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Abstract - A mathematical model using classical cake-filtration theory and the surface-renewal concept is 
formulated for describing cross-flow microfiltration under dynamic and steady-state conditions. The model 
can predict the permeate flux and cake buildup in the filter. The three basic parameters of the model are the 
membrane resistance, specific cake resistance and rate of surface renewal. The model is able to correlate 
experimental permeate flow rate data in the microfiltration of fermentation broths in laboratory- and pilot-
scale units with an average root-mean-square (RMS) error of 4.6%. The experimental data are also compared 
against the critical-flux model of cross-flow microfiltration, which has average RMS errors of 6.3, 5.5 and 
6.1% for the cases of cake filtration, intermediate blocking and complete blocking mechanisms, respectively. 
Keywords: Membrane filtration; Surface-renewal model; Critical-flux model; Microfiltration. 

 
 
 

INTRODUCTION 
 

Cross-flow membrane filtration is widely utilized 
in the chemical, food and biopharmaceutical 
industries, and is also becoming common in 
wastewater treatment and biofuel applications. In 
cross-flow filtration, the feed solution or suspension 
to be filtered flows under pressure along the surface 
of a porous membrane through which the liquid 
permeates in a direction perpendicular to the 
direction of the main flow. As time progresses, gel-
polarization and cake layers build up on the 
membrane surface, which lead to a gradual decline 
of permeate flux with time.  

Microfiltration is a common method of separation 
with wide applications as demonstrated by numerous 
industrial and biotech usages such as enzyme 
recovery (Kroner et al., 1984; Le et al., 1984; 

Marston et al., 1984), hormone production (Shoner 
et al., 1985), protein recovery (Titchener-Hooker     
et al., 1991), and cell lysate recovery (Bailey and 
Meagher, 1997a, 1997b). During membrane operation, 
permeate flux decline is a common and persistent 
challenge and is believed to occur due to pore 
blocking, concentration polarization and cake-layer 
buildup (Wiesner et al., 1992; Bai and Leow, 2002a, 
2002b).  

Over the years numerous models, some examples 
of which are offered below, have been proposed in 
the literature to describe the decline of permeate flux 
with time in microfiltration. It is well recognized that 
in cross-flow filtration there is a final nonzero 
permeate flux; in this it departs significantly from 
dead-end filtration. Stamatakis and Tien (1993) 
presented a concise and critical summary of the early 
work on cross-flow microfiltration. Combining cake 
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filtration theory with the concept of particle adhesion 
probability, they developed a model of cross-flow 
filtration which successfully correlated permeate-
flux data in the filtration of suspensions of kaolin 
reported by Murkes and Carlsson (1988). Field et al. 
(1995) introduced the concept of critical flux for 
cross-flow microfiltration. They incorporated the 
effect of cross-flow into the constant-pressure, 
blocking filtration equation developed by Hermia 
(1982) for dead-end filtration and derived a general 
equation to represent the decline of permeate flux 
with time. Their model will be discussed in detail 
later in this paper. Koltuniewicz et al. (1995) 
presented data on cross-flow and dead-end 
microfiltration of oily-water emulsions; these were 
subsequently used by Arnot et al. (2000) to compare 
three different models of flux decline. They found 
that the model developed by Field et al. (1995) 
provided the best fit to the data and the dominant 
fouling mechanism was either incomplete pore 
blocking or cake formation. According to Song 
(1998), the first phase of flux decline in 
microfiltration is caused by pore blocking—a rapid 
process with barely one layer of particles sufficing to 
complete maximum blocking of the membrane. Once 
particles are retained within the membrane, the 
effective pore diameter becomes gradually smaller 
allowing a gel or cake layer to build, which generates 
a second layer of resistance to filtration. In this 
phase, cake resistance increases as the cake gets 
thicker and flux decline continues until the cake 
layer attains an equilibrium thickness when a steady-
state (nonzero) plateau in the permeate flux is 
established. Song (1998) modeled the filtration as a 
dynamic process that occurs in three phases: a rapid 
initial drop, a slow decline and a steady-state phase, 
and presented a closed-form solution. Bai and Leow 
(2002a) studied a membrane filtration system within 
an activated-sludge wastewater bioreactor. Their 
experiments revealed that operational conditions in 
the bioreactor (aeration rate, mechanical mixing and 
circulation flow through the membrane unit) affected 
the size distribution of particles in the wastewater, 
which in turn influenced the performance of the 
filtration unit. Also, smaller particles were more 
detrimental in causing fouling. They proposed a 
simple model based on Darcy’s law and introduced 
parameters such as cake resistance, a parameter 
dependent on the cake thickness and specific cake 
resistance, and affected by the liquid velocity. An 
expression for the transient cake thickness was 
derived from a mass balance of particles under the 
assumption that the cake thickness becomes constant 
at steady state. The three parameters in the model 

were the initial permeate flux, final (steady-state) 
permeate flux and specific cake resistance. Wiesner 
et al. (1992) proposed simple models to describe the 
variation of permeate flux with time when the 
limiting resistance was due to the membrane, pore 
blocking or cake layer; these models were 
subsequently applied by Lim and Bai (2003) to 
describe microfiltration of activated-sludge wastewater. 
Hwang et al. (2003) developed a model of cross-
flow microfiltration of binary suspensions of fine 
particles and macromolecules; their model, which 
included the effect of fluid shear on the cake layer, 
compared favorably with their experimental data on 
permeate flux. Jegatheesan et al. (2009) found 
internal fouling (pore blocking) and external fouling 
(cake formation) to be responsible for flux decline in 
ultra- and microfiltration of sugarcane juice. 
Empirical models were used to describe complete 
blocking, partial blocking and cake filtration 
phenomena. Hwang et al. (2010) investigated the effect 
of particle softness on the filtration resistance and 
permeate flux. Softer particles are thought to allow 
greater cake compression and a tighter, lighter cake 
leading to drastic flux decay at short filtration times.   

The present work presents a model of cross-flow 
microfiltration that uses the surface-renewal concept, 
which has the potential for a more realistic 
description of the transfer of suspended solids due to 
random, hydrodynamic impulses generated at the 
membrane surface (e.g., due to membrane roughness 
or by the use of spacers or turbulence promoters) 
compared to existing models (e.g., film and 
boundary-layer models), which do not account for 
the random and unstable structure of the region close 
to the membrane wall. Koltuniewicz and Noworyta 
(1994) list three types of forces that influence mass 
transport in the near-wall region: (a) inertial forces 
caused by membrane roughness, (b) drag forces that 
can stimulate chaotic movements of fluid elements in 
both laminar and turbulent flow, and (c) lifting 
forces caused by the ‘lateral migration’ of colloidal 
particles and fluid elements that lead to the phe-
nomenon of ‘flux paradox’ (i.e., high permeate flux), 
which cannot be explained by the film model. The 
surface-renewal concept has been used to describe 
cross-flow ultrafiltration and microfiltration in a few 
publications (Koltuniewicz, 1992; Koltuniewicz and 
Noworyta, 1994; Koltuniewicz and Noworyta, 1995; 
Constenla and Lozano, 1996; Arnot et al., 2000; 
Chatterjee, 2010; Sarkar et al., 2011). For example, 
the surface-renewal model of Koltuniewicz (1992) 
assumes that the unsteady-state permeate flux J(t) in 
a specific liquid element with an exposure time of t 
at the membrane surface (i.e., in a surface element) is 
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the same as that occurring in ultrafiltration in an 
unstirred batch cell, which is represented by the 
empirical equation 
 

