
reduce the friction between specimen surface and die wall.

Tensile tests were used to obtain the true stress–true strain 
curve of the base material, as shown in Figure 2, and the 
material plastic behavior equation was determined. Thus, the 
mean flow stress of 488 MPa was estimated by integrating 
the equation between zero and the final equivalent strain of 
a single ECAP pass (Equation 2), eqε  = 0.67, calculating 
according to the von Mises equation (Equation 1)16.
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The constant friction factor m was estimated by the 
“Barrel Compression Test” method17. Tests were performed in 
triplicate at room temperature and using the same lubricants 
as for ECAP. Figure 3 illustrates a simple representation of 
the compression test. By measuring top radius, maximum 

Table 1. Mechanical properties of the as-received AA6061-T6 
aluminium alloy15.

Alloy
Yield 

strength 
(MPa)

Tensile 
strength 
(MPa)

Elongation 
(%)

Hardness 
(HB)

AA6061-T6 300 330 15 95

Figure 1. Self-designed split ECAP die with channel angles of Ф = 120° and ψ = 30°.
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radius and height of cylinder after deformation, the constant 
friction factor was estimated by using Equations 3 to 5.
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where b is the barrel parameter; R is the average radius of 
cylinder after deformation; R∆  is the difference between 
maximum and top radius; 0R  is the initial radius of cylinder; 

0h  is the initial height of cylinder; h is the height of cylinder 
after deformation; h∆  is the reduction of height of cylinder 
after deformation.

3. Results and Discussion

3.1. Analytical model
The upper-bound theorem was formulated in accordance 

with the theorem proposed by Prager and Hodger18, which 
states that the cinematically admissible velocity field that 
minimizes the power consumed during a metal-forming 
process, expressed by Equation 6, is the actual velocity field.

a a a
i i

V Ss Sc
P    dv    u  ds   T u  dsεσ τ

⋅⋅ ⋅
= + +∫ ∫ ∫  (6)

The first term in the equation refers to the power dissipated 
due to the internal homogeneous deformation throughout the 
deforming volume V. The second term expresses the power 
dissipated due to the velocity discontinuities surfaces, while 
the third term considers the friction losses over the tool-
material interfaces19. In this work, the procedure adopted 
to formulate a solution for the proposed ECAP die was to 
divide its channel into three zones throughout each of which 
the velocity is continuous, as shown in Figure 4a.

In zones I and III, the material moves rigidly with the 
velocity of V0. In zone II, where the material is deformed 
plastically, the velocity field in cylindrical coordinates, 
assuming the entry velocity V0, is expresses as:

cosoV Vθ ϕ=  (7)

0r zV V= =  (8)

From the hodograph presented in Figure 4b, the shear 
velocity modulus at the discontinuity surfaces at entry and 
exit surfaces S1 and S4, respectively, are:

0 sinOB ODV V V ϕ∆ = ∆ =  (9)

0 cosBDV V ϕ∆ =  (10)

Moreover, based on the velocity field, the only components 
of strain rate in the deformation zone are:
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Hence, 22ij ij rθε ε ε=    and the deformation rate of ideal 
work is given by:

1
2 ij ij rθε ε ε ε

⋅
= =    (12)

The total power consumption during ECAP process 
through the die is obtained by:

OB OD AOB DOE BOD EntranceTotal Ideal S S S S S SW W W W W W W W= + + + + + +         (13)

where IdealW  is the power dissipated in the deformation zone 
(zone II), 

OBSW  and 
ODSW  are shear power dissipated at the 

surfaces of velocity discontinuity S1 and S4, respectively. 

AOBSW , 
DOES W , 

BODSW   are the frictional powers dissipated 
on the cylindrical die walls of zones I, III and II, respectively. 

EntranceSW  is the frictional power dissipated due to the axial 
sliding velocity between the moving material and stationary 
ECAP die.

For a von Mises material with yield stress 2k, the ideal 
plastic work dissipated in the volume V of deformation 
zone II is given by:
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Figure 2. Stress–strain curves of AA6061-T6 aluminium alloy.

Figure 3. A simple representation of solid compression test and the 
measured parameters (a) before and (b) after compression.
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The power dissipated on the entrance and exit surfaces 
S1 and S4, in which the area of velocity discontinuity surfaces 
is equal to the area of an ellipse with the minor and major 

diameters of 2a and ( 2a
cos∅

), is given by:
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The friction power dissipated at the cylindrical die 
walls AOB (zone I) and DOE (zone III), where 0v   V∆ =  and 

2 s 2 a tanπ ∅∆ = , is given by:
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The frictional power dissipated at entry surfaces between 
moving material and stationary die up to line OA, considering 
that the current length of the plastic undeformed part of billet 
is equal to l, 0v  V∆ =  and s 2 alπ∆ = , is given by:

a
Entrance 0

SF
W  mk v ds  2 alV mkπ= ∆ =∫  (21)

Therefore, the total power dissipated during ECAP 
process is summarized as:
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By equating the above power to the external power, 
considering the angle relation  2

