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Abstract

The slope stability analyses are important to predict environmental, financial, and human
life impacts. The Limit Equilibrium Method (LEM) is commonly used to estimate a slope’s
Safety Factor (SF). However, the Finite Element Method (FEM) is increasingly applied to
slope stability analyses, using different approaches, among which the technique of Shear
Strength Reduction (SSR) is commonly used in perfectly plastic elastic models. The objective
of this study is to present a discussion about these two methodologies, using critical state
models with or without hardening will be used to model the stress-strain behavior of the soil
mass. The results obtained in the case study presented, using LEM and FEM considering
critical state models with and without hardening are consistent and allowed verifying the
stability condition of the slope. Also, the reduction factors are smaller when compared to

the results using perfectly plastic elastic models.

1. Introduction

Geotechnical accidents involving natural slopes or
large structures such as dams and embankment in general
can seriously impact society. The failure of these structures
can result in significant financial, environmental, and human
losses. Therefore, verifying the stability condition of a
slope is of utmost importance to prevent the occurrence of
catastrophic accidents.

In general, slope failure is caused by processes that
increase internal shear stresses, such as external loads and
the removal of materials that provide support at the toe of
slope. In addition, some factors may reduce the soil’s shear
strength, such as the increase of pore pressure and changes
caused by weathering and physical-chemical activity.

There are several methods to analyze the stability
of slopes, among them the methods based on the Limit
Equilibrium Method (LEM). This method divides the slope
into “n” slices, each subjected to a set of forces. However, it is
necessary to formulate some hypotheses to make the problem
determined. In addition, LEM makes some hypotheses that
may compromise the accuracy of the response, such as the
need to predefine a failure surface, stresses are determined
only on the failure surface and between slices, the safety
factor is the same for both friction and cohesion strength
components, the same safety factor value is applied to all

slices, and the material is considered rigid and perfectly plastic
(Fredlund & Rahardjo, 1993, 2012; Duncan et al., 2014).

The Finite Element Method (FEM), introduced by
Clough & Woodward (1967), is also a commonly used tool
for solving geotechnical problems and can be applied to
verify the stability condition and estimate the safety factor
ofa structure. The FEM consists of discretizing the soil mass
into regions called finite elements, which are interconnected
by common nodes. This method calculates displacements,
pore pressures, and other variables in each finite element and,
thus, allows for solving geotechnical problems with more
accuracy, such as the stability of slopes and settlement of
foundations, among others (Dong et al., 2018).

The Finite Element Method can be used to analyze
slope stability in two ways. The first one was proposed by
Matsui & San (1992), and it is defined as the Shear Strength
Reduction Method (SSR), which is the method used in this
work. The second was proposed by Farias & Naylor (1998)
and is called the Improved Limit Equilibrium Method.
The later performs an analysis similar to the conventional
Limit Equilibrium Method, however, the stresses along the
failure surface are calculated from the stress and pore pressure
fields arising from a finite element analysis.

The Shear Strength Reduction Method (SSR),
introduced by Matsui & San (1992), can also be applied to
verify the safety of a geotechnical structure. Numerically,
SSR alters the shear strength parameters by repeatedly
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Shear strength reduction factor used in critical state models with hardening

applying a Strength Reduction Factor (SRF) until a critical
SRF is found. The SSR can be applied in a finite element
analysis and the critical SRF can be defined when the
problem solution does not converge or the occurrence of
excessive displacements, indicating the beginning of failure
(Vardon et al., 2017).

The SSR method is commonly employed together
with elastic perfectly plastic (EPP) models. However, this
paper presents a discussion of this method using critical state
models with or without hardening.

2. SSR and Critical State Models

The use of Critical State Models (Roscoe et al., 1958)
with hardening when applying the Shear Strength Reduction
Method (SSR) will be discussed below. It should be noted
that the term “hardening” will be used in the context of
isotropic hardening and can refer to both the increase in the
yield surface as well as its contraction (softening).