At
0J(t) (J J )e J∗ − ∗= − +              (1) 

 
where J0 is assumed to be either the initial value of 
the flux during batch ultrafiltration (Koltuniewicz, 
1992) or the pure solvent (i.e., water permeability) 
flux (Koltuniewicz and Noworyta, 1994), J* is the 
permeate flux after infinite time in batch ultrafiltra-
tion, and A is a parameter expressing the rate of flux 
decline. To determine the permeate flux in cross-
flow ultrafiltration under unsteady-state conditions, 
Koltuniewicz and Noworyta (1994; 1995) postulated 
that liquid elements at the membrane surface had 
ages that could be characterized by the unsteady-
state form of the age-distribution function of 
Danckwerts [see Eq. (10)], which when used with 
Eq. (1), gives 
 

p

p

(S A)

a

t

0 tp S
S 1 e( ) ( J ) J

S A 1 e
J t J

− +
∗ ∗

−
−

= − +
+ −

      (2) 

 
where Ja(tp) is the age-averaged permeate flux when 
the process time is tp. The parameter S (assumed to 
be constant) is the rate of renewal of liquid elements 
at the membrane surface, which is an increasing 
function of the velocity of the main flow as 
demonstrated empirically by Koltuniewicz (1992), 
Koltuniewicz and Noworyta (1994) and Koltuniewicz 
and Noworyta (1995); this feature will be discussed 
later in this work. It can also be thought of as a 
‘scouring’ term which represents the removal of 
deposited material (Arnot et al., 2000), and which 
depends upon the level of flow instability. Since in 
membrane units the bulk flow Reynolds number is 
usually in the transient regime, such flow instabilities 
would be laminar instabilities (quasi-periodic flows) 
rather than chaotic turbulence. 

Letting tp → ∞ in Eq. (2) yields the limiting or 
steady-state flux Jlim in cross-flow filtration as  
 

lim a 0p
S(t ) ( ) J

A
J J J J

S
∗ ∗= → ∞ = − +

+
      (3) 

 
Koltuniewicz (1992) and Koltuniewicz and 

Noworyta (1995) applied Eq. (3) to the ultrafiltration 
of skim milk and bovine serum albumin (BSA) 
solutions, and to the microfiltration of an oil-in-water 
emulsion in hollow-fiber and flat-plate membrane 
modules, whereas Constenla and Lozano (1996) used 
it to correlate the behavior of Jlim with transmembrane 

pressure drop in the ultrafiltration of apple juice in a 
hollow-fiber module. Equation (2) has been used by 
Koltuniewicz and Noworyta (1994) to correlate 
permeate-flux data in the ultrafiltration of skim milk 
in a hollow-fiber module under dynamic conditions 
and also by Arnot et al. (2000) to model 
microfiltration of oily-water emulsions. 

The surface-renewal model of Koltuniewicz 
(1992) has the following features: (1) There are four 
parameters in the flux equation [Eq. (2)], i.e., J0, J*, 
A, and S, and (2) the flux equation is of a semi-
empirical nature with A and J* being determined 
from the flux decline observed in a batch or dead-end 
ultrafiltration experiment under similar conditions as 
those used during the cross-flow experiment. In an 
effort to remove these limitations, this paper presents 
a comprehensive model of cross-flow microfiltration 
using the surface-renewal concept and classical cake-
filtration theory, which does not exist as yet in the 
literature to our knowledge. The model can predict 
the permeate flux and cake buildup on the membrane 
surface under dynamic and steady-state conditions. 
The model is also calibrated with experimental 
permeate-flux data on the microfiltration of 
fermentation broths in laboratory- and pilot-scale 
units, i.e., values of the model parameters, viz., Rm 
(membrane resistance), kc (a parameter that is related 
to the specific cake resistance α) and S (rate of 
renewal of liquid elements at the membrane surface) 
are deduced. 
 
 

SURFACE-RENEWAL MODEL OF CROSS-
FLOW MICROFILTRATION 

 
A schematic of cross-flow microfiltration is 

shown in Fig. 1. In the surface-renewal model 
developed in this work (Fig. 2), it is postulated that 
the dominant fouling mechanism responsible for 
permeate flux decline is cake formation. The phe-
nomenon of pore blocking is assumed to occur 
during the first moments of filtration and its effects 
are included in the membrane resistance Rm, which is 
treated as an empirical parameter—a detailed 
discussion of this issue is presented later. Flow 
instabilities are assumed to continuously bring fresh 
liquid elements from the bulk liquid to the 
membrane-liquid interface on the feed side. A liquid 
element remains at the membrane surface for a 
definite time t after which it returns and re-mixes 
with the bulk liquid. Below or above the surface 
elements, the liquid is assumed to be well mixed 
where the concentration of solids is held constant at 
its bulk value cb due to a high rate of transport (due 
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to flow instability) from this point to the bulk liquid. 
As time progresses, a cake layer builds up on the 
membrane surface, which causes a gradual decline in 
permeate flux until it reaches a steady value. In order 
to model this process, which is the chief objective of 

this paper, it is assumed that, during the residence 
time t of a liquid element at the membrane surface, 
permeate flux and cake accumulation in the surface 
element can be described by classical cake-filtration 
theory (McCabe et al., 1993).  

 
 

cb = Bulk concentration (kg/m
3) Feed  Concentrate 

Ja(tp) = Permeate flux (m/s) Channel  Porous 
membrane 

Permeate 

 
 

Figure 1: Schematic of cross-flow microfiltration. 
 

 Bulk liquid

Permeate

Liquid element approaching 
membrane wall from bulk liquid 

Liquid element leaving membrane 
wall towards bulk liquid 

Membrane 

Cake 

 
Figure 2: Surface-renewal mechanism. 
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This theory predicts a linear relationship between 
t/V and V where t is the time at which the total 
amount of filtrate collected is V. By algebraic 
manipulation of this relationship, it can be shown 
that the filtrate flux J(t) [= (1/Af ) dV/dt with Af 
being the filtration area] at time t (which, as 
mentioned above, is assumed to be equal to the 
permeate flux in a surface element with a residence 
time of t at the membrane wall in cross-flow 
microfiltration) is given by: 
 

c2
0

1J(t)
1 2k t

J

=
⎛ ⎞

+⎜ ⎟
⎝ ⎠

           (4) 

 
where: 
 

0
m

pJ
R
Δ

=
μ

               (5) 

 
b

c
ck

p
μ α

=
Δ

               (6) 

 
In the above, J0 is the permeate flux at time t = 0, 

Δp is the transmembrane pressure drop, µ is the 
viscosity of the filtrate, Rm is the resistance of the 
membrane or filter medium, cb is the mass of solids 
deposited in the filter per unit volume of filtrate 
(same as the bulk or feed concentration of the 
suspension if the amount of liquid trapped in the 
pores of the wet cake is neglected) which is assumed 
to be constant, and α is the specific cake resistance. 