3
πψ ∅= − , the maximum 

extrusion force for ECAP process with circular cross-section 
and an intersecting angle of 120° is obtained as:
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3.2. Comparison of theoretical and experimental 
load–displacement curve

The comparison between the theoretical ECAP forces 
and the experimental load-displacement curves for the tree 
different lengths of billets processed is presented in Figure 5. 
These results demonstrate an excellent agreement of the 
theoretical model with the experiments, having a maximum 
deviation of only 6%. This deviation is mainly related to the 
simplifying assumptions made in the development of the 
model. As it is seen, the length of the billet and the ECAP 
force present a relationship of direct proportionality, that 
is, with the increase in the size of the billet there will be 
a greater area of contact with the ECAP die, which causes 
greater energy to overcome the static friction.

From these curves it is also possible to identify the 
presence of three stages of friction condition. The first stage 

Figure 4. (a) Two-dimensional deformation model used in the ECAP process upper-bound analysis and (b) its hodograph.
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is direct compression and presents a linear shape, which 
is related only to static friction. Then, the second stage is 
characterized by a transition between the regions of static 
and dynamic friction. The third stage represents only the 
dynamic friction and, therefore, there is a reduction of the 
pressure force. Soon after reaching the maximum force, 
the curves gradually decrease as the frictional surface 
area in the entrance channel decreases with the advance of 
the punch. This curve shape is characteristic of extrusion 
processes and similar to those presented in previous works 
involving ECAP12,13.

Figure 6 compares the theoretical pressing forces for 
different diameters and a fixed billet length of 30 mm obtained 
in this study to the ones calculate from the upper-bound model 
developed by Paydar et al.13 for a 90° ECAP die, considering 
the same properties of the Al6061-T6 alloy of the this study. 
As expected, the reduction in the intersecting angle enhances 
the magnitude of plastic strain and also increases the work 
hardening phenomena, resulting in the highest force values.

Moreover, it is observed that a significant contribution 
to maximum theoretical force comes from the dissipation of 
frictional power at entry surfaces between moving material 
and stationary die, indicating a great dependence of the 
processing force with the friction factor m.

3.3. Effect of constant friction factor
The friction factor may vary from zero under frictionless 

condition to unity under full sticking. Figure 7 shows 
the variation of maximum ECAP force with the constant 
friction factor m for three the tree different lengths of billets 
processed. As it is seen, friction has a strong effect on the 
relative ECAP forces. As previously shown, the third term 
of Equation 18 is the only one affected by the length of 
the billet, as it expresses the power dissipation by friction 
at the entry. Analyzing a frictionless condition (m = 0) the 
maximum extrusion force is reduced to about 12 kN, where 
50% of the energy required for processing is consumed in 
the plastic deformation zone (Zone II) and the other 50% 
in the Zones I and III (Figure 8a). On the other hand, if 

the friction factor is close to 1, the forces required to carry 
out the process are significantly increased, even for short 
billets, which can make the operation unpractical due to the 
excessive stresses applied on the punch. In this particular 
case, as observed in Figure 8c, 85% of the process energy 
would be consumed to overcome the friction forces at the 
die entrance.

Therefore, to reduce the detrimental effects of friction, 
lubricants can be used extensively during ECAP. Moreover, 
lubrication is also beneficial in manipulating the material 
flow to achieve the desired end product, helping to prevent 
material sticking in the second channel and reducing extrusion 
force5. Paydar et al.13 analyzed the effect of the constant 
friction factor on a sharp intersecting ECAP die set with an 
intersecting channel angle of 90º. The results demonstrated 
that for constant friction factors close to zero the deformation 
zone occurs in a plane bounded by the intersection of two 
channels. While for constant friction factors more than 0.5, 
the deformation zone develops to its largest size.

Figure 5. Experimental ECAP load–displacement curves at room 
temperature for different billet lengths: 10, 20 and 30 mm.

Figure 6. Theoretical pressing forces for different diameters and a 
fixed billet length of 30 mm for ECAP dies with intersecting angles 
of 90°13 and 120°.

Figure 7. Effect of the friction factor on the maximum ECAP forces 
for different billet lengths.
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4. Conclusions
An upper-bound model was developed and used to 

analyze the ECAP process with circular cross section and 
an intersecting channel angle of 120°, and the following 
conclusions can be drawn:

• The maximum theoretical extrusion force was in a 
good agreement with the experimental results, being 
the analytical model useful to correctly dimension 
the tooling and to determine the process variables 
for ECAP different materials.

• The frictional power dissipated at entry surfaces 
between moving material and stationary ECAP die 
has a strong effect on the relative extrusion force 
and, therefore, an increase in the size of the ECAP 
billet significantly increases the loads required for 
processing.

• Lubricants should be correctly selected and used 
extensively during ECAP as it can reduce the 
maximum processing force in more than 15 times. 
A high constant friction factor at the die-material 
interfaces can make the operation unpractical due 
to the excessive stresses applied on the punch.
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