As already mentioned, SSR alters the shear strength
parameters and results in changes in the stress-strain
constitutive matrix, which is used in the formation of the
stiffness matrix K;:

Kij = I BmiDmlB[/'dV (n

where D, is the stress-strain constitutive matrix, and B a
matrix relating displacement and strains.

Thus, any change in the constitutive matrix reflects
changes in the system’s stiffness matrix, as can be easily
visualized in Equation 1. Static equilibrium with external
forces is given by:

F =Ky, 2)

where K, is the stiffness matrix, u; is the displacement
vector, and F; represents external forces.

If the stiffness matrix changes due to the application of
the SRF', an imbalance will occur that will be corrected with
displacement increases, without the boundary conditions and
external forces being changed. An illustration of what happens
can be seen in Figure 1, where two “load-displacement”
curves with different stiffness are presented. It should be
noted that the stiffness illustrated in the figure is that of the
system and not of a single element.

In Figure 2, point A represents a stress state that was
within the elastic zone before the application of SRF, and
after, it is located outside the reduced yield surface and
violates the consistency law. Therefore, in the case of elastic
perfectly plastic models without hardening, the violation of
the consistency law is compensated by the appearance of
plastic deformations, during some stress return algorithm
to ensure consistency.

The stress-strain constitutive matrix (D;.p ) for elastic
perfectly plastic models is given by:

K(SRF = 1)

oo o K*(SRF > 1)

u u* u
Figure 1. Effect of stiffness change due to SRF application, where
K is the stiffness matrix for SRF equal to 1, K is the stiffness
matrix for SRF less than 1, F' et represents external forces, u is the
initial displacement vector and ¢ * is the final displacement vector.
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Figure 2. Yield surface before and after SRF application.

D;p =D; _ (Dsnb”’)(Dj”a”)

S 3)
a; Db,

where Dj; is the elastic constitutive matrix, a,, is the vector
normal to the yield function and b,, the normal to the plastic
potential function. In models with associated flow rules, the
plastic potential and the yield surfaces are the same, and
therefore vector @, and b,, are equal.

For points within the yield surface, the constitutive matrix
is the elastic matrix D; On the other hand, whenever a point
touches or exceeds the plastic yield surface, the second term
is activated and the constitutive matrix becomes D,-j-p . In the
case of these models, the matrix D;? always corresponds to a
condition of lower stiffness than when the matrix D; isused.

Up to this point, the problem with using constitutive
models that consider hardening is not evident. To illustrate
the problem, Figure 3 will be used. Point A was located
within the elastic region, but the consistency condition is
violated after applying the reduction factor. However, for
elastoplastic models that include hardening, such as critical
state models, the matrix formulation is different.

In Figures 3 and 4, the yield surface (f) of the Modified
Cam-Clay model is illustrate in the p’-g stress invariants
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space. The yield surface in this case is an ellipsis with major
axes at p, (called over-consolidation stress), and the minor
axes is delimited the critical state failure criterion, given by
a straight line with inclination M, related to the soil’s friction
angle at the critical state (CS). In critical state models, plastic
deformations generate an increase in the yield surface, that
is, hardening, which can be observed in Figure 4.

For the Modified Cam-Clay model the stiffness matrix
expression is given by

(Db ) (Pt
D;” = D;- - 4
where the additional term Y is a scalar related to the model’s
hardening law and give by:

Y = a_Fapla_F (5)
opy 585 op

in which p, is over-consolidation stress (the stress-like
internal hardening variable of the MMC model), ¢? is
plastic volumetric strain (the strain-like internal hardening
variable of the MMC model), and Y is the corresponding
hardening modulus.

In this way, the application of the SSR generates at the
same time a reduction of the friction strength parameter M
and the variation of the state parameter related to the size of

M
/SRF
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Figure 3. Effect of reduction factor in Cam-Clay type models.

q
M
M/SRF
A
f(a,p)
f(o, Po)l
Po  Po !

p

Figure 4. Evolution of the yield surface after SRF application.
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the surface, p,,. For the process to be considered similar to that
described for elastic perfectly plastic models, the parameter
p, must be constant or at least to have a small variation.

