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Abstract. Considering hypothetical co-orbital asteroids with the Earth, Tatum (1997) presented

a study about the necessary radial distance in order to produce collision. He adopted an analysis

considering a composition of circular two-body systems, Sun-Earth and Sun-Asteroid. He found

that asteroids with radial positions between 0.9943 and 1.0057 AU would necessarily collide with

the Earth. In the present work, we show that this problem cannot be treated in this way. Adopting

the circular restricted three-body problem, we verified that asteroids in the supposed region of

collision with the Earth have stable horseshoe trajectories. Therefore, in the co-orbital region the

dynamical system has to be studied as a restricted three-body problem since the composition of

two-body problems gives a misleading result.

Mathematical subject classification: M50.
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Introduction

According to observations of the Spacewatch program there is a class of small

asteroids (less than 50m) with similar orbits to the Earth’s orbits with respect

to the Sun (Rabinowitz et al., 1993). Such objects can get very close to the

Earth and even collide, causing damage similar to that occurred in Tunguska

(Chyba, 1993).
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On Table 1 is presented a list of asteroids that have got close to the Earth in

recent years. Their distances are approximately the closest with respect to the

center of the Earth. In this table are small asteroids (Chyba, 1993 and Rabinowitz

et al., 1993): 1993KA2, 1991BA, 1991VG, 1993UA e 1993KA. The asteroid

1991VG has similar orbits to the Earth’s, with semi-major axis 1.04 AU and

eccentricity 0.067. Since such small asteroids have similar orbits to the Earth, it

is relevant to find out the orbital characteristics that would contribute or not to

produce collision with the Earth.

According to Farinella et al. (1996) the significant dynamical mechanisms that

may affect the orbit Earth-crossing asteroids orbits depend on time span of the

effect of some secular resonances caused by Mars perturbations. This resonant

perturbations on a long time span can make the asteroid to collide with the Earth.

Wiegert et al. (1998) studied the orbital evolution of a near-Earth asteroid in

1:1 mean motion resonance with the Earth. It also crosses the orbits of Venus

and Mars. From this study has been shown that the behavior of the horseshoe

orbit is primarily under the influence of the Sun and Earth, but its long term

behavior and stability are strongly affected by terrestrial (Venus and Mars) and

Jovian planets. Namouni (1999) and Namouni & Murray (2000) studied the

three-body problem when co-orbiting objects can experience close encounters.

They showed that considering the case of high inclination and high eccentricity

there are secular mechanisms that protect asteroids against collisions with the

Earth. This asteroids can be temporarily captured in co-orbital configurations

or in orbits with few revolutions and escape (Christou, 2000 and Morais &

Morbidelli, 2002).

Considering hypothetical co-orbital asteroids with the Earth, Tatum (1997)

presented a study about the necessary radial distance in order to produce collision.

He adopted an analysis considering a composition of circular two-body systems,

Sun-Earth and Sun-Asteroid. He concluded that hypothetical co-orbital asteroids

with the Earth, might collide with the planet, provided that the radial distance

asteroid-Earth, is the range 0.9943 and 1.0057 AU.

The model adopted by Tatum (1997) and his approximations give a

misleading result.

According to the references presented, this asteroids are under planetary per-
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Designation Date Distance
(103 km)

2003 SQ222 2003 Sept. 27 84
1994 XM1 1994 Dec. 9 108
2002 XV90 2002 Dec. 11 118
2002 MN 2002 June 14 120
1993 KA2 1993 May 20 148
2003 XJ7 2003 Dec. 6 148
2003 SW130 2003 Sept. 19 162
1994 ES1 1994 Mar. 15 169
1991 BA 1991 Jan. 18 171
2003 UM3 2003 Dec. 12 281
2001 BA16* 2001 Jan. 15 307
2003 HW10 2003 Apr. 29 331
2002 GQ 2002 Mar. 31 422
1995 FF** 1995 Mar. 27 433
1996 JA1 1996 Mar. 19 454
2003 XV 2003 Dec. 6 458
1991 VG 1991 Dec. 5 458
2002 EM7 2002 Mar. 8 466
2002 CB26 2002 Feb. 8 480
2003 LW2 2003 June 1 496
1994 WR12 1994 Nov. 24 720
1995 UB 1995 Oct. 17 750
1993 UA 1993 Oct. 18 1,000
1994 GV 1994 Apr. 12 1,030
1993 KA 1993 May 17 1,060
1997 UA11 1997 Oct. 26 1,060
1997 CD17 1997 Feb. 9 1,110

