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Abstract - In this study the influence of the volumetric flow rate and feed concentration was investigated for 
the adsorption of the reactive dye Blue 5G. Experiments were carried out in a bed packed with retorted shale, 
at 30 oC. The ranges investigated were flow rate 2 -10 mL/min and the feed concentration 13-105 mg/L. 
Mathematical models were used to represent the dynamic sorption. The double resistance model considers the 
effects of the axial dispersion and the mass transfer resistance of the external film and inside the particles. As 
a result, the mass transfer coefficient of the external film and the internal mass transfer coefficient were 
estimated. The Thomas model was used to simulate the experimental data. In this model the fitted parameter 
was the adsorption kinetic constant. The first model provided an acceptable representation of the dynamic 
uptake of the reactive dye Blue 5G. 
Keywords: Mathematical modeling; Packed bed; Reactive dye; Adsorption; Shale. 

 
 
 

INTRODUCTION 
 

The contamination of natural waters is one of the 
greatest problems confronting contemporary society. 
The textile industry is notable among the industries 
that produce effluents with high pollution loads, 
commonly composed of organic molecules and com-
plex salts (Koyuncu and Topacik, 2003). The envi-
ronmental problems caused by dyeing effluents are 
even more serious when unfixed or non-degraded 
dyes from conventional treatment processes are dis-
charged, since they have a potentially high environ-
mental impact on water bodies due to their toxicity 
(Maurya et al., 2006). 

There are around 10,000 different industrial dyes 
and pigments, totaling an annual world consumption 

of 700,000 tons (Pearce et al., 2003), 26,500 tons of 
which are consumed in Brazil (Guaratini and Zanoni, 
2000). Reactive Blue 5G is one of the main dyes 
used in dyeing facilities since it is used in the pro-
duction of blue denim.  

The environmental problems related to the tex-
tile industry are numerous and well documented 
(Mahmoodi et al., 2010a; Mahmoodi et al., 2010b; 
Gottipati and Mishra, 2010; Lima et al., 2007; Epolito 
et al., 2005). Besides the removal of organic loads, 
blue color removal is one of the main objectives in 
the treatment of textile effluents.  

Due to the environmental effects of these textile 
effluent compounds, new technologies for their deg-
radation and immobilization have been investigated. 
Several physicochemical and biological processes 
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have been used to remove dyes such as Reactive 
Blue 5G and other compounds from effluents. The 
physicochemical processes include chemical oxida-
tion (with chlorine, peroxide, or ozone), coagulation, 
flocculation, precipitation, membranes, ion exchange, 
and adsorption (Dizge et al., 2008). 

The process of adsorption in activated carbon-
packed beds is an effective method of decolorization 
(Rozzi et al., 1999; Jain and Sikarwar, 2009). In fact, 
this dynamic process has been widely used as it 
combines advantages such as reduced space, simple 
operation, treatment of large volumes of effluent, 
significant yield, large range of feed concentrations 
and easy scaling-up (Valdman et al., 2001; Silva et 
al., 2002). Besides studying activated carbon-packed 
beds, research has also been focused on investigating 
the use of residues as alternative sorbents, seeking to 
reduce both the sorbent production and disposal 
costs. Alternative sorbents include sawdust, fruit 
bagasse, eucalyptus bark, and chitosan (Crini, 2005), 
as well as retorted shale, which is produced from 
burning shale (bituminous rock) in the absence of the 
oxygen (Lee, 1991). Shale sub-products have been 
investigated, although scarcely, and the promising 
use of these materials for the removal of organic 
molecules has been reported (Tütem et al., 1998; Al-
Qodah, 2000).  

The design of retorted shale-packed beds requires 
information on the removal capacity of the sorbent 
and the mass transfer effects, which are evaluated 
through the breakthrough curves. The breakthrough 
curves are influenced by the equilibrium conditions 
and several other parameters, mainly temperature, 
volumetric flow rate and particle diameter (Koprivanac 
et al., 2005). 