The mass mc(t) of solids accumulated in the 
element during the time period of t per unit area of 
the membrane surface is expressed by: 
 

t
c b

0
m (t) J(t)c dt= ∫             (7) 

 
 which, upon insertion of Eq. (4), becomes: 
 

b b
c c2

0c c 0

c c1m (t) 2k t
Jk k J

⎛ ⎞
= + −⎜ ⎟

⎝ ⎠
        (8) 

 
At any time tp during the filtration process, the 

surface of the membrane is visualized as being 
populated by a mosaic of liquid elements having 
different ages which range from zero to tp. Denoting 
the age-distribution function of surface elements by 
f(t, tp), the age-averaged permeate flux (i.e., process

flux) Ja(tp) at time tp is given by: 
 

tp
p

0
a p J t( ) J(t) f (t, t )dt= ∫           (9) 

 
Assuming random surface renewal, Koltuniewicz 

and Noworyta (1994) derived a mathematical form 
for f(t, tp), a brief recapitulation of which is given in 
the appendix for the benefit of the reader. It may be 
shown that [see Eq. (A4)]: 
 

St

p Stp
Se f (t, t )

1 e

−

−=
−

           (10) 

 
where S, as mentioned earlier, is the rate of renewal 
of liquid elements at the membrane surface. 
Substituting Eq. (10) into Eq. (9) gives: 
 

p

p

Stt
a p St0

SeJ (t ) J(t) dt
1 e

−

−=
−∫         (11) 

 
A question now arises on how to describe the 

nature of the cake formed on the membrane surface 
in a theoretical treatment. Either of the following two 
extreme assumptions may be made: (1) Flow 
instabilities extend right up to the membrane wall 
and the cake is visualized as a dynamic suspension 
of particles. Thus, in any new surface element, cake 
buildup starts from a “clean” membrane condition 
and J0 is the same for all elements and independent 
of tp. (2) Flow instabilities do not extend into the 
cake layer but only up to the outside edge of the 
cake. In a surface element of age t, the initial flux is 
equal to the value of the process flux at a process 
time of tp − t, which will, therefore, not be the same 
for all surface elements. An actual situation will lie 
somewhere between these two extreme cases. 
Utilizing Eqs. (4) and (11) with the above assumptions 
yields the following two alternative formulations for 
Ja(tp), i.e., 
 

p

p

Stt
a p St0

c2
0

1 SeJ (t ) dt
1 e1 2k t

J

−

−=
−⎛ ⎞

+⎜ ⎟
⎝ ⎠

∫     (12) 

 
or 
 

p

p

Stt
a p St0

c2
a p

1 SeJ (t ) dt
1 e1 2k t

(J (t t))

−

−=
−⎡ ⎤

+⎢ ⎥−⎢ ⎥⎣ ⎦

∫  (13) 
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Equation (12) can be readily integrated to obtain 
Ja(tp) as an explicit function of tp [see Eq. (17)]. In 
contrast, Eq. (13), which has to be integrated subject 
to the condition Ja(tp = 0) = J0, shows that the value 
of the process flux Ja(tp) at time tp contains the entire 
history of this flux starting from tp = 0. Both Eqs. 
(12) and (13) are analogous to a hologram, each 
point of which ‘enfolds’ or ‘carries’ the total 
information of an illuminated structure (Bohm, 
2005). Since a change between an object and its 
holographic image is much more drastic than a 
simple, geometric transformation (translation, 
rotation or dilation), Bohm (2005) referred to it by 
the term ‘metamorphosis’, which is a change ‘in 
which everything alters in a thorough going manner 
while some subtle and highly implicit features 
remain invariant.’ According to Eq. (12), the process 
flux is a weighted average of the elemental fluxes, 
i.e., the direction is from the microscopic (elemental) 
to the macroscopic (process) domain. In contrast, Eq. 
(13) describes a situation in which the process and 
elemental fluxes co-determine one another i.e., there 
is a two-way communication or dialectical interplay 
between the microscopic and macroscopic domains, 
which is deeper and more profound philosophically. 
As the level of flow instability rises, one would 
expect the situation represented by Eq. (12) to 
become increasingly more tenable. In this paper, Eq. 
(12) will be used for reasons of mathematical 
simplicity. 

By integrating Eq. (12) and defining the dimen-
sionless quantities: 
 

2
c 0

SS
2k J

∗ =              (14) 

 

p pt St∗ =               (15) 
 

a p
a p

0

J (t )
J (t )

J
∗ ∗ =            (16) 

 
it may be shown that: 
 

( ) ( )

*
p

S*

a p t

p

eJ (t ) S
1 e

erf S t erf S

∗ ∗ ∗

−

∗ ∗ ∗

= π
−

⎡ ⎤+ −⎢ ⎥⎣ ⎦

     (17) 

 
As pt  0∗ → , it follows from Eq. (17) and l’Hôpital’s 

rule that: 

a p 0(t )J 1∗ ∗ → =             (18) 
 
while as pt

∗ → ∞ , Eq. (17) becomes: 
 

( )

a p
a p

S * *
li

lim

0

m

0

 ) J )
J J

J (t
J (t

J e S 1 erf S
∗

∗ ∗

∗

→ ∞
→ ∞ =

⎡ ⎤= π −⎢ ⎥⎣

=

⎦

=

     (19) 

 
where, as mentioned before, Jlim is the value of the 
limiting or steady-state permeate flux (i.e., as tp → ∞).  

The model parameters can be estimated by the 
following procedure. The membrane resistance Rm 
can be determined from the value of the initial flux J0 
and Eq. (5) while the dimensionless surface-renewal 
rate S* can be calculated from the experimental value 
of Jlim and Eq. (19). The surface-renewal rate S can 
then be determined by fitting Eq. (17) to 
experimental data of transient permeate flux so as to 
minimize the root-mean-square (RMS) deviation 
between predicted and experimental values of the 
flux. Finally, kc and α can be calculated from Eqs. 
(14) and (6), respectively. 

In some situations, the value of 0J can be high, 
i.e., 0J →∞ ; Eq. (17) then simplifies to: 
 

( )
p

p
a p lim St

erf St
J (t ) J

1 e−
=

−
         (20) 

 
where: 
 

lim
c

SJ
2k
π

=             (21) 

 
Equation (20) has the same form as the transient 

permeate flux in cross-flow ultrafiltration (Chatterjee, 
2010). The value of S can be obtained from the 
experimental value of Jlim and by fitting Eq. (20) to 
permeate-flux data, after which α can be determined 
from Eqs. (21) and (6). Equation (21) shows that an 
increase in S (e.g., caused by an increase in the level 
of flow instability) and a decrease in kc (say, due to 
an increase in the transmembrane pressure drop or by 
a reduction in feed concentration) will lead to an 
increase in the value of Jlim, which agrees with 
physical intuition. As mentioned earlier and as 
shown by Eq. (17), the permeate flux declines with 
time due to a gradual buildup of a cake of solids on 
the membrane surface. At time tp after start of the 
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filtration process, the age-averaged mass of cake 
mc,a(tp) accumulated per unit area of the membrane 
surface is given by:  
 

p

p

Stt
cc,a p St0

Se( ) m (t) d
1 e

m tt
−

−=
−∫        (22) 

 
Substituting Eq. (8) into Eq. (22) and integrating 

yields:  
 

( ) ( )

p

S

c,a p
t

* *3 3
p2 2

em (t )
1 e S*

,S ,S t 1

∗

∗
∗ ∗

−

∗

=
⎛ ⎞−⎜ ⎟
⎝ ⎠

⎡ ⎤Γ − Γ + −⎣ ⎦

   (23) 

 
where 
 

c,a p 0 c*
c,a p

b

m (t )J k
m (t )

c
∗ =          (24) 

 
and Γ(x, y) is the extended Euler gamma function 
defined by:  
 

( ) x 1

y
, e dx y

∞ − −λΓ = λ λ∫          (25) 

 
As pt  0∗ → , using l’Hôpital’s rule and Eq. (23) 

gives: 
 

c,a p )m (t  0 0∗ ∗ → =            (26) 
 
while as p(t  )∗ → ∞ , Eq. (23) becomes:  
 

( )c,a p c,lim

S*
*

*

e 3m (t  ) ,m S 12S
∗ ∗ ∗→ ∞ = = Γ −   (27) 

 
which is the steady-state value of the dimensionless 
cake mass.  

Equations (17) and (23) express the following: In 
dimensionless coordinates, the permeate flux and 
cake mass are functions of process time with the 
surface-renewal rate being the sole governing 
parameter. It can be shown from Eqs. (19) and (27) 
that, as *S  0→ , limJ 0∗ →  and c,limm  ∗ → ∞  while as 

*S  → ∞ , limJ 1∗ →  and c,limm  0∗ → . Equations (19) 
and (27), which are universal functions, are plotted 
in Fig. 3.  