Table 1 – Some asteroids that have got close to the Earth in recent years. The dis-

tances are as given on January, 2004 by the Minor Planet Center Database available

at http://cfa-WWW.harvard.edu/iau/NEO/TheNEOPage.html. To have an idea of how

close are these distances, bear in mind that the Earth-Moon distance is about

384,400 km. *The closest approach to the Moon was 79,287 km. **The closest

approach to the Moon was 194,447 km.
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turbations in the solar System.

In the present work, the main goal is to demonstrate that asteroids in the

supposed region proposed by Tatum (1997) have stable trajectories. Adopting

the circular restricted three-body problem, neglecting all other perturbations, we

verified that these orbits are of tadpole or horseshoe type.

In the following section we summarize the work of Tatum (1997). In section 3

we present a brief review of the theory of co-orbital motion. Our numerical

simulations are shown in section 4. The conclusion is given in the last section.

1 Tatum’s results

Following we summarize the work of Tatum (1997). Considering only the system

Earth-Moon and inserting a third body, the gravitational attraction of the Earth

can be relevant in the collisional process of NEOs with the Earth. The terrestrial

gravitational force will depend on the impact parameter and the relative velocity

of the third body. The gravitational attraction of the Earth can implicate in a

cross-section larger than the area of the maximum geometrical circle formed

by Earth, called effective cross-section. Therefore, the asteroid could be pulled

in from an area that may be considerably larger than Earth’s geometrical cross

section.

In Figure 1 is presented a diagram representing the orbit of an asteroid (A) and

the Earth’s orbits (E). Both orbits are assumed to be planar and circular. In the

top diagram the distances between the orbits is large enough to avoid collision

between the asteroid and the Earth. The asteroid does not suffer significant

gravitational influence of the Earth. In the bottom diagram the distance is smaller

and the effective cross-section is much larger than Earth’s geometrical cross

section. The asteroid collides with the Earth.

In order to determine the critical radial distance between the asteroid and the

Earth, it is considered the intensity of the Earth’s velocity in the inertial frame,

V⊕, the Earth’s orbital radius, r⊕, the asteroid’s orbital radius, r⊕ + δr⊕, and the

intensity of the asteroid’s velocity in the inertial frame, V⊕ + δV⊕. In this case

the symbols δr⊕ and δV⊕ are the impact parameter and the asteroid’s relative

velocity.

Considering the circular two-body problem Earth-asteroid, energy and angular
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Figure 1 – Diagram representing the orbit of an asteroid (A) and the Earth’s orbits (E). In

figure (a) the distances between the orbits is large enough to avoid collision between the

asteroid and the Earth. The asteroid does not suffer significant gravitational influence

of the Earth. In figure (b) the distance is smaller and the effective cross-section is much

larger than Earth’s geometrical cross section. The asteroid collides with The Earth.

(adapted from Tatum’s paper).

moment are conserved, so

v2
0 = v2

p − 2GM⊕
q

(1)

and

v0δr = vpq (2)

where G, M⊕, q, v0 and vp are gravitational constant, Earth’s mass, perigee,

initial and perigee velocities of the asteroid, respectively. From (1) and (2) can

be deduced the following equation

δr2

q2
= 1 + 2GM⊕

qv2
0

(3)

Considering that v0 = δV⊕ and replace q by Earth’s radius, R⊕. In this way, the

equation (3) become

δr = R⊕

[
1 +

(
Ve

δV⊕

)2
] 1

2

(4)
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104 COLLISION BETWEEN CO-ORBITAL ASTEROIDS AND THE EARTH

where Ve is the escape velocity from the surface of the Earth. This is the expres-

sion for radius of the effective cross-section (or impact parameter).