One of the requirements in scaling-up packed 
beds is a mathematical model that accurately repre-
sents the experimental data. Several mathematical 
models have been successfully used to represent the 
dynamic dye uptake and these include the Bohart and 
Adams, Thomas, and Yoon-Nelson models (Rozada 
et al., 2003; Lin et al., 2004; Ahmad and Hameed, 
2010). Although the good performance of shale oil 
ash as a dye adsorbent has been successfully pre-
dicted through the BDST (Bed Depth Service Time) 
model (Al-Qodah and Lafi, 2003), few results which 
take into account the mass transfer mechanism have 
been reported. Therefore, the main objective of this 
study was to evaluate a mathematical model that 
represents the adsorption of Reactive Blue 5G in 
retorted shale. The mathematical model investigated 
considered the intraparticle and film mass transfer. 

The influence of volumetric flow and feed concen-
tration on the sorption mechanism was investigated 
and the accuracy of the model is discussed.  
 
 

MATERIAL AND METHODS 
 
Adsorbent 
 

All experiments were carried out using a Petrosix 
(a Petrobras subsidiary) retorted shale sample. The 
sample was also submitted to a sieving classification. 
 
Reactive Blue 5G Dye 
 

Dye solutions were prepared with a commercial 
sample manufactured by Texpal Química Industry. 
The concentration of dye in each solution (13-
105 mg/L) was determined by UV/Vis spectroscopy 
in the 350-1000 nm wavelength range on a Shimadzu 
UV-Visible spectrophotometer (UV - 1601PC) at 
610 nm, which was experimentally determined. This 
wavelength is in agreement with results reported in 
Batzias and Sidiras (2004). 
 
Fixed-Bed Column Assays 
 

The adsorption unit is shown in Figure 1. The 
module consisted of a stock solution reservoir and a 
deionized water reservoir, which was used to ho-
mogenize the bed and stabilize the flow rate. A Cole 
Parmer peristaltic pump fed the column (ID of 
1.01 cm) that contained the packed bed and was kept 
at a constant temperature of 30 oC. Runs were carried 
out using an up-flow process and outlet samples 
were carefully taken at regular running times. Analy-
sis of the dye concentration of each sample allowed 
the plotting of the breakthrough (C/C0 versus time) 
curves.  

Five runs with a feed concentration of 35 mg/L 
were carried out using different flow rates (2.0; 4.0; 
6.0; 8.0 and 10.0 mL/min) at 30 oC. In each run per-
formed the inlet solution percolated a packed bed of 
7.264 g of retorted shale. The total packed bed height 
(L) was 9.5 cm. From the breakthrough curves ob-
tained it was possible to determine the flow rate that 
minimized the mass transfer resistances. 

After the best operational conditions had been es-
tablished, ten more runs were carried out with differ-
ent feed concentrations (13.32, 22.08, 35.03, 40.69, 
46.37, 52.61, 54.86, 68.78, 84.72 and 104.97 mg/L).  
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Figure 1: Scheme of the experimental module. 
 
 
 
Calculation of the Column Adsorption Capacity 
and the Length Of Unused Bed (LUB) 
 

The amount of dye removed by the adsorbent was 
calculated from experimental breakthrough curves 
using the mass balance: 
 

* 0 0
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1
t

out L

s

QC C V C
q dt

m C m

  
   

 


        (1) 

 
where *q  is the amount of dye which has been re-

moved when equilibrium is reached (mg/g), Q  is the 

volumetric flow (L/min), 0C  is the feed concentra-

tion, sm  is the mass of adsorbent, outC  is the dye 

concentration at the column outlet, VL is the bed 
volume and ε is the bed porosity. The bed porosity 
was determined as methodology presented by Borba 
et al. (2006).  

The integral in Equation (1) was solved numeri-
cally by the trapezoid rule, using the experimental 
data obtained from the breakthrough curves. 

