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Abstract. This paper deals with a finite strain continuum theory of elastic-brittle solids with

microstructure. A single scalar microstructural field is introduced, meant to represent – even if

in a summary way – the concentration of microdefects within the material. A system of micro-

forces, dual to the microstructural field, is axiomatically introduced. The corresponding balance,

augmented with suitable constitutive information, yields, inter alia, a kinetic equation for the mi-

crostructural field, criteria for damage nucleation, growth and healing as well as a failure criterion

based on attainment of a critical value of the microstructural field. The theory is applied for the

description of the Mullins effect.
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1 Introduction

There are many circumstances where the macroscopic behavior of solids is

strongly influenced by processes on the microscale. This is the case, for in-

stance, of the dynamic fracture behavior of brittle solids, where the macroscopic

behavior is governed by nucleation, growth and coalescence of microcracks (see

Ravi-Chandar, 1998).
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328 BRITTLE MATERIALS WITH MICROSTRUCTURE

In this paper we deal with the development of a finite strain continuum theory

for the behavior of elastic-brittle solids that accounts for: microscale processes,

by introducing a scalar microstructural field and the corresponding microforce

system; rate and nonlocal effects, by including constitutive dependences on the

rate and the gradient of the microstructural field. The microstructural field may

represent, for instance, the cohesion state within the material: it varies from 1

(pristine material) to 0 (cracked-up material).

The main ingredients of our theory are the following: i) basic laws: the standard

force and moment balances; the microforce balance; the dissipation inequality

that includes, via the microforces, the power expended during microstructural

changes, ii) constitutive theory: constitutive equations consistent with the dis-

sipation inequality, that include both rate and gradient dependence on the mi-

crostructural field. The basic laws are postulated following the framework de-

veloped by Fried and Gurtin (1994) and Gurtin (1996). The microforce balance,

augmented with suitable constitutive information, yields: a kinetic equation for

the microstructural field; criteria for both cohesion decreasing (damage initia-

tion and growth) and cohesion increasing (damage healing); the notion of elastic

range; a failure criterion based on the attainment of a critical value of the mi-

crostructural field; a criterion for damage healing impossibility. Also, the model

can describe distinct behavior under traction and compression.

An application of the presented theory for the description of the stress-softening

phenomenon, also called the Mullins effect, is outlined. This phenomenon is

typical for many materials such as rubbers, elastomers and biomaterials (see, for

instance, Krishnaswamy and Beatty (2000), Beatty and Krishnaswamy (2000),

DeSimone et al (2001) and references cited therein.).

The present modelling approach is similar to the dynamic fracture modelling

approaches presented by Aranson et al (2000) and Karma et al (2001). But in

contradistinction to their work, our approach is based on a clear separation of

basic balance laws from constitutive equations, including dissipation. In this

respect, our theory is similar to the isotropic damage theory presented by Costa-

Mattos and Sampaio (1995), and Frémond and Nedjar (1996).

The paper is organized as follows. Section 2 introduces the basic notions

of a continuum theory for an elastic material with microstructure. A general
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constitutive theory is presented in Section 3, where constitutive assumptions are

introduced and restricted by using the Coleman-Noll (1963) principle. Section 4

presents the theory for the case in which the microstructural field is the cohesion

descriptor. Application for the description of the Mullins effect is outlined in

Section 5.

We adopt notations commonly used in continuum mechanics (see Gurtin,

1981). Symbols and quantities are defined when they first appear.

2 Basic notions

LetB be a body identified with the bounded region of space it occupies in a fixed

reference configuration. The macrokinematics is described by the motion y,

y : (X, t) �→ x, (1)

which maps the particle located at X ∈ B at time t to its place x and is one-to-

one at each t , with deformation gradient F := ∇y consistent with det F > 0.

The microkinematics is described by the macroscopic scalar field α, with

gradient:

p := ∇α, (2)

so that α(X, t) characterizes the observed microstructure at the particle X at

time t .

We characterize the standard force system by the first Piola-Kirchhoff stress S
and by body force per unit volume1 b, both measured in the reference configu-

ration. Then, the standard force and moment balances are, respectively,∫
∂P

Sn dA +
∫
P

b dV = 0,

∫
∂P
(y − y0)× Sn dA +

∫
P
(y − y0)× b dV = 0,

(3)

whereP is an arbitrary part ofB, n the unitary exterior normal to the boundary of

P (∂P), y0 is an arbitrary spatial point and a × c represents the vectorial product
1Inertia forces are included in b.
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330 BRITTLE MATERIALS WITH MICROSTRUCTURE

of the vectors a and c. In local form, the standard force and moment balances

are respectively:

Div S + b = 0,
SFT = FST ,

(4)

where DivA denotes the divergence of the tensor or vector field A.