 
 
Figure 3: Behavior of steady-state permeate flux and 
cake buildup as a function of surface-renewal rate in 
dimensionless coordinates. 
 
 
CRITICAL-FLUX MODEL OF CROSS-FLOW 

MICROFILTRATION 
 

The general equation of the critical-flux model 
can be expressed as (Field et al., 1995): 
 

n 2
crit

p

dJ J k(J J )
dt

−− = −          (28) 

 
where k is a constant and n equals 0, 1, 1.5, and 2 for 
cake filtration, intermediate blocking, standard 
blocking, and complete blocking mechanisms, 
respectively. Jcrit is the critical flux, which is the value of 
the permeate flux below which a decline of flux with 
time does not occur, and whose value depends upon 
the prevailing hydrodynamics and other factors. For 
cake filtration (i.e., n = 0), Eq. (28) reduces to:  
 

crit2
p

1 dJ k(J J )
dtJ

− = −           (29) 

 
whose solution, subject to the condition that at tp = 0, 
J = J0, is (Field et al., 1995)  
 

0 crit
p crit2

0 crit 0crit

1 J J J 1 1kt ln J
J J J J JJ

⎡ ⎤⎛ ⎞⎛ ⎞ ⎛ ⎞−
= − −⎢ ⎥⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟−⎢ ⎥⎝ ⎠ ⎝ ⎠⎝ ⎠⎣ ⎦

 (30) 

 
which is an implicit equation for the permeate flux as 
a function of process time, in contrast to the explicit 
form for the surface-renewal model, as may be seen 
from Eq. (17). From Eq. (30) it is apparent that there 
are three parameters in the critical-flux model: J0, Jcrit 
and k. J0 can be expressed in terms of Rm and Δp 
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through Eq. (5). According to Eq. (28), dJ/dtp = 0 at  
J = Jcrit and, since this is expected to occur as tp → ∞, it 
has been assumed in this work that Jcrit is equal to the 
experimental value of the limiting or steady-state flux, 
Jlim (see also Arnot et al., 2000). The third parameter k 
can then be obtained from the slope of a plot of the 
right-hand-side of Eq. (30) as a function of tp. It is to 
be noted that k and Jcrit can be expressed in terms of 
more fundamental parameters (Field et al., 1995), i.e., 
 

cake

0 m

Kk
J R
α

=              (31) 

 

crit
cake

EJ
K

=             (32) 

 
where Kcake is a cake-filtration constant (a function of 
certain physical properties) and E is the rate of cake 
erosion per unit area. Thus, according to Eq. (32) 
[which is analogous to Eq. (21) of the surface-
renewal model], an increase in E (say, due to an 
increase in the liquid velocity or level of flow 
instability) and a decrease in Kcake will lead to an 
increase in Jcrit (i.e., the limiting or steady-state flux). 
Since Field et al. (1995) did not provide any 
definition for Kcake, it was not possible to calculate 
values of the basic quantities α, E, and Kcake from the 
values of Jcrit and k, which were obtained from 
experimental permeate-flux data as described earlier. 

For n = 1 (intermediate blocking), the solution of 
Eq. (28) is given by (Field et al., 1995): 
 

0 crit
p

crit crit 0

1 J J Jkt ln
J J J J

⎡ ⎤⎛ ⎞−
= ⎢ ⎥⎜ ⎟− ⎝ ⎠⎣ ⎦

      (33) 

 
The parameter k can be estimated from the slope 

of a plot of the right-hand-side of Eq. (33) versus tp 
with Rm and Jcrit being obtained as mentioned earlier. 

For n = 2 (complete blocking), the solution of Eq. 
(28) is (Field et al., 1995): 
 

crit
p

0 crit

J Jkt ln
J J

⎛ ⎞−
− = ⎜ ⎟−⎝ ⎠

          (34) 

 
where  
 

0

0

Jk σ
=

ε
              (35) 

 
with σ and ε0 being the blocked area per unit volume 
of filtrate and initial membrane surface porosity, 
respectively. The slope of a plot of the right-hand-
side of Eq. (34) versus tp will yield k. 

The standard blocking (n = 1.5) model is not 
considered in this work since it does not include 
back transport from the membrane wall (Field et al., 
1995). 
 
 

EXPERIMENTAL DETAILS 
 

Cross- or tangential-flow filtration is often 
employed in the bioprocess industry to separate 
microbial cells from the liquid following cell growth 
in a fermenter. The permeate flow rate is known to 
depend on the transmembrane pressure drop and 
velocity of the liquid across the membrane surface. 
 
Fermentation  
 

Fermentation was carried out on two different 
scales. For filtration runs with the small- or 
laboratory-scale membrane unit (Fig. 4), a 15-L 
fermenter was used that contained aerobically 
grown (1) Escherichia coli (rod-shaped bacteria), (2) 
Burkholderia cepacia (of elliptical shape) and (3) 
Pichia stipitis (a hat-shaped yeast) that are used to 
produce ethanol, polyhydroxyalkanoates and ethanol, 
respectively. The glucose minimal salts medium in 
which the growth occurred was supplemented with 
complex nutrients. For runs with the pilot-scale 
cross-flow unit shown in Fig. 5, the broth was 
generated by (1) anaerobic fermentation of Candida 
pseudotropicalis using cheese whey as the nutrient 
medium and (2) aerobic growth of the same organism 
on a glycerol growth medium, both in a 400-L 
fermenter. During fermentation, an environment of 
controlled pH, temperature, agitation, and dissolved 
oxygen (in case of aerobic runs) was maintained. 
 
Membrane Characteristics  
 

Laboratory-scale and pilot-scale ceramic micro-
filtration units manufactured by Hilliard Corporation, 
Elmira, New York, were used in this work. The 
small- scale unit consisted of three tubular ceramic 
membrane modules with pH resistance of 2–13     
and thermal resistance of 0–149 °C. The cylindrical 
membrane modules (2.54 cm diameter) were 30.48 
cm long and contained numerous channels (~ 60) of 
square cross-section having a side of approximately 
0.18 cm. The modules came in pore sizes of 0.01, 0.2 
and 0.45 µm, and had a total membrane surface area 
of 0.13 m2. This unit (0.01 and 0.2 µm pore size) was 
also used by Hasan et al. (2011) for separating 
hydrolyzate components in the hot-water extract of 
sugar maple wood.  
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Figure 4: Schematic representation of the laboratory-scale microfiltration unit. 
 
 

 
Figure 5: Pilot-scale microfiltration unit (Hilliard Corporation, Elmira, New York). 

 
 

The pilot-scale membrane unit had 1800 channels 
with an average pore size of 0.2 µm; each channel 
was 86.36 cm long and had a square cross-section 
with a side of 0.18 cm. Some channels were 
converted to permeate conduits, which allowed the 
entire filter diameter to be effectively utilized. The 
total membrane filtration area was 11.15 m2 with   
the membrane having the following operating 
characteristics: Maximum Δp = 413.7 kPa, maximum 
inlet pressure = 586.1 kPa, maximum differential 
pressure = 206.8 kPa, and maximum back pulse 
pressure = 689.5 kPa. 

Experimental Runs 
 

Tangential-flow filtration runs were performed 
in total recycle mode, i.e., permeate and retentate 
were both continuously recirculated back to the 
feed vessel. In the small unit, the filtration was 
performed over a 2-h period. At the end of the run, 
the filter was sometimes back pulsed and then 
removed from its housing for soaking in 0.25 N 
alkali solution. Thereafter, it was put back into its 
housing and run through with alkali solution and 
rinsed several times with water. During filtration, the 
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temperature was controlled by running cold water 
through a jacket (not shown in Fig. 4) around the 
vessel so as to prevent a change in liquid viscosity 
due to an increase in temperature. In the pilot-scale 
unit, a filtration run lasted for 1 h on average. The 
cleaning of the filter module was accomplished by 
back pulsing and rinsing with water and alkali 
solution. 
 
