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Abstract 

Resumo

This work proposes a new simplified parameter for the calculation of second order global effects, based on the Galerkin’s Method by Weighted 
Residuals. The proposed criterion was analysed based on 21 planar frames associated with shear wall, reaching results that present satisfactory 
accuracy compared to the second order global analysis, even for cases where the γz coefficient is greater than 1.30.
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Neste trabalho propõe-se um novo parâmetro simplificado para o cálculo dos efeitos globais de segunda ordem, a partir do Método de Galerkin 
via Resíduos Ponderados. O critério proposto foi analisado com base em 21 pórticos planos associados a pilar-parede, alcançando resultados 
que apresentam acurácia satisfatória com relação à análise global de segunda ordem, mesmo para os casos em que o coeficiente γz é superior 
a 1,30.
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1.	 Introduction

NBR 6118 [1] allows that second global effects may be estimated 
in a simplified way by the instability parameter α and the γz coef-
ficient. The instability parameter α is obtained from the solution 
of an ordinary differential equation using Bessel’s functions [2]. 
However, this parameter can only be used to verify the necessity 
to take into account second global effects. On the other hand, the 
coefficient γz was originally obtained from a geometric progression 
considering that the convergence is obtained with several steps 
[3]. Therefore, with the γz coefficient it is possible to estimate the 
second order global effects using only a first order analysis. Never-
theless, NBR 6118 [1] requires that 1.10 < γz  ≤ 1.30 for the second 
order global effects be estimated satisfactorily by increasing the 
horizontal actions by 0.95 γz  in a new first order analysis. In the 
light of the foregoing, this paper presents an alternative form to 
quantify the second order global effects, also in a simplified way, 
by using a procedure based on the Galerkin’s Method in its ap-
proach by Weighted Residuals. The proposed parameter has an 
analogous applicability to γz coefficient i.e. the second order global 
effects can be estimated through a first order analysis by increas-
ing the horizontal forces.

2.	 Galerkin’s method by weighted residuals 

2.1	 Simplified strong form

For the sake of simplicity, consider that a building can be repre-
sented by a vertical bar of length L with axial p and transversal 
q distributed loads, as illustrated in Figure 1. Assuming the axial 
stiffness of the bar (AE) is high, the axial displacement field can be 
described by equation (1).

(1)

On other hand, it is proposed that the field of bending moments 
along the bar must consider second order effects [4]:

(2)

where, EI is the flexural stiffness of the bar and v (x) is the transver-
sal displacements field. Since d2 M ⁄ dx2 = –q, then:

(3)

In order to avoid the use of an iterative incremental procedure, 
given its low viability in simplified design procedures, a direct sim-
plification of equation (3) is proposed by eliminating the terms that 
depend on v (x) or its derivatives more than one time, obtaining the 
equation (4).

(4)

Note that, this simplification results in loss of accuracy in the 
equation that governs the problem (4), because many of the 
terms that quantify the second order global effects have been 
excluded. However, a correction factor is introduced in the 
proposed parameter to compensate the eliminated terms (see 
section 3).

2.2	 Weak form

The weak form of the problem is obtained using the equation (4) to 
define the residual function R(x), which must be minimised along 
the problem domain:

(5)

where v(x) obeys the boundary conditions of the problem and 
e ω(x) must be continuous and homogeneous in the essential 
boundary conditions [5].
The field of transversal displacements, in index notation, is ap-
proximated by:

(6)

where αi are the constants to be determined, ϕi (x) are the adopted 
functions and n is the number of approximation terms of v(x).
The Galerkin’s method for residual weighted proposes the adop-
tion of the weight function given in (7).

(7)

Being βj the constants of the function ω(x).
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Figure 1
Vertical bar
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By substituting (6) and (7) in (5), for any βj, the following matrix 
relation is obtained:

(8)

3.	 Proposed simplified criterion (ζg)

Since the γz coefficient was deduced as the direct ratio between 
the second order effects and the first order effects (moments), this 
paper proposes a similar coefficient i.e.:

(9)

where ζg is the coefficient proposed in this paper, M1 is the first 
order moment, given in Figure 1, M2 is the second order moment 
and κ is a dimensionless parameter introduced to compensate 
the eliminated terms of the equation (3) and, therefore, to ap-
proximate the results of the displacements of the structure with 
the reference results.
To solve equation (4), a complete fourth degree polynomial  
approximation was used and M2 was obtained from the solution 
of the field of transversal displacements together with the relation  
M = – EId2 v(x) ⁄ dx2, given by equation (10).

(10)

For the application of equation (10) in any frame, L is the total 
height of the building, p is the sum of all vertical loads distributed 
along the height L and EI is the equivalent stiffness of the frame.