The working of the standard forces on a part P is defined by the classical

relation:

Ws(P) =
∫
∂P

Sn · ẏ dA +
∫
P

b · ẏ dV =
∫
P

S · Ḟ dV, (5)

where A ·B = tr(ATB), for A and B tensors, and a ·c is the usual internal product

for the vectors a and c. The last equality is obtained by using (4)1.

The microforce system is characterized by the microstress vector ξ , the (scalar)

internal microforceπ , the (scalar) external microforceµ. The microforce system

is constrained by the microforce balance:∫
∂P
ξ · n dA +

∫
P
(µ− π) dV = 0, (6)

which in local form is:

Div ξ − π + µ = 0. (7)

The working of the microforces on a part P is given by:

Wm(P) =
∫
∂P
(ξ · n)α̇ dA +

∫
P
µα̇ dV =

∫
P
(ξ · ṗ + πα̇) dV, (8)

where the last equality is obtained by using (7).

Within the present purely mechanical context, the Second Law, or Dissipation

Inequality, takes the form:

˙(∫
P
ψ dV

)
≤ Ws(P)+Wm(P), for each partP, (9)

where ψ is the free energy per unit referential volume. The corresponding local

form is given by:

ψ̇ − S · Ḟ − ξ · ṗ − πα̇ ≤ 0. (10)
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3 Constitutive theory

We consider constitutive equations giving ψ , S, ξ and π at any given point and

time when:

(σ, α̇) := (F, α,p, α̇) (11)

are known at that point and time; i.e.,

ψ = ψ̂(σ, α̇), S = Ŝ(σ, α̇), ξ = ξ̂ (σ, α̇), π = π̂(σ, α̇). (12)

We assume that: ψ̂ , Ŝ and ξ̂ are smooth functions; π̂ is smooth when α̇ �= 0 with

jump discontinuity at α̇ = 0. Thus, π is constitutively determined only when

α̇ �= 0. Otherwise, it is constitutively indeterminate and defined by (7).

By inserting (12) into the dissipation inequality (10) we obtain the functional

inequality:

(∂Fψ̂ − Ŝ) · Ḟ + (∂pψ̂ − ξ̂ ) · ṗ + (∂αψ̂ − π̂)α̇ + ∂α̇ψ̂ α̈ ≤ 0. (13)

Following the Coleman-Noll procedure we conclude that:

(i) the response function ψ̂ does not depend on α̇, i.e,

∂α̇ψ̂ = 0; (14)

(ii) the response function ψ̂ and Ŝ must be related through.

Ŝ = ∂Fψ̂; (15)

(iii) the response functions ψ̂ and ξ̂ must be related through

ξ̂ = ∂pψ̂; (16)

(iv) the response functions π̂ must comply with the residual inequality

π̂d(σ, α̇) α̇ := (π̂(σ, α̇)− ∂αψ̂(σ ))α̇ ≥ 0, (17)
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which implies that2: ⎧⎨
⎩
π̂d ≥ 0 if α̇ > 0,

π̂d ≤ 0 if α̇ < 0.
(18)

It is convenient to use the additive decomposition of π̂d :

π̂d = π̂ rid + π̂ rdd , (19)

into rate-independent ( π̂ rid ) and rate-dependent ( π̂ rdd ) parts, where:⎧⎪⎨
⎪⎩
π̂ rid (σ ) := A+(σ ), π̂ rdd (σ, α̇) := B+(σ, α̇) if α̇ > 0,

π̂ rid (σ ) := A−(σ ), π̂ rdd (σ, α̇) := B−(σ, α̇) if α̇ < 0,

A±(σ ) := lim
ε→0

π̂d(σ,±ε),

B±(σ, α̇) := π̂d(σ, α̇)− A±(σ ),

(20)

and, in order to satisfy (18), we assume in what follows that:

A+ ≥ 0, A− ≤ 0, B+ ≥ 0 and B− ≤ 0. (21)

Using the results obtained so far and assuming that µ = 0, we write the

microforce balance (7) as:⎧⎨
⎩

Div∂pψ̂(σ )− π̂(σ, α̇) = 0 if α̇ �= 0,

π = Div∂pψ̂(σ ) if α̇ = 0,
(22)

where π̂ is given by

π̂(σ, α̇) := π̂d(σ, α̇)+ ∂αψ̂(σ ). (23)