 

RESULTS AND DISCUSSION 
 

The ability of the surface-renewal model was 
tested by fitting it to the data of permeate flow rate in 
the cross-flow microfiltration of the fermentation 
broths mentioned above. The value of the viscosity μ 
of the filtrate necessary to calculate Rm from Eq. (5) 
was assumed to be the same as that of water at the 

experimental temperature (McCabe et al., 1993; Perry 
et al., 1984), i.e., the effects of substrate and salts on 
the viscosity were neglected. The characteristics of 
the fermentation broths, experimental conditions and 
details of the membrane modules used in the 
experiments are reported in Table 1.  

Figure 6 shows the behavior of the clean-water 
flux at 20 °C as a function of Δp for the small-scale unit 
for two different membrane pore sizes. The data can 
be fitted reasonably well with straight lines, and 
from the slopes of the plots, Eq. (5) and using a 
value of 0.0011 kg/(m.s) for the viscosity of water at 
20 °C (Perry et al., 1984), the values of Rm for the 
clean membrane are estimated to be 1.14 × 1012 and 
1.01 × 1012 m-1 for membrane pore sizes of 0.2 and 
0.45 µm, respectively. The data for the 0.2 µm 
membrane pore size has been previously reported by 
Hasan et al. (2011). 

 
 
Table 1: Characteristics of the fermentation broths, experimental conditions and details of the membrane 
modules used in the cross-flow microfiltration runs. 
 

Expt. no. and cell type 
Fermentation 
medium and  

type 

Initial optical 
density of broth 

@ 540 nm 

Temp. 
°C 

Δp 
kPa 

Membrane 
unit type and 

area (m2) 

Membrane  
pore size  

(µm) 

Membrane 
type 

1. Escherichia coli glucose aerobic 53 21.8 206.84 small 
0.13 0.45 ceramic 

2. Burkholderia cepacia glucose aerobic 82 21.5 206.84 small 
0.13 0.45 ceramic 

3. Pichia stipitis glucose aerobic 72 22.8 206.84 small 
0.13 0.45 ceramic 

4. Candida pseudotropicalis cheese whey 
anaerobic 3 35.7 291.30 pilot 

11.15 0.2 ceramic 

5. Candida pseudotropicalis glycerol aerobic 66 46.9 207.60 pilot 
11.15 0.2 ceramic 

 
 

 
 

Figure 6: Clean-water flux at 20 °C in the small-scale unit. 
 
 



 
 
 
 

A Surface-Renewal Model of Cross-Flow Microfiltration                                                                           177 
 

 
Brazilian Journal of Chemical Engineering Vol. 30,  No. 01,  pp. 167 - 186,  January - March,  2013 

 
 
 
 

Figures 7 and 8 compare the predictions of       
the surface-renewal model with data of permeate 
flow rate from the small- and pilot-scale units, 
respectively. The method used to determine the 
optimum values of the three parameters (Rm, kc     
and S) has been explained earlier—these, along   
with RMS deviations between theoretical and 
experimental permeate flow rates, are shown in 
Table 2. The higher the values of Rm and kc, the 
lower is the permeate flux [Eq. (4)]. Of the three 
types of cells used in the filtration runs in the small-
scale unit, P. stipitis has the lowest value of kc 
followed by B. cepacia and E. coli, respectively, the 
value for P. stipitis being about 11 times lower than 
that for E. coli. This implies a great difference in the 
nature of the cake formed from these different types 
of cells. For the large-scale unit, the values of kc are 
of comparable magnitude since they are for the same 
type of cell (C. pseudotropicalis), albeit grown under 
two different conditions. The value of the surface-
renewal rate S varies from 3.0–5.1 × 10-4 s-1 (average: 
4.4 × 10-4 s-1 ) in the small-scale unit and 7.5–10.1 × 
10-4 s-1 (average: 8.8 × 10-4 s-1 ) in the large-scale 
unit, which can be compared with the range of 

8.4–17.4 × 10-4 s-1 found by Chatterjee (2010) for the 
experimental permeate-flux data of Koltuniewicz 
and Noworyta (1994) in the ultrafiltration of skim 
milk in a hollow-fiber membrane module (Romicon 
HF-15-43-PM 50) at 30 °C. Koltuniewicz and 
Noworyta (1994) had reported a range of 14–25.4 × 
10-4 s-1 for the same data in their version of the 
surface-renewal model.  

The following observations can be drawn from 
Figs. 7–8 and Tables 1–2: (1) There is good agreement 
between theoretical and experimental permeate flow 
rates with the average RMS deviation between 
predicted and experimental values being 4.6%. (2) 
The experimental flux declines with process time 
and attains a steady-state or limiting value as 
predicted by the model [Eq. (17)]. (3) The 
experimental values of the initial permeate flux J0, 
which is usually believed to be the pure solvent flux 
of the membrane (Koltuniewicz and Noworyta, 
1994), are not the same for the different experimental 
runs—this is reflected by the varying values of Rm in 
Table 2, which are approximately 4 to 19 times 
greater than the value of Rm of the clean membrane 
for the small-scale unit.  

 
 

  
Figure 7: Comparison of the surface-renewal 
[calculated from Eq. (17)] and experimental 
permeate flow rates in the microfiltration of 
fermentation broths in the small-scale unit. Values 
of the model parameters are provided in Table 2. 

Figure 8: Comparison of the surface-renewal 
[calculated from Eq. (17)] and experimental 
permeate flow rates in the microfiltration of 
Pseudo tropicalis in the pilot-scale unit. Values 
of the model parameters are provided in Table 2. 

 
Table 2: Parameter values of the surface-renewal model for the cross-flow microfiltration runs of Table 1. 
 

Expt. no. and cell type Rm × 10-13 
m-1 

kc × 10-6 
s m-2 

S × 104 
s-1 

RMS error 
% 

1. Escherichia coli 0.812 11.323 3.0 12.0 
2. Burkholderia cepacia 1.922 5.531 5.1 3.6 
3. Pichia stipitis 0.368 1.063 5.0 2.5 
4. Candida pseudotropicalis 0.109 0.391 7.5 4.0 
5. Candida pseudotropicalis 0.0895 0.285 10.1 0.9 

Average    4.6 
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Also, for the small-scale unit, Rm varies by a 
factor of 5.2 whereas, for the pilot-scale unit, the 
factor is 1.2. The following hypotheses can be 
advanced for this behavior: (a) the procedure used to 
clean the membrane module between experimental 
runs was not adequate, or pore blocking had 
occurred in the initial moments of filtration. For the 
two runs in the pilot-scale unit that involved            
C. pseudotropicalis, it is observed that the value of 
Rm is about 22% higher for the run under anaerobic 
conditions in which Δp was 40% greater compared 
to the run under aerobic conditions (Tables 1 and 2). 
This may be in part due to the additional forcing of 
solids in the broth into the membrane because of the 
higher permeate flux (Fig. 8) caused by the greater 
Δp (McCabe et al., 1993). The values of Rm in Table 
2 are thus derived from a fouled membrane and not a 
clean one. In conventional cake filtration theory, no 
complete analysis of the buildup of the (initial) 
resistance of the filter cloth is possible since this 
resistance will depend on how the pressure is 
developed and on the support geometry; it is hence 
usual to combine the resistance of the cloth with that 
of the first few layers of deposited particles, which 
have a propensity to block the pores of the cloth 
(Richardson et al., 2002). (b) The viscosity of water 
(at the experimental temperature) was used in this 
work to calculate Rm. However, the actual viscosity 
of the filtrate may have been different due to 
biological activity, which is a function of the cell 
type and fermentation conditions, and by the 
presence of substrate and salts in the growth 
medium. (c) Fouling of the membrane during the 
initial moments of filtration was dependent on the 
type of cells in the broth. This explains the large 
variation in Rm for the small-scale unit in which 
three different types of cells were used as compared 
to the pilot-scale unit in which only cell type was 
used. (d) Table 1 shows that the initial optical 
density of the different broths varied to a consider-
able extent.  