However, the hardening modulus tends to zero when
the ratio 1 = q/p> tends to M. This occurs because the last
term of Equation 5, OF/0p, tends to zero while the others
do not depend on 1. Additionally, for stress states near the
failure surface the ratio 1) values are close to M, and therefore,
Y values tend to zero. On the other hand, points that tend
to have more significant hardening tend to be far from the
failure surface (Figure 5).

For other models, such as Norsand (Jefferies, 1993;
Jefferies & Shuttle, 2002; Cheng & Jefferies, 2020), the
hardening modulus will also tend towards zero, even though
the mathematical formulation may be different. Figure 6 shows
the influence of the parameter M on the yield surface of the
Norsand model, and it is easy to see that the statements proposed
for the Modified Cam-Clay model are also valid for Norsand.

Therefore, considering that the effect of applying the
reduction factor is to flatten the surface, one can imagine that
the points most affected by the reduction factor are precisely
those with an 1 value close to M. The region formed by these
points will be the region of the formation of a potential failure
surface. Points that would be subject to higher hardening
would be those farther away from the “failure zone”.
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Figure 5. Surface normal vectors for different stress states.
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Figure 6. Effect of the MTC parameter on the yield surface of the
Norsand model.
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In the next items, it will be demonstrated how the
reduction factor method can be used to evaluate the stability
of geotechnical structures.

3. Application of the SSR

The case study in this work is a hypothetical natural
slope representing highway slopes in Brasilia, illustrated in
Figure 7. The slope stability analysis will be carried out using
two different methodologies, encoded in the SLOPE/W and
SIGMA/W programs from GeoStudio (Geoslope International,
Ltd, 2021). Initially, the Limit Equilibrium Method (LEM)
will be applied using the Morgenstern-Price method to
calculate the Factor of Safety (FS). Then, the Finite Element
Method (FEM) will be employed using the shear strength
reduction technique (SSR).

Furthermore, two constitutive models will be used to
estimate the SRF”: the elastic perfectly plastic model with Mohr-
Coulomb failure criterion (MC) and the Modified Cam Clay
(MCC). The first is a conventional model without hardening.
The second is a critical state model that considers the isotropic
hardening/softening of the flow surface (Roscoe et al., 1963,
Roscoe & Burland, 1968).

The F.E. mesh consisted of 1722 quadrilateral elements
with 4 nodes, with a length of 1 m on the face of the slope
and 4 m elsewhere in the domain. Boundary conditions were
applied that restricted only horizontal displacements on the
sides and vertical displacements at the base of the geometry.
The input data used is indicated in Table 1. It is worth noting
that the values used in the Modified Cam Clay model and the
Mohr-Coulomb failure criterion were obtained from triaxial
tests carried out for a theoretical-experimental study of the
behavior of tropical soils conducted by Futai (2002).
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Figure 7. Case study geometry using the shear strength reduction
(SSR) technique.

Table 1. Input data.

Using the Mohr-Coulomb failure criterion and the
optimization of the SLOPE/W program to determine the
critical failure surface, the safety factor value of 1.71 was
obtained by the Limit Equilibrium Method. Figure 8 illustrates
the failure surface resulting from this analysis.

In defining the critical SRF using the Mohr-Coulomb
criterion, five points near the failure surface (P1 to P5) were
monitored. Figure 9 illustrates the xy displacement for SRF'
values of 1.60 and 1.70. Figure 9a shows the slope on the
verge of potential failure, as the monitored points exhibited
displacements of more than 0.3 m. Figure 9b shows the
potential failure zone, which is similar to the one obtained
in the previously presented Limit Equilibrium Method.

Similar to the previous study, the aforementioned five
points were also monitored in defining the critical SRF using
the Modified Cam Clay model (MCC). Figure 10 illustrates the
xy displacement for SRF values of 1.30 and 1.40. Figure 10a
shows the structure on the verge of potential failure, as the
monitored points exhibited displacements of more than 0.3 m.
Figure 10b presents the formed failure surface.