The distinction between (22)1 and (22)2 is very important: the first is a restriction

on the manner in which microstructural changes may occur; the second is an

identity that defines π when there are no microstructural changes, which implies

that the microforce balance is automatically satisfied.
2We remark that by definition, π̂d and π̂ have the same properties as far as their dependence

on (σ, α̇) is concerned.
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4 Special theory

We may interpret the microstructural field α as the cohesion variable: it varies

from 1 (pristine material) to 0 (cracked-up material). In the continuum damage

mechanics literature (1 − α) is called the damage variable. If α̇ > 0 (α̇ < 0) in

a given material point, its cohesion is undergoing a positive (negative) growth.

Now, we specialize the theory by assuming that the free energy response is

given by:

ψ̂(F, α,p) = φ̂(F, α)+ f̂ (α)+ ĝ(p), (24)

where φ̂ is the strain energy response, which is such that φ̂(F, 0) = 0, φ̂(I, α) = 0

and:

τ(F, α) := ∂αφ̂(F, α) > 0 if F �= I. (25)

The function f̂ represents the cohesion energy response and the gradient energy

response ĝ is assumed to be given by:

ĝ(p) = 1

2
κ|p|2, (26)

where κ ≥ 0 is a material constant.

As we already remarked, the microforce balance restricts the manner in which

microstructural changes occur (α̇ �= 0). Thus, in the current context, microstruc-

tural changes (equation (22)1) are restricted by:⎧⎨
⎩
B+(σ, α̇) = R+(σ,�α)− τ(F, α) if α̇ > 0,

B−(σ, α̇) = R−(σ,�α)− τ(F, α) if α̇ < 0,
(27)

where:

R±(σ,�α) := κ�α − f ′(α)− A±(σ ). (28)

From the above definition and the constitutive assumptions made so far

(A+ ≥ 0, A− ≤ 0), we can observe that R− ≥ R+.

Equation (27)1 implies that:

τ(F, α) < R+(σ,�α) (29)
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is a necessary condition for positive cohesion growth, whereas equation (27)2
implies that:

τ(F, α) > R−(σ,�α) (30)

is a necessary condition for negative cohesion growth.

It is somewhat illuminating to interpret the first term of right hand side of (28).

It measures the difference between the cohesion variable at a point and its mean

value at neighboring points. It is positive (negative) if this difference is negative

(positive).

4.1 Kinetic equation and elastic range

Now, we assume that both (29) and (30) are also sufficient conditions for mi-

crostructural changes. Thus,

R+ ≤ τ ≤ R− ⇔ α̇ = 0. (31)

Therefore, from (27), we write the kinetic law for α as:⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

B+(σ, α̇) = R+(σ,�α)− τ(F, α) if τ(F, α) < R+(σ,�α),

α̇ = 0 if R+(σ,�α) ≤ τ(F, α) ≤ R−(σ,�α),

B−(σ, α̇) = R−(σ,�α)− τ(F, α) if τ(F, α) > R−(σ,�α).

(32)

Equations (32)1 and (32)3 correspond to positive (α̇ > 0) and negative (α̇ < 0)

cohesion growth, respectively. Equation (32)2 corresponds to situations where

the cohesion state is frozen in. In this case, no microstructural changes occur

and the material behaves elastically. Thus, we define the Elastic Range E as the

set of all F, for a fixed (α,p,�α), such that:

R+(F, α,p,�α) < τ(F, α) < R−(F, α,p,�α). (33)

4.2 Damage healing and irreversibility

By damage healing we mean a positive cohesion growth. This very interesting

effect is exhibited by certain materials (see for instance White et al (2001)). As
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already discussed, a necessary and sufficient condition for damage healing is

given by (29):

τ(F, α) < R+(σ,�α), (34)

where we may interpret

R+(σ,�α) = κ�α − f ′(α)− A+(σ ) (35)

as the damage healing driving force.

We see that both first and second terms of the right hand side of the above

equation favour damage healing only when: �α > 0, which means that in

comparison with the point in question the cohesion of neighboring points are

higher; f ′(α) < 0, which means that, from the energetic point of view, the

material point prefers the virgin state. On the other hand, the third term never

favours damage healing because A+ ≥ 0. Also, from (25), we see that τ ≥ 0

always opposes damage healing.