In the microfiltration of sugar-maple wood 
extract, Hasan et al. (2011) found a significant 
difference between values of the initial permeate flux 
J0 and the clean-water flux, which they attributed to a 
difference in viscosity. Huang and Morrissey (1998) 
observed that J0, which they called the apparent 
initial permeate flux, depended on feed concentra-
tion—the higher this concentration, the lower was 
the initial flux. According to them, it is difficult to 
measure the true initial permeate flux because it is 
not possible to stabilize the system pressure 
instantaneously as the feed is pumped into the filter. 
The first measurement point can be obtained only 

after some ‘lag’ time that depends upon the 
measurement technique according to Koltuniewicz 
(1992), who recommended that pure solvent 
permeability measurements, after correction for the 
osmotic pressure effect, be used to calculate J0 in the 
case of ultrafiltration. This points to uncertainty 
associated with experimental data of permeate flux 
near the beginning of filtration. In light of these 
considerations, it is best to treat Rm as an empirical 
parameter, which would also include any resistance 
to flow in the pipes to and from the filter (McCabe  
et al., 1993). Arnot et al. (2000), in their modeling of 
microfiltration, also used J0 as an adjustable 
parameter in order to minimize experimental errors 
in the initial flow rate measurement—although they 
found that in most cases it was not significantly 
different from the clean-water flux under equivalent 
operating conditions. 

Since only the optical density (OD) at 540 nm of 
the feed suspension was measured (Table 1) and not 
the actual cell concentration cb, it was not possible to 
calculate values of the cake mass mc,a. However, if it 
is assumed, as a very approximate measure, that 1 
OD unit corresponds to 0.5 kg/m3, then the steady-
state values of the cake mass are calculated to be 
0.58, 1.26 and 2.12 kg/m2 for E. coli, B. cepacia and 
P. stipitis, respectively, for the small-scale unit, 
which are rough estimates and may not be precise. 
Figures 9 and 10 illustrate the growth of the 
dimensionless cake mass *

c,am  as a function of the 

dimensionless process time *
pt  in the small- and 

pilot-scale units, respectively, for the different broths 
as calculated from Eq. (23). All the curves start at a 
value of zero and develop towards steady state as *

pt  
increases. The values of the dimensionless steady-
state permeate flux *

limJ , dimensionless steady-state 
cake mass *

c,limm  and dimensionless surface-renewal 

rate *S are provided in Table 3 for all the 
experimental runs reported in this work. It can be 
seen that as *S  increases, *

limJ  increases towards a 
value of 1 due to a decrease in *

c,limm  (see also Fig. 3).  
The surface-renewal model presented in this 

paper is self-contained, i.e., the three model 
parameters can be completely determined (in a 
sequential manner) by fitting the model to 
experimental permeate-flux data. Two of the 
parameters (membrane and cake resistances) are 
from conventional cake filtration theory while the 
third (surface-renewal rate) depends upon the 
hydrodynamic state in the channel.  
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Figure 9: Predicted cake buildup with process 
time by the surface-renewal model [Eq. (23)] in 
the microfiltration of fermentation broths in the 
small-scale unit. Values of the dimensionless 
surface-renewal rate S* are given in Table 3. 

Figure 10: Predicted cake buildup with process 
time by the surface-renewal model [Eq. (23)] in 
the microfiltration of Pseudo tropicalis in the 
pilot-scale unit. Values of the dimensionless 
surface-renewal rate S* are given in Table 3. 

 
Table 3: Dimensionless quantities of the surface-renewal model for the cross-flow microfiltration runs of 
Table 1. 
 

Expt. No. and cell type 
*
limJ 10×  

*
c,limm  *S 10×  

1. Escherichia coli 2.36 4.74 0.25 
2. Burkholderia cepacia 6.45 0.69 4.67 
3. Pichia stipitis 4.12 1.97 1.05 
4. Candida pseudotropicalis 4.09 2.00 1.02 
5. Candida pseudotropicalis 7.08 0.50 7.07 

 
 
As mentioned earlier, S can be correlated with the 

liquid velocity u in the main flow direction through 
the membrane channel, which was precluded in this 
work since the feed flow rate was not measured. 
Koltuniewicz and Noworyta (1995) used the surface-
renewal model to determine the variation of S with u 
for milk ultrafiltration, BSA concentration and 
microfiltration of dodecane-water emulsions in 
hollow-fiber and flat-plate modules. Table 4 reports 

their experimental details and correlations of S as a 
function of u. It can be seen that S is a power-law 
function of u, with the exponent of u being greater 
than 1 in the case of microfiltration and less than 1 
for ultrafiltration. Koltuniewicz and Noworyta 
(1995) attributed this to the dominance of the lateral 
migration effect in case of the former and the 
existence of transient flow regimes in case of the 
latter in the modules which they used.  

 
 

Table 4: Experimental details and correlations for the surface renewal-rate S from the work of 
Koltuniewicz and Noworyta (1995). 
 

Experimental details ROMICON UFMOD  PLEIADE 
Module type Hollow fiber Flat plate Flat plate 
Membrane type Polysulfone PVC CERAMESH 0.1 
Membrane area (m2) 1.4 1 × 10-2 0.54 × 10-2 
Cross-flow area (m2) 5 × 10-4 10-4 0.62× 10-4 
Hydraulic diameter (m) 1.2 × 10-3 2 × 10-3 1 × 10-3 
Solute Skimmed milk BSA Dodecane emulsion 
Concentration 0−85 g/L 0−50 g/L 0−1000 ppm 
Transmembrane pressure drop, Δp (kPa) 0−180 0−180 0−120 
Cross-flow velocity, u (m/s) 0−0.65 0−2 0−1.2 
Temperature (°C) 25 25 25 
Surface-renewal rate, S (s-1) S = 3.48 × 10-3 u0.661 S = 0.748 × 10-3 u0.75 S = 0.459 × 10-3 u4.464 
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In a prior study of ultrafiltration of a BSA 
solution in a flat-plate module, Koltuniewicz (1992) 
presented data that showed an almost linear relation-
ship of S with u over a range of u = 0.1−1.6 m/s 
(corresponding to a Reynolds number range of 
100−1600) and also found that S was independent   
of Δp. From standard mass-transfer coefficient 
correlations for flow in a tube (Rautenbach and 
Albrecht, 1989; Koltuniewicz and Noworyta, 1994), 
it can be deduced that S varies with u raised to a 
power that ranges from 0.66−1.75 as the flow 
changes from laminar to turbulent. Equation (21) 
predicts that the limiting or steady-state flux in cross-
flow microfiltration is proportional to S0.5, which 
result also holds for cross-flow ultrafiltration 
(Chatterjee, 2010). Thus, the limiting flux should be 
proportional to u0.33 for laminar flow and u0.875 in the 
case of turbulent flow. This conclusion agrees 
closely with the observation made by Rudolph and 
MacDonald (1994) that for modules that operate in 
the laminar flow regime, the flux increases as the 
one-third power of the tangential flow rate (or shear), 
while for devices operating in the turbulent flow 
regime, the flux increases in proportion to the 
tangential flow rate. If it is assumed that the main 
flow velocity in the small-scale unit was 1.3 m/s 
(from Table 1 of Hasan et al., 2011), the correlation 
in Table 4 for the flat-plate module UFMOD (whose 
hydraulic diameter D of 2 mm is comparable to the 
value of 1.8 mm for our system) predicts a value of S 
equal to 9.1 × 10-4 s-1, which can be compared with 
the average value of 4.4 × 10-4 s-1 mentioned earlier 

for the small-scale unit. From dimensional 
considerations it may be postulated that: 
 

s
b

s

Du
µ

SD a
u

⎛ ⎞
= ⎜ ⎟

⎝ ⎠

ρ             (36) 

 
where ρs and µs are the density and viscosity of the 
feed suspension, respectively, while a and b are 
parameters, with a being dependent on the module 
configuration (Koltuniewicz and Noworyta, 1995). 
The values of b are − 0.339, − 0.25 and 3.464 for the 
ROMICON, UFMOD and PLEIADE modules in 
Table 4. Equation (36) can be generalized to include 
the effect of membrane roughness δ as: 
 