Now it is considered the circular two-body problems Sun-Earth and Earth-

asteroid. The ratio between the orbital periods of the Earth T⊕ and of the asteroid

TA is given by

T⊕
TA

=
(

r⊕
r⊕ + δr⊕

) (
V⊕

V⊕ + δV⊕

)
(5)

Using Kepler’s third law and equation (1), the asteroid’s relative velocity is

approximately given by

δV⊕ = −V⊕
(

δr⊕
2r⊕

)
(6)

Using equations (6) and (4) one can find

(δr⊕)4 − R2
⊕(δr⊕)2 −

(
8GM⊕R⊕r2⊕

V 2⊕

)1/4

= 0 (7)

From this equation Tatum (1997) determined the minimum δr⊕ for an asteroid

collide with the Earth as being 0.0057 AU (about 2,2 times the Earth – Moon

distance). Therefore, from such result, asteroids with small eccentricities and

semi-major axis between 0.9943 and 1.0057 AU would collide with the Earth in

the first encounter.

2 Coorbital motion theory

For more than two centuries it is well known that the circular restricted

three-body problem presents five equilibrium points. These points are called

Lagrangian equilibrium points L1, L2, L3, L4 and L5. It is also known that

stable orbits can evolve in the co-orbital region, oscillating around some of the

Lagrangian points (see for instance Roy, 1988; Petit & Hénon, 1986; Dermott &

Murray, 1981). The stable orbits can be of tadpole or horseshoe type. Trajectories

librating around L4, L3 and L5 are called horseshoe orbits. Horseshoe orbits

are so named because of their shape in a reference frame that co-rotates with

their accompanying planet. Tadpole trajectories are librating about the L4 or L5

Lagrangian points. These orbits are in 1:1 resonance with their accompanying
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planet. In Figure 2 is presented a diagram indicating the lagrangian points and

the regions where the stable co-orbital trajectories can happen.

Figure 2 – Diagram indicating the lagrangian points and the regions where the stable

co-orbital trajectories can happen. The horseshoe and tadpole orbits are viewed in the

rotating frame. Horseshoe orbits encompass the L4, L3 and L5 points. Tadpole orbits

oscillates about the L4 or L5 Lagrangian points. (adapted from Murray & Dermott,

1999).

Dermott & Murray (1981) developed an analytical approach in order to

estimate the width of the stable co-orbital region, which is expressed by

δr ∼ (m2/m1)
1/3, where m1 and m2 are the masses of the central body and

the secondary body. In the Sun-Earth case we have δr ∼ 0.01443.

3 Numerical simulations

In this section we present numerical results of simulations adopting the circular

restricted three-body problem, Sun-Earth-Asteroid. The initial conditions of the

asteroid are such that it is in a co-orbital circular orbit with the Earth, with orbital

radius between 0.960, 0.970, 0.981, 0,985, 0.990 and 0.994 AU. The values of

semi-major axis cover a representative part of the analyzed region.

Figure 3 shows the trajectories from the numerical simulations in polar coordi-

nates, r and θ , in a frame rotating with the Earth. From the obtained result note

that there are four types of orbital evolutions of the asteroid: temporary capture

around the Earth (or collision with the Earth), scattering of the orbit, formation
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106 COLLISION BETWEEN CO-ORBITAL ASTEROIDS AND THE EARTH

of waves and stable horseshoe or tadpole orbits.