A plot of q* against 0C  for the ten experimental 
runs using different feed concentrations generated 
the dynamic isotherm (isotherms obtained through 
breakthrough data – Ernest Jr., 1997; Gazola et al., 
2006). The Langmuir parameters were then esti-
mated through a nonlinear fitting method (Ostroski 
et al.; 2009). 

When a favorable isotherm is observed, the con-
centration profile in the mass- transfer zone acquires 
a wave shape that does not change as the zone moves 
through the bed. The LUB is obtained as related in 
Geankoplis (2003). 

MATHEMATICAL MODELING 
 

In this study, the process of dye removal in a 
packed bed filled with retorted shale was modeled 
through two models. The first one assumes that the 
adsorption process can be described by a pseudo 
second-order rate expression and was developed by 
Thomas (1944). The second model assumes internal 
and external mass transfer limitations. Both models 
consider the following assumptions related to the 
operating conditions: constant column void fraction, 
constant physical properties of the solid and fluid 
phases, and isothermal and isobaric process condi-
tions. 
 
Thomas Model 
 

The Thomas model considers the following as-
sumptions: axial and radial dispersion in the packed 
bed column is negligible, the adsorption rate is de-
scribed by Langmuir kinetics and intraparticle diffu-
sion and external resistances are negligible. 

On the basis of these assumptions, the mass bal-
ance of the dye concentration in the fluid phase is 
described by: 
 

     
0

, , ,
0BC z t q z t C z t

u
t t z

  
  

   
      (2) 

 
where C  is the concentration of dye in the bulk 
liquid phase (mg/L), q  is the average concentration 

of the dye in the adsorbent (mg/g), B  is the density 

of the bed (g/L),   is the porosity of the bed, t is the 
time (min) and z is the bed height (cm). 

The Thomas model assumes that the adsorption
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process can be described by a pseudo second-order 
rate expression given by: 
 

        max
,

, , ,a d
q z t

k q q z t C z t k q z t
t


  


    (3) 

 
where ak is the adsorption kinetic constant (L /mg min), 

dk  stands for the desorption kinetic constant (min-1) 

and maxq  is the maximum adsorption capacity (mg/g). 

At equilibrium, /q t   = 0 and Eq. (3) is simpli-
fied to give the Langmuir isotherm: 
 

*
* max

*1

q bC
q q

bC
 


             (4) 

 
where maxq  is the Langmuir isotherm parameter for 

the maximum adsorption capacity (mg/g), b  is the 
Langmuir equilibrium constant parameter isotherm 

(L/mg) and *C C  at equilibrium. 
The Langmuir constant can be defined as the ratio 

between the adsorption and desorption rate constants 
(b = ka/kd). Hence, Eq. (3) can be rewritten as follows: 
 

        max
,

, , ,a
a

q z t k
k q q z t C z t q z t

t b


  


   (5) 

 
The initial conditions of the fluid phase concen-

tration and of the average concentration of adsorbed 
dye in the solid phase are, respectively: 
 
 ,0 0C z                 (6) 

 
 ,0 0q z                 (7) 

 
The boundary condition suggested by Amundson 

(1948) are: 
 

  
0

0 00, 0
tC t C t
               (8) 

 
The analytical solution to the Thomas model is 

obtained after solving Equations (2) and (3) with the 
initial conditions provided by Eqs. (6)-(7) and the 
boundary conditionsof Eq. (8), as reported elsewhere 
(Thomas, 1944; Borba et al., 2008). 

The parameter ka of the Thomas model was ob-
tained by fitting the experimental breakthrough data 
using UVMIF in the Fortran IMSL subroutines 
Therefore, ka is obtained through the minimization of 
the objective function: 
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          (9) 

 
where n is the number of experimental data points, 

exp
z LC   is the experimental dye concentration when   

z = L and mod
z LC   is the dye concentration, calculated 

by the model, when z = L. 
 