SD g(Re, )Du

δ=            (37) 

 
where Re (= Duρs/µs) is the Reynolds number. In 
honor of Koltuniewicz, who pioneered the use of the 
surface-renewal concept in cross-flow membrane 
filtration, it is proposed that the dimensionless group 
SD/u be henceforth named as the Koltuniewicz 
number (Ko).  

Figures 11 and 12 compare the predictions of the 
critical-flux model for the case of n = 0 [cake filtration; 
Eq. (30)] with permeate flow rate data from the 
small- and pilot-scale units, respectively. The optimum 
values of the three parameters (Rm, k and Jcrit), along 
with RMS deviations between theoretical and experi-
mental permeate flow rates, are reported in Table 5. 

 
 

  
Figure 11: Comparison of the critical-flux [n = 0; 
calculated from Eq. (30)] and experimental 
permeate flow rates in the microfiltration of 
fermentation broths in the small-scale unit. 
Values of the model parameters are provided in 
Table 5. 

Figure 12: Comparison of the critical-flux [n = 0; 
calculated from Eq. (30)] and experimental 
permeate flow rates in the microfiltration of 
Pseudo tropicalis in the pilot-scale unit. Values 
of the model parameters are provided in Table 5. 
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Table 5: Parameter values of the critical-flux model (n = 0) for the cross-flow microfiltration runs of Table 1. 
 

Expt. No. and cell type Rm × 10-13 
m-1 

k × 10-6 
s m-2 

Jcrit × 106 
m s-1 

RMS error 
% 

r2 value of fit 
of Eq. (30) 

1. Escherichia coli 0.812 9.0 5.446 14.9 0.847 
2. Burkholderia cepacia 1.922 9.0 6.407 4.6 0.876 
3. Pichia stipitis 0.368 0.830 1.954 1.7 0.997 
4. Candida pseudotropicalis 0.109 0.610 3.961 9.9 0.887 
5. Candida pseudotropicalis 0.0895 0.538 3.549 0.6 0.995 

Average    6.3 0.920 
 

It is observed (as in the case of the surface-
renewal model) that, in general, there is fair 
agreement between the theoretical and experimental 
values of the permeate flow rate, with the average 
RMS deviation between predicted and experimental 
values being 6.3%. For Runs 1, 2 and 4, the RMS 
errors are significantly greater compared to those for 
Runs 3 and 5—reflected in higher values of the 
correlation coefficient r2 for these runs. Although not 
shown here, the experimental data, when plotted in 
the form of Eq. (30), yielded nearly perfect straight 
lines for Runs 3 and 5, while for Runs 2 and 4 they 
exhibited a distinct curvature. 

Figures 13 and 14 show comparisons of the 
critical-flux model for the case of n = 1 [intermediate 
blocking; Eq. (33)] with permeate flow rate data 
from the small- and pilot-scale units, respectively, 
while Table 6 reports optimum values of the model 
parameters along with RMS deviations between the 
theoretical and experimental permeate flow rates. 
Overall, the intermediate blocking model [Eq. (33)], 
which has an average RMS deviation of 5.5%, is in 
closer agreement with the experimental data

compared to the cake-filtration model [Eq. (30)].  
Finally, Figs. 15–16 and Table 7 present results 

for the critical-flux model for the case of n = 2 
[complete blocking; Eq. (34)]. Although the average 
RMS error of the fit is 6.1%, which is lower than the 
case for n = 0, Field et al. (1995) did not recommend 
the use of this model unless the fouling mechanism 
could be described by the equations used to derive 
Eq. (34), which is a difficult proposition to test by 
direct empirical observation.  

If one were to adopt the critical-flux point of 
view, which postulates that there is a single, 
dominant fouling mechanism throughout each of the 
filtration experiments (Arnot et al., 2000), then one 
is forced to conclude from Tables 5–7 that the chief 
fouling mechanism was cake filtration in Runs 3 and 
5, intermediate blocking in Run 1, and complete 
blocking in Runs 2 and 4. However, such a conclusion, 
which may have been appropriate in the case of an 
ideal feed suspension containing particles of uniform 
size and shape, would be simplistic in the case of this 
work, which used aqueous suspensions of bacterial, 
yeast or fungal cells as the feed. 

 

  
Figure 13: Comparison of the critical-flux [n = 1; 
calculated from Eq. (33)] and experimental 
permeate flow rates in the microfiltration of 
fermentation broths in the small-scale unit. 
Values of the model parameters are provided in 
Table 6. 

Figure 14: Comparison of the critical-flux [n = 1; 
calculated from Eq. (33)] and experimental 
permeate flow rates in the microfiltration of 
Pseudo tropicalis in the pilot-scale unit. Values 
of the model parameters are provided in Table 6. 
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Table 6: Parameter values of the critical-flux model (n = 1) for the cross-flow microfiltration runs of Table 1. 
 

Expt. no. and cell type Rm × 10-13 
m-1 

k  
m-1 

Jcrit × 106 
m s-1 

RMS error 
% 

r2 value of fit 
of Eq. (33) 

1. Escherichia coli 0.812 71.224 5.446 9.9 0.874 
2. Burkholderia cepacia 1.922 73.785 6.407 4.1 0.910 
3. Pichia stipitis 0.368 21.738 1.954 5.4 0.975 
4. Candida pseudotropicalis 0.109 28.644 3.961 7.0 0.937 
5. Candida pseudotropicalis 0.0895 21.568 3.549 1.1 0.990 

Average    5.5 0.937 
 
 

  
Figure 15: Comparison of the critical-flux [n = 2; 
calculated from Eq. (34)] and experimental 
permeate flow rates in the microfiltration of 
fermentation broths in the small-scale unit. 
Values of the model parameters are provided in 
Table 7. 

Figure 16: Comparison of the critical-flux [n = 2; 
calculated from Eq. (34)] and experimental 
permeate flow rates in the microfiltration of 
Pseudo tropicalis in the pilot-scale unit. Values 
of the model parameters are provided in Table 7. 

 
Table 7: Parameter values of the critical-flux model (n = 2) for the cross-flow microfiltration runs of Table 1. 
 

Expt. No. and cell type Rm × 10-13 
m-1 

k × 104  
s-1 

Jcrit × 106 
m s-1 

RMS error 
% 

r2 value of fit 
of Eq. (34) 

1. Escherichia coli 0.812 7 5.446 11.7 0.841 
2. Burkholderia cepacia 1.922 6 6.407 3.5 0.941 
3. Pichia stipitis 0.368 6 1.954 10.7 0.896 
4. Candida pseudotropicalis 0.109 14 3.961 3.1 0.983 
5. Candida pseudotropicalis 0.0895 9 3.549 1.6 0.974 

Average    6.1 0.927 
 
 

It is possible that the cells were not of uniform 
size and shape after fermentation and that cell 
fragments were generated due to cell lysis and the 
pumping action during filtration. The smaller 
fragments would block the pores of the membrane 
while the larger entities in the feed would cause cake 
formation, processes which could occur in parallel. 
Both the surface-renewal model, which (as stated 
earlier) postulates the dominant fouling mechanism 
to be cake formation with pore blocking occurring in 
the first moments of filtration, and the critical-flux 
model, which incorporates different fouling 

mechanisms (through the value of the parameter n), 
are highly idealized pictures of a very complex 
process. Comparing the surface-renewal and critical-
flux (n = 0, 1) models reveals that the largest errors 
for both models occur for Runs 1 and 4.  
 