The displacements at points P1 to P5 are presented in
Figure 11 for a comparative analysis between the displacements
of the five monitored points of the Modified Cam Clay model

0 10 2 I 4 0 6
Figure 8. Result of LEM.

mw 80 90 WO 110 20 13D
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Constitutive model (KN/m?) 14 (MPa) (kPa) © i K (initial) OCR
Mohr-Coulomb 18 0.35 12 7 28 - - - - -
Modified Cam-Clay 18 0.35 - - - 0.80 0.02 0.17 1.14 1.20

Legend: see List of Symbols.
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Figure 9. Result of the MC failure criterion, (a) SRF' of 1.60 and (b) SRF of 1.70.
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Figure 10. Result of the MCC model, (a) SRF of 1.30 and (b) SRF of 1.40.

(MCC) and the Mohr-Coulomb criterion (MC) as a function
of the applied SRF. The curve in red corresponds to the
average of the displacements of the five monitoring points.

The average displacement of the monitored points allowed
for estimating the critical SRF between 1.60 and 1.70 for
the MC model. At 1.60, the onset of slope instability in the
analyzed slope can be inferred. For the second SRF value
(1.70), amean displacement of 1 m was found, representing
a significant deformation of the structure of 5%. Similarly,
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the average displacement of the monitored points using the
MCC model allowed for estimating the critical SRF between
1.30 and 1.40.

In addition, considering the average displacement values
of the monitored points, a complementary comparison was
made to determine the critical SRF. Figure 12 illustrates the
derivative of the curve of average displacement values of the
monitored points as a function of the applied SRF’ for the two
models used. The results observed in Figure 12 confirmed the
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Figure 11. Comparison of the displacement (§) between the MCC
and MC models.

critical SRF value of 1.30 and 1.60 for the MCC and MC models,
respectively. Furthermore, at these points, there is a significant
increase in the displacements resulting from the applied SRF.

Another relevant point is the fact that the failure surface
obtained by the MC criterion is different from the surface
presented in the MCC model. The first surface presents lower
values of displacements, but a more extensive failure surface
is found, which encompasses a larger region. On the other
hand, the second failure surface presents higher values of
displacements, but these are concentrated on the surface face
of the analyzed slope. This is because the Cam-Clay Model
does not have a cohesion value like the Mohr-Coulomb model.

Knowing that for some soils, the value of the cohesive
intercept is a consequence of the overconsolidation of the
tested samples, analyzes were carried out to evaluate the effect
of the overconsolidation ratio on the SRF. This assessment
will be detailed in the next item.

4. Sensitivity analysis of the overconsolidation
ratio

Complementarily, a sensitivity analysis of the value
of the overconsolidation ratio (OCR) used in the analysis of
shear strength reduction (SSR) with the Cam-Clay model
was carried out. It is noteworthy that the geometry of the
hypothetical slope was changed to reduce the computational
cost of the analysis, with the aim of achieving the fastest
critical SRF, which is illustrated in Figure 13. In the model,
1556 quadrilateral elements were generated with 4 nodes
and length of 1 m on the face of the slope and 4 m on the
rest of the domain. Boundary conditions were applied that
restricted the horizontal displacements on the sides and the
vertical displacements on the base of the geometry.

The methodology previously described was applied in
a similar manner, where the displacements of six points were
monitored, and the OCR value was assumed to be 1.00, 1.50,
2.00,4.00, and 8.00. During the sensitivity analysis, no significant
changes in results were observed for overconsolidation ratios

50
45
40
35 LA SN

30 s
25 .

20 .

15 .

10 @
5 .
0 -Fetriagatiy

1.00 120 140 1.60

do/dSRF

THRE I TS R S

1.80 200 220 240 2.60
SRF

Figure 12. Derivative of each point on the curve of mean displacement
values dS / dSRF — Comparison between MCC and MC.
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analysis.
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Figure 14. Derivative of each point on the curve of mean displacement
values d6 / dSRF - Comparison between OCR =1 and OCR = 8.

greater than one (OCR > 1). Therefore, a comparison of results
will be presented for OCR values of 1, normally consolidated
soil, and 8 highly overconsolidated soil.