Double Resistance Model 
 

In this study, a more realistic model that con-
siders double limitation effects was applied to de-
scribe the dynamic removal of dye in the packed bed. 
The main assumptions in the mathematical modeling 
of the adsorption of the reactive dye in the packed 
bed were: solid/fluid interface equilibrium can be 
represented by the Langmuir isotherm, external film 
and intraparticle mass transfers occur and a linear 
driving force describes the concentration profile 
inside the particles. 

Based on the above-mentioned assumptions, the 
mass balance of the dye in the fluid phase can be 
described by: 
 

     

 

0

2

2

, , ,1

,
0

B

L

C z t C z t q z t
u

t z t

C z t
D

z

  
 

   


 



     (10) 

 
where LD  is the axial dispersion coefficient in the 
liquid phase (cm2/min). 

The mass transfer equations for the dye concen-
tration in the external liquid film and for dye adsorp-
tion onto the solid particles are, respectively: 
 

    *,
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B

q z t K
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       (11) 
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       (12) 

 
where FK  is the mass transfer volumetric coefficient 

in the external liquid film (min-1), SK  is the volumetric 

mass transfer coefficient of the adsorbent (min-1), 
*C  is the dye concentration in the liquid phase at 

equilibrium (mg/L) and *q  is the dye concentration 
on the adsorbent at equilibrium (mg/g). 



 
 
 
 

Adsorption of the Dye Reactive Blue 5G in Retorted Shale                                                                      273 
 

 
Brazilian Journal of Chemical Engineering Vol. 32,  No. 01,  pp. 269 - 281,  January - March,  2015 

 
 
 
 

Equation (12) considers that the mass transfer 
driving force varies linearly with the concentration 
of the dye sorbent. It is an approximation of the Fick 
law and is called the linear driving force model, 
which was originally proposed by Glueckauf and 
Coates (1947). This model has been successfully 
applied to describe the adsorption of dye (Chuang et 
al., 2003) from aqueous solution and organic com-
ponents from the gas phase (Dantas et al., 2011; 
Otero et al., 2005). 

The variables q* and C* are related by the 
Langmuir isotherm. The mathematical expression of 
the Langmuir isotherm for a monocomponent system 
is represented by Eq. (4).  

The mass transfer volumetric coefficient in the 
adsorbent (KS) can be expressed as a function of the 
local concentration of the dye in the fluid phase 
(Crank, 1979). 
 

0
1

1S S
local

K K
AC




          (13) 

 

where localC  is the local concentration of the dye in 
the liquid phase. 

The initial conditions of this model are given by 
Eqs. (6) and (7). The boundary conditions are written 
as suggested by Danckwerts (1953). 
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In this study, the double resistance model was 

used in two different ways. First, the mass transfer 
coefficient in the solid phase is local-concentration 
independent. Secondly, the mass transfer coefficient 
in the solid phase is a function of the local concen-
tration, as described in Eq. (13). 

The mathematical models were solved using the 
finite volume method (Maliska, 1995). The system 
of partial differential equations was discretized in the 
axial coordinate z. This generated a set of ordinary 
time differential equations. These equations were 
solved according to the respective initial conditions 
by the subroutine DASSL in the Fortran code 
(Petzold, 1982). 

Three groups of parameters are identified in the 
mathematical models. The first is related to the ex-
perimental data. Parameters such as B ,   and 0u  are 
examples. The second group includes the parameter 

LD , estimated as a function of the empirical equa-
tions. Finally, the third group considers some pa-

rameters estimated through the non-linear adjustment 
of the models to the experimental data and the least 
squares criterion. Parameters such as maxq , b, FK , 

SK , 0SK , and A are good examples of the third group. 
More specifically, FK , SK , 0SK  and A were obtained 
from the experimental data for the breakthrough, 
whereas maxq  and b  were calculated from the equi-
librium data.  