Let us assume that, for a fixed (F,p,�α), R+ is a nondecreasing function of

α. In this case, the condition R+ < 0 means that damage healing is impossible

even if τ = 0. Also, let us write the condition (34) in terms of α. For this, we first

define for a fixed (F,p,�α), the critical value of α – αH – as the solution, if it

exists, of the equation R+(F, αH ,p,�α) = 0. Then, we conclude that damage

healing is impossible whenever α < αH .

4.3 Damage nucleation, growth and failure criterion

As we already discussed, a necessary and sufficient condition for negative cohe-

sion growth is given by (30):

τ(F, α) > R−(σ,�α), (36)

where we interpret:

R−(σ,�α) = κ�α − f ′(α)− A−(σ ) (37)

as the resistance against decohesion. We see that both first and third terms

of the right hand side of the above equation oppose damage growth only when:
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�α > 0, which means that in comparison with the point in question the cohesion

of neighboring points are higher; f ′(α) < 0, which means, from the energetic

point of view, that the material point prefers the virgin state. Also, the third term

always opposes damage growth because A− ≤ 0. Also, from (25), we see that

τ ≥ 0 drives the decohesion process.

Let us assume that, for a fixed (F,p,�α),R− is a nondecreasing function of α.

This means that, in a given material point, the resistance can not decrease if the

cohesion increases. In this case, we discuss a special case under which negative

cohesion growth is always possible. This case is given by the conditionR− < 0,

which means that damage grows without resistance even if τ = 0. For this

reason, we interpret this condition as a failure criterion. It is convenient to write

the condition (36) in terms of α. For this, we first define for a fixed (F,p,�α),
the critical value of α – αC – as the solution, if it exists, of the equation

R−(F, αC,p,�α) = 0 .

Therefore, we conclude that damage grows without resistance wheneverα < αC .

It is convenient to split the negative cohesion growth into damage nucleation

and damage growth. By damage nucleation we mean a negative cohesion growth

in the special case where, at a point, α = 1, �α = 0 and p = 0. Otherwise, we

have damage growth. Thus, damage nucleation takes place whenever:

τ(F, 1) > Y1 := −f ′(1)− A−(F, 1, 0),

where Y1 is the damage nucleation threshold. On the other hand, damage growth

takes place whenever:

τ(F, α) > Y2 := κ�α − f ′(α)− A−(σ ),

where Y2 is the damage growth threshold.

Finally, we remark that the damage resistance function R− is analogous to the

R-curve in fracture mechanics. Its dependence on F allows the damage resistance

to be strain dependent. In particular, different tensile and compressive responses

can be described.
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5 Example: Mullins effect

As an application of the modelling framework developed in this paper, we present

in this section some qualitative results related to the stress-softening phenomenon

(Mullins effect) as is outlined by Krishnaswamy and Beatty (2000).

We consider an uniaxial extension described by:

x1 = λX1, x2 = δX2, x3 = δX3, (38)

where xi and XI are the cartesian coordinates of x and X (equation (1)), and λ

and δ are positive constants.

The principal invariants of the right Cauchy-Green strain tensor C = FTF are:

I1 = tr C = λ2 + 2δ2,

I2 = 1

2

[
I 2

1 − tr (C2)
] = 2λ2δ2 + δ4,

I3 = det C = λ2δ4.

(39)

To model certain foamed rubbers Krishnaswamy and Beatty (2000) use the

following strain energy function for the pristine material:

W̃ (I1, I2, I3) = µ0

2

(
I2

I3
+ 2

√
I3 − 5

)
, (40)

where µ0 is a positive material constant. By assuming that the strain energy

response is

φ̂(F, α) = αŴ(F) = αW̄(C) = αW̃(I1, I2, I3), (41)

it follows from equation (25) that

τ = µ0

2

(
4
√
λ+ λ−2 − 5

)
, (42)

and, by equation (15), that the components of first Piola-Kirchhoff stress S, which

is given by

S = 2αF ∂CW̄ (C), (43)
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are Sij = 0 for i �= j , and

S11 = αµ0

λδ2

(
λδ4 −

(
δ

λ

)2
)
, S22 = S33 = αµ0

δ3
(λδ4 − 1).