4.	 Results and discussions

Twenty-one planar frames with bracing system composed by the 
association between planar frames and shear-wall were analysed 

Figure 2
Model of planar frame 1 (a) and model of planar frame 2 (b)

a b

Table 1
Resume of planar frames analyzed

Planar frame Model L 
[m]

Shear wall (b 
× h)

1 1 48 4.00 × 0.20
2 2 24 1.50 × 0.25
3 2 30 1.50 × 0.25
4 1 54 4.00 × 0.20
5 1 51 4.00 × 0.20
6 2 36 2.00 × 0.25
7 2 42 2.00 × 0.25
8 1 66 4.00 × 0.20
9 1 75 4.00 × 0.20

10 1 81 4.00 × 0.20
11 1 78 4.00 × 0.20
12 1 84 4.00 × 0.20
13 2 39 2.00 × 0.25
14 1 69 4.00 × 0.20
15 1 78 4.00 × 0.25
16 1 81 4.00 × 0.25
17 1 84 4.00 × 0.25
18 1 81 4.00 × 0.29
19 1 84 4.00 × 0.30
20 1 87 4.00 × 0.30
21 1 78 4.00 × 0.23
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Figure 3
Results of the analysed planar frames 
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in this paper (Figure 2). In such examples, the obtained results 
with the proposed ζg coefficient are compared to the ones ob-
tained with γz coefficient [1] and with first and second order anal-
yses. The planar frames were simulated in MASTAN2 software 
by using the prediction-correction algorithm [6]. The effects of 
reinforced concrete physical nonlinearity were considered in a 
simplified way, according to item 15.7.3 of NBR 6118 [1].
Note that for the analysed frames the value of κ was ad-
opted to ensure that the horizontal displacements ob-
tained with ζg are quite close to the second order displace-
ment results of the structure. Thus, Table 1 brings brief 
information of all analysed planar frames, where the height 
of each story (Lp) is 3 m and the horizontal loads were cal-
culated based on NBR 6123 [7], for a basic velocity of  
40 m/s and with the following coefficients:

(11)

where z is the height of analysed story.
Figure 3 shows the results of horizontal displacements per story for 
the analysed frames.
From Figure 3 were selected the κ coefficients that best fit the 
curve of the second order analysis and then it was possible to ob-
tain the Table 2, showing the relation between γz, M2 / M1 and κ.
Nonlinear correlation analyses between the ratio M2 / M1 and κ were 
performed based on Table 2 by using the Past! software [8]. There-
fore, the equation that presents the best adjustment is given in (12).

(12)

Figure 4 shows the adjust of the equation (12) with 95% confi-
dence interval performed in the Past! software based on values of 
M2 / M1 and κ from Table 2.
It is noteworthy that part of the examples solved by the proposed 
criterion (ζg) reached values of γz higher than 1.30, which is the up-
per limit given on NBR 6118 [1]. The average relative error for the 
horizontal displacement using the proposed parameter, in relation 
to second order analysis, was considered satisfactory, because it 
is equal to 1.98%, while the same error using the γz coefficient  
is –8.15% considering all frames and –6.93% considering only the 
frames with γz ≤ 1.30.
Furthermore, in order to verify the quality of the proposed nonlinear 
adjust (12), the Nash-Sutcliffe coefficient [9] was chosen, given by 
equation (13).

(13)

Where  is the predicted coefficient by equation (12),  is the 
observed coefficient and   is the average of the observed 
coefficients. According to [9], the Nash-Sutcliffe coefficient deter-
mines the magnitude of the residual variance in relation to the ob-
served data variance, assuming values in the range –∞ < NSE ≤ 1. 
The unitary value means a perfect fit of the model. An efficiency  
NSE = 0 means that the predictions of equation (12) are as ac-
curate as the average of the observed data and NSE < 0 indicates 
that the average of the observed data is a better prediction than 
equation (12). The Table 2 shows the calculation of the NSE, ob-
taining an efficiency equal to 0.997.

5.	 Conclusions

This paper proposes a new simplified method for the analysis of 
the second order global effects in reinforced concrete structures 
through the analysis of planar frames combined with shear-wall. 
For the analysed examples, it was possible to observe that the 
results in structural displacements were more accurate than the 

Table 2
Resume of γz, M2/M1, κ and calculation of NSE

Planar 
frame γz M2/M1 κo κp

1 1.12 1.48 0.78 0.77
2 1.19 1.67 0.73 0.71
3 1.32 2.67 0.53 0.52
4 1.15 1.71 0.69 0.70
5 1.13 1.58 0.72 0.74
6 1.29 2.49 0.55 0.54
7 1.46 6.46 0.24 0.24
8 1.24 1.96 0.65 0.64
9 1.33 2.81 0.50 0.50

10 1.41 4.20 0.36 0.36
11 1.37 3.34 0.43 0.43
12 1.45 5.75 0.27 0.27
13 1.36 3.40 0.43 0.43
14 1.26 2.16 0.59 0.60
15 1.33 2.96 0.48 0.48
16 1.37 3.58 0.41 0.41
17 1.41 4.62 0.33 0.33
18 1.35 3.26 0.44 0.44
19 1.38 3.95 0.37 0.38
20 1.42 5.26 0.29 0.29
21 1.35 3.10 0.46 0.46

NSE 0.997

Figure 4
Adjustment between M2/M1 and κ with confidence 
interval of 95%
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ones recommended by NBR 6118 [1], being possible to obtain an 
analytical equation for the parameter ζg with optimal quality, ac-
cording to the Nash-Sutcliffe coefficient [9].
It is recommended that in future papers the application of the pro-
posed procedure in this paper for more planar frames combined 
with shear-wall, as well as structures whose bracing system con-
sists only by planar frames. Notwithstanding, studies in three-di-
mensional models are also necessary to evaluate the accuracy of 
the proposed procedure.
Finally, if properly tested, this procedure may be applied to other 
types of structures, such as steel and masonry buildings.
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