The value of 1.12 was considered for the critical SRF
in both cases since the derivative of the mean displacement
values of the monitored points as a function of the applied SRF
indicates an abrupt increase in displacement, an indication
of the beginning of rupture (Figure 14).
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Figure 15 illustrates the monitored points and
indicate the displacements obtained for an SRF of 1.12 for
normally compacted soil (OCR = 1) and pre-consolidated
soil (OCR = 8).

The failure surface obtained is similar in both cases
and the critical SRF of 1.12 can also be considered for both
cases. However, the pre-consolidated material (OCR = 8)
showed slightly higher displacement values at the monitored
points, one hypothesis would be the different stress paths.

Figure 16 illustrates the difference in the displacement value
obtained in both cases for each applied SRF value.

In addition, Figure 17 shows the derivative of each
point of the displacement curves (d 8 / dSRF) illustrated in
Figure 16 for values of OCR = 1 and OCR = 8. It can be
observed that the critical SRF of 1.12, for the monitored
points P1, P2, P3, and P4, can be considered for both normally
consolidated material (OCR = 1) and overconsolidated
material (OCR = 8). The points P5 and P6 indicate higher
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Figure 15. Sensitivity analysis for SRF = 1.12, (a) OCR =1 and (b) OCR = 8.
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Figure 17. Derivative of each point of the displacement curves dd / dSRF - Comparison between OCR =1 and OCR = 8.

critical SRF, but they also do not indicate any influence of
the OCR value.

One hypothesis that explains the similarity in results
is the fact that displacements and SRF depend more on the
stress state (7 = g/ p') than on the state parameters Po and
its variation with increasing SRF. As discussed, points close
to the surface would have values of 1 close to M, and thus,
there would be no significant variations in the values of p,.

5. Conclusions

The paper presents a discussion about the use of the
Critical State Model with hardening when applying the
Shear Strength Reduction Method (SSR). Considering the
Modified Cam Clay model (MCC), the application of SSR
generates a reduction in the slope of the critical state line
(CSL) and a variation in the yield surface size. However, the
stress state that tends to have the most significant hardening
tends to be far from the failure surface, as presented in the
MCC model formulation.

The case study presented in this article compared the
application of SSR with a perfectly plastic elastic model
without hardening with the MCC model, this is a critical state
model that considers hardening/softening of the yield surface.
The MCC model resulted in a lower SRF value, indicating
that the model was more conservative when evaluating the
slope stability condition.

Furthermore, an evaluation of the effect of pre-
consolidation stress on the SRF was carried out. A similarity
in the results was observed for materials with different
overconsolidation ratio (OCR) values. One hypothesis that
explains this similarity is the fact that the displacements and
SRF depend more on the state of stress of the material than
on the pre-consolidation stress, a parameter that controls
the yield surface size.

For future work, it is suggested to assess the influence
of geometry, material strength parameters, dilation angle,
material stress state, and to use other constitutive models in
order to corroborate the aforementioned hypotheses.
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List of symbols
ay, Normal to a yield surface
By Matrix that relates displacement and strains
b, Normal to the plastic potential function
CSL Critical State Line
c Cohesion
il Stress-strain constitutive matrix
Dy Elastic constitutive matrix
DF Elastic-plastic constitutive matrix
E Young’s Modulus
I Initial void index
F Yield surface
F External forces
FEM  Finite Element Method
K Stiffness matrix
LEM  Limit Equilibrium Method
CSL slope in p-q space
MC Mohr Coulomb
MCC  Modified Cam-Clay Model
n Stress ratio (q/p’)
p’ Mean effective stress
OCR  Overconsolidation ratio
Po Preconsolidation stress
q Deviator stress

SF Safety Factor

SRF  Strength Reduction Factor
SSR Shear Strength Reduction
u; Displacement vector
Y Plastic modulus

Specific weight
o Displacement
gl Plastic volumetric strain
v Poisson Coefficient
@ Friction angle
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