In the case of an uniaxial stress state, where S11 = S and S22 = S33 = 0, we

have that

δ = λ−1/4,

S = αµ0λ
−1/2(1 − λ−5/2),

(44)

whereas the corresponding component of the Cauchy stress is

T11 = T = αµ0(1 − λ−5/2). (45)

We also assume that gradient effects are negligible, which means that κ := 0

in equation (26), and that the cohesion energy (24) is given by:

f (α) := 1

b
(α lnα − α), (46)

where b > 0 is a material parameter. We choose a simple constitutive function

for B+ and B− in equation (20):

B+(σ, α̇) := B−(σ, α̇) := βα̇, (47)

where β > 0 is the kinetic modulus. We also choose in equation (20) the

following constitutive functions:

A−(σ ) :=
⎧⎨
⎩
aT if λ > 1,

aC if 0 < λ ≤ 1,

A+(σ ) := c α,

(48)

where, by (21), c ≥ 0, aT ≤ 0 and aC ≤ 0. Notice that, as we already remarked,

A+ is a parameter associated with damage healing. In order to preclude this effect

it is enough to assign a large value to c, otherwise, if we consider damage healing

we choose a small enough value to c. The constitutive choice for A− allows us

to consider different resistances to traction (aT ) and compression (aC).
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Taking into account the aforementioned constitutive assumptions, the equation

(32) is now written as:⎧⎪⎪⎪⎨
⎪⎪⎪⎩
βα̇ = R+ − τ if τ < R+,

α̇ = 0 if R+ ≤ τ ≤ R−,

βα̇ = R− − τ if τ > R−,

(49)

where:

τ = µ0

2

(
4
√
λ+ λ−2 − 5

)
,

R+ = − lnα

b
− c α,

R− =

⎧⎪⎪⎨
⎪⎪⎩

− lnα

b
− aC if 0 < λ ≤ 1,

− lnα

b
− aT if λ > 1.

(50)

Equation (49), which is a rate-dependent kinetic law for α, is similar to the

viscoplastic regularization of the Perzyna type (see Simo and Hughes (1999)),

in which the rate-independent law is recovered by taking β → 0.

Let us define the normalized quantities:

H ∗ = H

µ0
where H = T , S, τ, β, c, aT , aC and b∗ = b µ0.

We consider initially the cyclic loading shown in Figure 1. Figure 2 shows the

normalized Cauchy stress T ∗ versus the stretch λ with the parameters:

b∗ = 0.4, a∗
T = a∗

C = 0, c∗ = 105

(which means that there is not damage healing) and β∗ = 0.005 s−1 (which

means that this case is rate-independent). Observe that this curve is very close

to the one obtained by Krishnaswamy and Beatty (2000).

It is interesting to observe the same situation in a rate-dependent model, by

using β∗ = 0.5 s−1. Figure 3 shows the response for this case.

Now we consider the loading shown in Figure 4.
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Figure 1 – Cyclic loading.
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Figure 2 – Rate-independent response.
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Figure 3 – Rate-dependent response.

Figure 5 shows the normalized Cauchy stress T ∗ versus the stretch λ with the

parameters: b∗ = 0.4, a∗
T = a∗

C = 0, c∗ = 105 (without damage healing) and

c∗ = 0.8 (with damage healing), and β∗ = 0.005 s−1 (rate-independent case).

Observe that during the stretch growth both cases (with and without damage

healing) have the same result. During the unloading damage healing occurs and

the results are different. The damage healing is better viewed in Figure 6 where

the damage variable increases during the unloading.
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Figure 4 – Stretch in tension.
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Figure 5 – Damage healing in Cauchy stress × stretch curve.
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Figure 6 – Damage healing in damage variable × stretch curve.

We show in Figure 8 different tensile and compressive responses under the

loading history shown in Figure 7. In this case we use the following parameters:

b∗ = 0.4, a∗
T = −0.1, a∗

C = −1.0, c∗ = 105

(without damage healing) and β∗ = 0.005 s−1 (rate-independent case).
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Figure 7 – Tensile and compressive stretch.

-8

-6

-4

-2

0

2

-1 -0.5 0 0.5 1 1.5 2 2.5

T ∗

(λ − 1)

O = B

A

C

Figure 8 – Different tensile and compressive responses.

6 Conclusions

We have proposed a finite strain continuum theory to describe the behavior of

elastic-brittle solids with microstructure. The microstructure was described by

a single scalar microstructural field. A system of microforces, dual to the mi-

crostructural field, was axiomatically introduced. The corresponding balance,

augmented with suitable constitutive information, yielded a kinetic equation for

the microstructural field, criteria for damage nucleation, growth and healing

as well as a failure criterion based on attainment of a critical value of the mi-

crostructural field. The potentiality of the theory was addressed by applying it

to the description of the Mullins effect.
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