The axial dispersion coefficient was estimated 
according to (Ruthven, 1984): 
 

0 0

20 1

2
L m

p p

D D

u d u d

 
     

         (16) 

 

where mD  is the molecular diffusivity of the dye in 
water (cm2/min) and pd  the particle diameter of the 

adsorbent (cm). 
 
Parameter Identification Method 
 

In this study, the model parameters were esti-
mated in the non-linear fitting procedure using the 
experimental data and least squares statistical 
method to form the objective function (criterion). 
The values for the model parameters ( FK , SK , 0SK , 
A) were obtained during the search for the minimum 
of the objective function represented by Eq. (9). In 
the search procedure, the optimization method of 
Nelder and Mead (1965), in Fortran code, was used. 
 
 

RESULTS AND DISCUSSION 
 
Adsorbent 
 

Samples used in the sorption process had an aver-
age particle diameter of 0.22 mm, according to the 
sieving procedure.  
 
Dynamic Adsorption  
 

In order to obtain the dynamic isotherm, break-
through curves at various flow rates were obtained. 
The saturation points were 1500, 790, 600, 480 and 
200 min for the volumetric flows rates of 2, 4, 6, 8 
and 10 mL/min, respectively. The lengths of unused 
bed (LUB) are given in Table 1. It can be seen that 
the LUB increased with the flow rate. When the flow 
rate increases, the residence time in the bed decreases, 
which results in lower bed utilization (Ko et al., 
2001). Consequently, there was not sufficient contact 
time for the dye to diffuse in the adsorbent. An 
optimal operational flow rate is assumed to exist for 
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a specific sorbent/sorbate system in which the resi-
dence time is sufficient for the dye uptake without 
significant external resistance (Geankoplis, 2003). 
Because the LUB was the shortest at 2 mL/min, this 
was assumed to be the operational condition that best 
minimized the mass transfer resistances. 
 
Table 1: LUB as a function of flow rate. T = 30 oC, 
mads = 7.264 g. 
 

Q  
(mL min-1) 

LUB (cm) 

2.00 4.27 
4.00 5.91 
6.00 5.87 
8.00 6.53 

10.00 6.49 

 
The experimental equilibrium data for the dye ad-

sorption and the Langmuir isotherm models are 
shown in Figure 2. The values for the fitted parame-
ters of the Langmuir model were: qmax = 2.955 mg/g 
and b = 0.146 L/mg. The average deviation between 
the experimental and calculated data for the dye up-
take capacity was 3.59% and the determination coef-
ficient was 0.9840. Since this coefficient is close to 
unity, it indicates a good fit between the model and 
the experimental data. 
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Figure 2: Isotherm of dye adsorption on retorted 
shale – Experimental data and Langmuir Model. T = 
30 oC, mads = 7.264 g, Q = 2 mL min-1. 
 
Modeling of the Breakthrough Curves- Effect of 
Volumetric Flow Rate 
 

As expected, an increase in the flow rate resulted 
in a shorter time being required to reach the break-
point. Moreover, when the flow rate was higher, the 
breakthrough curve was steeper. This effect can be 
observed in Figure 3. 
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Figure 3: Effect of flow rate on the breakthrough 
curve. T = 30 oC, mads = 7.264 g, (●) 2 mL min-1, (▲) 
10 mL min-1. 
 

The packed-bed characteristics necessary for the 
model applications were: B  = 954.9 g/L, dL = 1.01 cm 
and   = 0.50. The values for the dispersion coeffi-
cients required for the double resistance model were 
calculated by applying Eq. (21). The molecular 
diffusion coefficient of the dye in water was 

5 21.33 10 cm / min . This coefficient was calcu-
lated by the Wilke–Chang equation (Miyabe and 
Isogai, 2011). The values for the axial dispersion 
coefficients are presented in Table 2. 
 
Table 2: Axial dispersion coefficient calculated as 
a function of the volumetric flow. T = 30 oC, mads = 
7.264g. 
 