 

CONCLUDING REMARKS 
 

This work has presented a new model of cross-
flow microfiltration that is based on the surface-
renewal concept. The model, which assumes that the 
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chief fouling mechanism causing permeate flux 
decline is cake formation, is able to correlate 
experimental permeate flow rate data in the 
microfiltration of fermentation broths in laboratory- 
and pilot-scale units. Values of Rm, kc and S, which 
are the three parameters of the model, range from 
0.09–1.92 × 1013 m-1, 0.29–11.32 × 106 s m-2 and 
3.0−10.1 × 10-4 s-1, respectively, in the filtration of 
fermentation broths used in the experiments reported 
herein. In contrast to the approach of Koltuniewicz 
(1992), Koltuniewicz and Noworyta (1994) and 
Koltuniewicz and Noworyta (1995), the surface-
renewal model developed in this work is based on 
classical or conventional cake-filtration theory and 
has three parameters, all of which can be estimated 
from a single, cross-flow filtration experimental run.  

The cake-filtration (n = 0), intermediate-blocking 
(n = 1) and complete blocking (n = 2) versions of the 
well-known critical flux model were also compared 
against the experimental data. Amongst these, the 
intermediate-blocking mechanism is in best overall 
agreement with the data and has an average RMS 
deviation of 5.5%, which is greater than the value of 
4.6% of the surface renewal-model. It should be 
borne in mind, however, that the data reported in this 
work are the result of single experimental runs—it is 
difficult to reproduce fermentation broths of the 
same quality. Thus, the predictions of both models 
may lie within the range of the experimental error. 
Although it is not possible to arrive at a firm 
conclusion regarding the chief fouling mechanism, 
from a practical point of view, there is not much of a 
difference between the surface-renewal and critical-
flux (n = 1) models in their ability to represent the 
experimental data presented here. These models, 
each one of which has three parameters, are based on 
different speculative hypotheses or constructions, 
which are not easy to verify directly. The surface-
renewal and critical-flux models are essentially 
different interpolation techniques of representing the 
curve of permeate flux as a function of time, given 
the initial and long-time or steady-state values of the 
flux. Such models fall in the category of constructive 
theories, and as discussed recently by Chatterjee 
(2012), there can be more than one such theory that 
agrees with experimental data to within a prescribed 
degree of tolerance.  

The surface-renewal model, which provides 
explicit expressions for the permeate flux and cake 
mass as functions of process time [see Eqs. (17) and 
(23)], in contrast to the critical-flux (n = 0, 1) model, 
is presented to the membrane community as an 
alternative theoretical description of cross-flow 
microfiltration. A more rigorous experimental 

protocol than that used in this work should be 
followed in order to test the model’s ability to 
predict the influence of variables like transmembrane 
pressure drop, feed concentration and liquid velocity 
on the permeate flux. Further refinements to the 
model would consider the effects of cake 
compressibility and length of the filter module.  
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NOMENCLATURE 
 

a parameter in Eq. (36) 
A constant in Eq. (1) expressing 

rate of permeate-flux decline 
with time  

s-1

Af
 Filtration area in cake filtration m2

b parameter in Eq. (36) 
cb  mass of solids deposited in the 

filter per unit volume of filtrate 
(approximately equal to the 
concentration of solids in the 
feed or bulk liquid) 

kg m-3

D  hydraulic diameter of 
membrane channel 

m

E rate of cake erosion per unit 
area 

kg m-2 s-1

f(t, tp) age-distribution function of 
liquid elements at the 
membrane wall 

s-1

g  function of Re and δ/D  
[Eq. (37)] 

J(t) instantaneous permeate flux in 
a surface element at time t or 
process flux in critical-flux 
model   

m s-1

J* permeate flux after infinite time 
in batch ultrafiltration 

m s-1

Ja(tp)  age-averaged permeate flux 
when the process time is tp 

m s-1

* *
a pJ (t )  dimensionless age-averaged 

permeate flux when the 
dimensionless process time is 

*
pt  
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Jcrit critical permeate flux m s-1

Jlim limiting or steady-state 
permeate flux 

m s-1

*
limJ  dimensionless limiting or 

steady-state permeate; Jlim/J0 
J0 initial permeate flux m s-1

k parameter in critical-flux  
model 

s m-2 (n = 0), 
m-1 (n = 1), 

s-1 (n = 2)
kc defined by Eq. (6) s m-2

Kcake cake filtration constant in 
critical-flux model 

kg m-3

Ko Koltuniewicz number  
(= SD/u) 

mc(t)  mass of cake in a surface 
element per unit area of 
membrane surface at time t 

kg m-2

c,a pm (t ) age-averaged cake mass per 
unit area of membrane surface 
at process time tp 

kg m-2

* *
c,a pm (t ) dimensionless age-averaged 

cake mass when the 
dimensionless process time is *

pt  
*
c,limm  limiting or steady-state 

dimensionless cake mass 
n index in critical-flux model; 

equals 0, 1, 1.5 or 2 depending 
upon the fouling mechanism 

r2 correlation coefficient 
Rm hydraulic resistance of the 

membrane 
m-1

Re Reynolds number  
(= Duρs/µs) 

S rate of renewal of liquid 
elements at the membrane 
surface 

s-1

S* dimensionless surface- 
renewal rate defined by  
Eq. (14) 

t  time of exposure of a liquid 
element at the membrane 
surface 

s

tp process time s
*
pt  dimensionless process time; 

defined by Eq. (15) 
V total volume of filtrate 

collected during time t in cake 
filtration 

m3

u liquid velocity in the main flow 
direction through the 
membrane channel  

m s-1

x parameter of Γ(x, y) 
y parameter of Γ(x, y) 

Greek Symbols 
 
α specific cake resistance  m kg-1

Γ(x, y)  extended Euler gamma 
function; defined by Eq. (25) 

δ membrane roughness m
Δp transmembrane pressure  

drop  
Pa or kPa

ε0 initial membrane surface 
porosity 

λ variable of integration in Eq. 
(25) 

μ viscosity of the permeate  kg m-1 s-1

μs viscosity of the feed suspension kg m-1 s-1

ρs density of the feed suspension kg m-3

σ blocked area per unit volume  
of filtrate 

m-1
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APPENDIX 
 

In this section, a theoretical derivation of the 
expression for the age-distribution function given by 
Eq. (10) is provided. Let S (assumed to be constant) 
be the fraction of surface elements renewed in a 
particular age fraction per unit time. In a time 
interval Δt, one therefore has: 
 

p p

p

p p

p

f (t, t ) t f (t t, t ) t
S t

f (t, t ) t

f (t, t ) f (t t, t )
f (t, t )

Δ − + Δ Δ
Δ = =

Δ

− + Δ
     (A1) 

 
Letting Δt → 0 in the above equation gives: 

 

f Sf
t

∂
=−

∂
            (A2) 

 
which has to be solved subject to the condition that: 
 

tp
p

o
f (t, t )dt 1=∫           (A3) 

 
From Eqs. (A2) and (A3), it may be shown that: 
 

St

p Stp
Sef (t, t )

1 e

−

−=
−

           (A4) 

 
which is the same as Eq. (10). 

 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