Note that the trajectories in the range 0.9943 < r < 1.0057 AU, believed to

be trajectories of collision with the Earth (previous section), are in fact stable

horseshoe or even tadpole orbits. The actual minimum approximation one of

these trajectories can get from the Earth is more than 10◦, without any chance

of collision. This two bodies ‘‘repel’’ each other azimuthally and never come

in close proximity. In fact, the width of the stable co-orbital region is delimited

at least in the range 0.990 ≤ r ≤ 1.010 AU. Eventually, a collision between an

asteroid and the Earth can occur for trajectories just outside of the border of the

stable region (see in Figure 3 the case of the trajectory with initial r ≈ 0.98 AU).

That is due to the chaotic behavior of the region limiting the stable co-orbital

region.
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Figure 3 – Numerical simulations of the co-orbital region considering the circular re-

stricted three-body problem, Sun-Earth-asteroid. The values are given in polar coordi-

nates, r and θ , in the rotating frame. The Earth is located at r = 1.00 AU and θ = 0◦.

4 Conclusion

The main contribution of this work is that adopting the circular restricted three-

body problem, as a first approximation, we confirm that asteroids in the supposed

region of collision with the Earth have stable horseshoe/tadpole trajectories.

Therefore, in the co-orbital region the dynamical system has to be studied as a

restricted three-body problem since the composition of two-body problems gives
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a misleading result. It is important to bear in mind that in our study we neglected

all other perturbations. According with the references mentioned above, in a

more realistic model other perturbations must not be neglected.

Acknowledgements

This work was funded by CNPq, Capes and Fapesp.

REFERENCES

[1] A.A. Christou, A Numerical Survey of Transient Co-orbitais of the Terrestrial Planets. Icarus,

144 (2000), pp. 1–20.

[2] C.F. Chyba, Explosions of Small Spacewatch Objects in the Earth’s Atmosphere. Nature,

363 (1993), pp. 701–703.

[3] S.F. Dermott and C. D. Murray, The Dynamics of Tadpole and Horseshoe Orbits. I. Theory.

Icarus, 48 (1981), pp. 1–11.

[4] C.D. Murray and S.F. Dermott, “ Solar System Dynamics ”, Cambridge University Press.

Cambridge, England, (1999).

[5] R.C. Domingos, “ Atuação da Lua no Processo Colisional de Corpos Celestes com a Terra”,

Master Thesis, UNESP, Guaratinguetá, Brazil, (2000).

[6] P. Michel, P. Farinella and Ch. Froeschlé, The Orbital Evolution of the Asteroids Eros and

Implications for Collision with the Earth. Nature, 380 (1996), pp. 689–691.

[7] M.H.M. Morais and A. Morbidelli, The Population of Near-Earth Asteroids in Coorbital

Motion with the Earth. Icarus, 160 (2002), pp. 1–9.

[8] F. Namouni, Secular Interactions of Coorbiting Objects. Icarus, 137 (1999), pp. 293–314.

[9] F. Namouni and C.D. Murray, The Effect of Eccentricity and Inclination on the Motion Near

the Lagrangian Points L4 and L5. Celestial Mechanics and Dynamical Astronomy, 76 (2000),

pp. 131–138.

[10] J.M. Petit and M. Hénon, Satellite Encounters. Icarus, 66 (1986), pp. 536–555.

[11] D.L. Rabinowitz, T. Gehrels, J.V. Scotti, R.S. Mcmillan, M.L. Perry, W. Wisniewski, S.M.

Larson, E.S. Howell and B.E.A. Mueller, Evidence for a Near-Earth Asteroid Belt. Nature,

363 (1993), pp. 704–706.

[12] A.E. Roy, “ Orbital Motion”, Adam Hilger, Bristol, (1988).

[13] J.B. Tatum, The Capture Cross-Section of Earth for Errant Asteroids. Journal of the Royal

Astronomical Society of Canada, 91 3 (1997), pp. 276–278.

[14] P.A. Wiegert, K.A. Innanen and S. Mikkola, The Orbital Evolution of Near-Earth Asteroid

3753. The Astronomical Journal, 115 (1998), pp. 2604–2613.

Comp. Appl. Math., Vol. 24, N. 1, 2005



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