Q  
(mL min-1) 

DL  
(cm2 min-1) 

2.00 0.53
4.00 1.06
6.00 1.60
8.00 2.09

10.00 2.59
 

Table 3 presents the fitted parameters of the 
Thomas and double resistance models in which the 
volumetric mass transfer coefficient is expressed as a 
constant in the solid phase and as a function of the 
local concentration of the dye in the liquid phase. 

The values of the objective function and the 
determination coefficient for each experimental 
condition are presented in Table 4. The low values 
for the objective function and the high values for the 
determination coefficient of the double resistance 
model, with variable KS as a function of the local 
concentration of the dye in the liquid phase, best 
fitted the experimental breakthrough curves. This 
can be observed in Figures 4-8, which show the 
results for the experimental breakthrough data and 
the curves simulated by the models.  
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Table 3: Effect of the flow rate in the fitted parameters of the models (T = 30 oC, mads = 7.264 g). 
 

Q 
(mL min-1) 

C0  
(mg L-1) 

Model parameters with 
constant KS  

Model parameters with  
variable KS  

Thomas Model 
parameters  

KS  
(min-1) 

KF  

(min-1) 
KS0  

(min-1) 
A KF 

(min-1) 
ka  

(L mg-1 min-1) 
2.00 34.26 10.94 x 10-3 2.74 x 105 15.95 72.71 754.00 4.38 x 10-4 
4.00 35.06 14.00 x 10-3 2.56 x 105 16.69 78.13 782.80 6.33 x 10-4 
6.00 34.03 19.57 x 10-3 5.61 x 105 17.03 77.73 876.20 1.11 x 10-3 
8.00 34.73 21.64 x 10-3 5.30 x 105 16.95 72.73 1013.20 1.41 x 10-3 
10.00 34.67 33.85 x 10-3 2.35 x 105 15.52 69.21 1169.80 1.68 x 10-4 

 
 
Table 4: Effect of the flow rate in the objective function and coefficient of determination values  (T =30 oC, 
mads = 7.264 g). 

 
Q 

 (mL min-1) 
Model with constant KS  Model with variable KS  Thomas Model 
FOBJ r2 FOBJ r2 FOBJ r2 

2.00 0.1698 0.9218 0.0299 0.9835 0.4589 0.8546 
4.00 0.3085 0.8935 0.0952 0.9728 0.5573 0.8030 
6.00 0.3380 0.8892 0.0985 0.9736 0.5514 0.8065
8.00 0.4697 0.8312 0.1476 0.9572 0.6479 0.7851 

10.00 0.3486 0.8788 0.0906 0.9792 3.7610 0.5215 
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Figure 4: Experimental and calculated breakthrough 
curves.  T = 30 oC, mads = 7.264 g, Q = 2 mL min-1. 

Figure 5: Experimental and calculated breakthrough 
curves. T = 30 oC, mads = 7.264 g, Q = 4 mL min-1. 
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Figure 6: Experimental and calculated break-
through curves for T = 30 oC, mads = 7.264 g, Q = 
6 mL min-1. 

Figure 7: Experimental and calculated break-
through curves for T = 30 oC, mads = 7.264 g, Q = 
8 mL min-1.  
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Figure 8: Experimental and calculated breakthrough curves for T = 30 oC,        
mads = 7.264 g, Q = 10 mL min-1. 

 
 

Changes in the double resistance model with 
variable KS were as expected and the values are 
given in Table 4. The values for the parameter KF 

increased with increasing flow rates, while KS is 
flow-rate independent. 
 
Effect of Feed Concentration 
 

As expected, an increase in the feed concentration 
resulted in a shorter time being required to reach 
the breakpoint, indicating a lower treated volume. 
Moreover, when the feed concentration was higher, 
the breakthrough curve was steeper, as a conse-
quence of a higher mass transfer between the fluid 
and solid phases. This effect can be observed in 
Figure 9. 

