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We present a formalism which modifies the Mueller Dipole Model such that it incorporates energymomentum conservation as well as important colour suppressed effects in the cascade evolution. The formalism
is implemented in a Monte Carlo simulation program, and the results are compared to inclusive data from HERA
and the Tevatron. We here find a generally very good agreement between our model and the experimental data.
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I.

INTRODUCTION

To leading log or NLL accuracy the cross section for high
energy ep or pp scattering is determined by the BFKL evolution equation. The solution corresponds to a powerlike increase for high energies, or a gluon density which grows like a
power for small values of xBj . Such a growth cannot continue
indefinitely, but must be followed by a region of saturation,
when the gluon density otherwise would become too high.
Saturation and rescattering is more easy to treat in transverse coordinate space than in momentum space. A dipole
cascade model for small x evolution has been formulated by
Mueller [1–3]. This formalism leads to the leading log BFKL
equation but takes also into account unitarisation effects due to
multiple scatterings between partons from two colliding parton cascades. In Mueller’s model dipoles in the same cascade
are, however, not allowed to interact. Therefore the model
does not take all saturation effects into account, and the result
depends on the Lorentz frame used in the calculations.
Another problem is that Mueller’s cascade is only correct
to leading log(1/x) accuracy. An important contribution to
the non-leading corrections is related to energy-momentum
conservation. In this talk I want to discuss an extention of
Mueller’s model, presented in ref. [4], which includes both
effects of energy momentum conservation and saturation effects within the individual cascades before the collisions. The
formalism is implemented in a MC simulation program, and
I will also present some applications to DIS at HERA and to
high energy pp collisions.

II.

THE MUELLER DIPOLE MODEL

In Mueller’s model one starts with a qq̄ pair, heavy enough
for perturbative calculations to be applicable, and calculates
the probability to emit a soft gluon from this pair. Here the
quark and the antiquark are assumed to follow light-cone trajectories, and the emission of the gluon is calculated in the
eikonal approximation. Adding the contributions to the emission from the quark and the antiquark, including the interference, the probability for a dipole (xx,yy) with endpoints in positions x and y , to split into two dipoles (xx,zz) and (zz,yy) is given

by
(xx −yy)2
dP
ᾱ 2
=
d z
dY
2π
(xx −zz)2 (zz −yy)2

(1)

Here x , y , and z are two-dimensional vectors in transverse coordinate space, ᾱ ≡ Nc αs /π, and Y =log(1/x) denotes the rapidity, which acts as the time variable in the evolution process.
In the large Nc limit the two new dipoles emit softer gluons
independently, with the decay probability given by eq. (1). In
the same limit the emission of further dipoles factorizes producing a cascade where the number of dipoles grows exponentially with Y (corresponding to a power 1/xλ ).
When two dipole cascades collide, the individual cross section between two dipoles (xxi ,yyi ) and (xx j ,yy j ), due to single
gluon exchange, is given by
µ
¶
α2s 2 (xxi −xx j )2 (yyi −yy j )2
fi j =
ln
(2)
8
(xxi −yy j )2 (yyi −xx j )2
The sum ∑ fi j then corresponds to single pomeron exchange.
At high energies ∑ fi j can be large, and in an eikonal approximation the contributions from multiple pomeron exchange exponentiates and the cross section saturates.
III. ENERGY MOMENTUM CONSERVATION

We note that the expression in eq. (1) has non-integrable
singularities at z = x and z = y . In numerical calculations
it is therefore necessary to introduce a cutoff, ρ, such that
(xx − z )2 , (zz − y )2 ≥ ρ2 . The scattering probability for small
dipoles is, however, suppressed in such a way that the total
cross section has a finite limit when ρ → 0.
A small dipole means that we have two well localized gluons in the transverse plane, and these gluons must then have a
correspondingly large transverse momentum. If these small
dipoles are interpreted as corresponding to real emissions
with p⊥ ∼ 1/r, it would imply a severe violation of energymomentum conservation. Therefore such dipoles have to be
interpreted as virtual fluctuations, and will not be present in
exclusive final states.
It is earlier realized that energy conservation has an important effect on the evolution of parton cascades [5]. In
ref. [6] we presented a formalism to take into account energymomentum conservation in Mueller’s model, using the Linked
Dipole Chain (LDC) model [7] as a guidance.
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V. RESULTS

Our formalism has been applied to γ∗ p and pp scattering
using a MC simulation program. The coupling of a virtual
photon to a qq̄ dipole is well known. The proton structure has
to be modelled, and is in our calculations represented by three
dipoles in a triangular configuration.
The results for DIS are presented in Figs. 2 and 3. Fig. 2
shows the total cross section and Fig. 3 shows the result for
the logarithmic slope, λeff = d(log σ)/d(log 1/x), for different
values of Q2 . We see that there is a generally good agreement
between the model and the experimental data for all points
in the interval 1GeV2 . Q2 .100 GeV2 . We also see that the
effect of saturation is small, and that including the swing gives
only a minor correction.
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Results for the pp total cross section are shown in Fig. 4.
Here the saturation effects from multiple scattering and the
dipole swing are much larger. The figure also shows results
obtained in a frame where one of the protons is at rest. It
was stressed above that the saturation effects in the cascade
have to imply that the result is frame independent. In Fig. 4
we note especially that including the swing indeed makes the
result practically independent of the Lorentz frame.
VI. CONCLUSIONS

A formalism is presented to include energy conservation
and saturation effects corresponding to pomeron merging in
Mueller’s dipole cascade model. Results from MC simulations agree well with experimental data for DIS and pp total cross sections. We conclude that although we do not yet
have an explicitely frame independent formalism, it appears
as if our implementation of the dipole swing does include
the most essential features of the pomeron merging process.
Our formalism is, however, still only applicable for total cross
sections. The energy conservation constraint does reduce the
number of virtual dipoles, but they are not totally eliminated.
In future work we want to develop the formalism further in order to also be able to describe the properties of exclusive final
states.
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FIG. 4: The√
total cross section for pp scattering as a function of the
cms energy s. Here results are shown for evolution with and without the dipole swing mechanism. The results for the one pomeron
cross sections are also shown. Also shown are the results obtained in
the “lab” frame where one of the protons is almost at rest.
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