The experimental and simulated results for the 
breakthrough data for different feed concentrations 
are shown in Figures 10-19. The values for the fitted 

parameters are given in Table 5. The values of the 
objective function and determination coefficient, for 
each experimental condition analyzed are presented 
in Table 6. It can be observed that the values for the 
double resistance model with variable KS showed the 
best fit for the experimental breakthrough data. Also, 
the changes in the numerical values of variable KS 
when the double resistance model was considered 
were as expected. 

It was noted that KS increased with increasing 
feed concentration, while the KF values were feed-
concentration independent. According to Ko et al. 
(2001), the driving force for the mass transfer in the 
adsorption is determined by the differences in the 
local concentration between the phases. This ex-
plains the better performance of the model when the 
mass transfer coefficient for the adsorbent was con-
sidered to be function of the local concentration of 
the dye in the liquid phase. 
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Figure 9: Effect of feed concentration on the breakthrough curve. T = 30 oC,     
mads = 7.264 g, (♦) C0 = 13.32 mg L-1, (▲) C0 = 52.61 mg L-1, (●) C0 = 104.91 mg L-1. 
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Table 5: Effect of the feed concentration in the fitted parameters of the models (T = 30 oC, mads = 7.264 g). 
 

C0 

 (mg L-1) 
Q 

(mL min-1) 

Model parameters with 
constant KS  

Model parameters with  
variable KS 

Thomas Model 
parameters  

KS  
(min-1) 

KF 

 (min-1) 
KS0  

(min-1) 
A KF  

(min-1) 
ka  

(L mg-1 min-1) 

13.32 

2.00 

4.90 x 10-3 1.49 x 104 8.64 241.17 718.55 3.68 x 10-4 
22.08 5.22 x 10-3 5.00 x 103 11.07 159.87 771.08 2.65 x 10-4 
35.03 9.70 x 10-3 3.38 x 103 14.71 78.48 814.58 4.19 x 10-4 
40.69 10.00 x 10-3 1.47 x 104 16.81 70.34 768.38 3.51 x 10-4 
46.37 10.86 x 10-3 9.34 x 103 18.64 63.52 760.30 3.17 x 10-4 
52.61 13.78 x 10-3 1.32 x 103 22.41 51.06 730.20 4.27 x 10-4 
54.86 11.52 x 10-3 2.90 x 103 21.08 54.15 779.60 2.69 x 10-4 
68.78 16.96 x 10-3 1.30 x 104 26.26 36.68 806.20 4.03 x 10-4 
84.72 17.48 x 10-3 8.54 x 103 28.95 31.21 761.80 3.57 x 10-4 

104.97 26.03 x 10-3 1.34 x 103 34.67 22.55 802.10 4.57 X 10-4 

 
 

Table 6: Effect of the feed  concentration in the objective function and coefficient of determination values 
(T = 30 oC, mads = 7.264 g). 

 
C0  

(mg L-1) 
Model with constant KS  Model with variable KS  Thomas Model 

FOBJ r2 FOBJ r2 FOBJ r2 
13.32 0.5724 0.8061 0.1362 0.9591 0.1101 0.9645 
22.08 0.3713 0.8592 0.0690 0.9612 0.8712 0.8007 
35.03 0.1924 0.9156 0.0206 0.9856 0.5100 0.8174 
40.69 0.2751 0.8978 0.0333 0.9733 0.6516 0.7974 
46.37 0.2376 0.9011 0.0328 0.9773 0.5421 0.8378 
52.61 0.0660 0.9703 0.0310 0.9789 0.2399 0.9132 
54.86 0.2264 0.9017 0.0289 0.9809 0.5095 0.8232 
68.78 0.0687 0.9654 0.0074 0.9905 0.2764 0.8915 
84.72 0.1283 0.9623 0.0334 0.9725 0.4381 0.8367 

104.97 0.0391 0.9862 0.0136 0.9845 0.2101 0.9023 
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Figure 10: Experimental and calculated break-
through curves. T = 30 oC, mads = 7.264 g and C0 = 
13.32 mg L-1. 

Figure 11: Experimental and calculated break-
through curves. T = 30 oC, mads = 7.264 g and C0 = 
22.08 mg L-1. 
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Figure 12: Experimental and calculated break-
through curves. T = 30 oC, mads = 7.264 g and C0 = 
35.03 mg L-1. 

Figure 13: Experimental and calculated break-
through curves. T = 30 oC, mads = 7.264 g and C0 = 
40.69 mg L-1. 
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Figure 14: Experimental and calculated break-
through curves. T = 30 oC, mads = 7.264 g and C0 = 
46.37 mg L-1.  

Figure 15: Experimental and calculated break-
through curves. T = 30 oC, mads = 7.264 g and C0 = 
52.61 mg L-1. 
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Figure 16: Experimental and calculated break-
through curves. T = 30 oC, mads = 7.264 g and C0 = 
54.86 mg L-1. 

Figure 17: Experimental and calculated break-
through curves. T = 30 oC, mads = 7.264 g and C0 = 
68.78 mg L-1. 
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Figure 18: Experimental and calculated break-
through curves. T = 30 oC, mads = 7.264 g and C0 = 
84.72 mg L-1.  

Figure 19: Experimental and calculated break-
through curves. T = 30 °C, mads = 7.264 g and C0 = 
104.97 mg L-1. 

 
 
 

CONCLUSIONS 
 

In this study the adsorption of Reactive Blue 5G 
on a packed bed was investigated using retorted shale 
as the adsorbent. The Langmuir isotherm model ade-
quately described the experimental equilibrium data. 
The dye adsorption process was influenced by the 
volumetric flow rate, as well as by the feed concen-
tration. It was concluded that 2 mL/min was the best 
flow rate as it minimizes the mass transfer resis-
tances. An increase in feed concentration decreased 
the mass transfer resistance because it provided a 
greater driving force. 

Based on the simulation results it can be con-
cluded that the double resistance model with at solid 
mass transfer coefficient that is a function of the 
local concentration of the dye in the liquid phase best 
represented the dynamic dye adsorption. In addition, 
the model appears to be a very useful tool for phe-
nomenological studies as well as for process optimi-
zation and packed bed design of the system studied 
herein. 
 
 

NOMENCLATURE 
 
A  fitted parameter of Eq. (15) L mg-1

b  Langmuir isotherm parameter L mg-1

C  concentration of dye in the bulk 
liquid phase 

mg L-1

0C  concentration of dye in the feed mg L-1

outC  concentration of dye at the 
column outlet 

mg L-1

localC  local concentration of the dye 
in the liquid phase 

mg L-1

*C  concentration of dye in the 
liquid phase at equilibrium 

mg L-1

LD  axial dispersion coefficient in 
the liquid phase 

cm2 min-1

mD  molecular diffusivity of the  
dye in water

cm2 min-1

pd  particle diameter of the 
adsorbent 

cm

tH  total bed height cm

ak  adsorption rate constant L mg-1 min-1

dk  Desorption rate constant min-1

FK  volumetric mass transfer 
coefficient in the external  
liquid film 

min-1

SK  volumetric mass transfer 
coefficient of the adsorbent 

min-1

0SK  volumetric mass transfer 
coefficient of the adsorbent 

min-1

sm  mass of adsorbent g

q  average concentration of the 
dye in the adsorbent 

mg g-1

bq  amount of dye which has been 
removed when the 
breakthrough point is reached 

mg g-1

maxq  maximum adsorption capacity 
(Langmuir isotherm parameter) 

mg g-1

*q  amount of dye which has been 
removed when equilibrium is 
reached 

mg g-1

Q  volumetric flow mL min-1
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0u  interstitial velocity cm min-1

t  time coordinate min

bt  breakthrough time min

z  space coordinate cm
 
Greek Letters 
 
  porosity of the bed 

B  density of the bed g L-1
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