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Synthesis of a Magneto-Rheological
Vehicle Suspension System Built on the
Variable Structure Control Approach
The synthesis of a magneto-rheological vehicle suspensionsystem built on the variable
structure control approach is considered in the present work. The suspension is synthesized
in order to improve the ride comfort obtained by a standard passive suspension. Although a
nominal half-vehicle model with rigid body is considered inthe synthesis of the suspension,
phenomenological models for the MR dampers and for the seat-driver subsystem, along
with the flexibility of the vehicle body, are considered in the performance assessment. For
comparison purposes, active and magneto-rheological suspensions built on the optimal
control approach and an active suspension built on the variable structure control approach
are also considered. The numerical results show that the proposed suspension outperforms
the passive suspension and presents a performance comparable to that of the active ones
when the vehicle body may be assumed as rigid. Besides, when its flexibility is an important
issue, a great performance drop may be observed, depending on the road quality, the
damper characteristics and the adopted control strategy.
Keywords: magneto-rheological suspension, variable structure control, flexible half-
vehicle model, seat-driver subsystem

Introduction

A vehicle suspension system must fulfill several purposes,
namely: support the vehicle weight; provide stability (handling) and
directional control (road holding) during maneuvers and braking; and
provide effective isolation of the vehicle body from road-induced dis-
turbances (ride comfort) (Hrovat, 1997). Besides, the suspension sys-
tem must also satisfy a design constraint related to the limited space
available for its deflection. These different tasks, along with the spa-
tial constraint, yield conflicting design trade-offs that give rise to great
technological challenges.

In conventional suspension systems, composed of springs and
dampers or shock absorbers, the characteristics of the suspension el-
ements cannot be changed and, hence, conflicting trade-offsbetween
different performance indices, such as ride comfort and road holding,
are extremely difficult to be achieved (Sharp and Hassan, 1986). As a
consequence, these passive suspensions are only effectivein a limited
range of the vehicle operation.

Much more flexible and, consequently, more effective systems
can be obtained through the use of active suspensions (Hrovat, 1997;
Shirahatt et al., 2008), in which externally powered forcesare pro-
vided according to measured responses of the system and to some
control strategy. Although active suspensions present great improve-
ments on the performances obtained by conventional passiveones,
they often require excessive power supply and sophisticated electronic
devices. Besides, due to its complexity, an active suspension may not
present the reliability of conventional passive systems.

In order to circumvent those technical difficulties, a lot ofef-
fort has been recently devoted to semi-active suspensions (Yokoyama,
Hedrick and Toyama, 2001; Stutz and Rochinha, 2005; Nguyen and
Choi, 2009). Basically, semi-active suspensions differ from the pas-
sive ones by the fact that their stiffness and/or damping properties can
be actively changed according to some control strategy. Thesemi-
active systems represent some of the most promising devicesfor prac-
tical applications in vibration isolation problems. This is due to their
inherent stability and versatility, besides the relative simplicity and
much lower power demand as compared with their active counterparts
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(Carlson and Spencer Jr., 1996).
The development of electro-rheological (ER) and magneto-

rheological (MR) dampers increased the applicability of the semi-
active suspensions. In these devices, the rheological properties
(elasticity, plasticity and viscosity) of their fluids can be reversibly
changed in the presence of electric and magnetic fields, respectively.
Therefore, the semi-active dampers are only capable to dissipate en-
ergy from the system in a passive manner, but with a rate that may
be actively controlled through the control of the electric or magnetic
fields. Hence, the energy required to generate these appropriate fields
is just the one required by the ER or MR dampers. This energy is
considerably lower than that required by active devices, as, for in-
stance, hydraulic actuators. However, due to the highly nonlinear dy-
namic behavior of these semi-active systems, one of the mainchal-
lenges to their practical application is the development ofappropri-
ate control algorithms (Jansen and Dyke, 2000; Stutz and Rochinha,
2005). Several models have been proposed in order to model the dy-
namic behavior of the MR dampers. These include polynomial mod-
els (Choi, Lee and Park, 2001; Du, Sze and Lam, 2005), a neural
network model (Chang and Zhou, 2002), phenomenological models
built on the Bouc-Wen hysteretic model (Spencer Jr. et al., 1996),
among others.

The variable structure control approach is known to be robust and
even insensitive to some classes of system disturbances (Edwards and
Spurgeon, 1998). Therefore, due to dynamic complexities, parame-
ter uncertainties and varying operational conditions, always present
in vehicle suspension problems, different active and semi-active sus-
pensions built on the variable structure control approach have been
proposed in the literature. In Yokoyama, Hedrick and Toyama(2001)
the variable structure control was considered to synthesize a MR sus-
pension system for a quarter-car model. In that paper, the control law
was derived so that the dynamics of the system followed a desired one
provided by a reference model. The research showed that the pro-
posed suspension achieved satisfactory performance only in the low
frequency range. In Stutz and Rochinha (2007) the same strategy was
extended to a half vehicle model. Besides, a phenomenological model
of the seat-driver subsystem and the modified Bouc-Wen modelof the
MR damper were also considered in the numerical assessment of the
proposed suspension. The numerical results showed that theproposed
suspension outperformed the standard passive one. In Liangbin and
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Dayue (2004), a variable structure suspension system builtonly on
the measured output was presented. A mathematical model of aER
damper was experimentally derived and it was considered in numeri-
cal simulations that showed the effectiveness of the suspension even
in the presence of parameter uncertainties. In (Yoshimura et al., 2001;
Sung et al., 2008), the effectiveness of vehicle suspensions systems
built on the variable structure control were experimentally demon-
strated.

In the present work, a MR suspension system is synthesized, built
on the variable structure control approach with model tracking, which
is a well known robust control approach (Edwards and Spurgeon,
1998). The main objective of the work is to synthesize a variable
structure suspension system based on a simple nominal half vehicle
model, since the variable structure control approach is supposed to
deal with some unmodeled dynamics and parameters uncertainties,
which are commonly present in a vehicle suspension design. Anom-
inal half vehicle model with a rigid body is, therefore, assumed in the
synthesis of the suspension. However, due to the semi-active nature
of the MR dampers, with a highly hysteretic behavior, and dueto the
control structure interaction, the performance potentials of the system
were numerically assessed considering a more practical situation, that
is, taking into account the MR damper behavior, the flexibility of the
vehicle body, and the seat-driver subsystem. Most papers inthe lit-
erature do consider a vehicle with a rigid body in the synthesis of a
vehicle suspension; however, some important issues that may consid-
erably affect the performance of the suspensions, as for example the
flexibility of the vehicle body, are not always considered.

Here, the MR suspension is synthesized considering a half-
vehicle model with rigid body (Stutz, 2005). A reference model,
based on a nominal vehicle model, and the optimal control approach
are considered for specifying the desired dynamics for the vehicle
body. Then, a variable structure control force is derived inorder to
compel the tracking error dynamics, between the state of thevehicle
body and that of the reference model, to attain a sliding mode. Finally,
due to the fact that the MR dampers only dissipate energy fromthe
system, to induce the dampers to approximately reproduce the desired
variable structure control force, the input voltages to their current
drivers are derived according to the clipped-control algorithm (Jansen
and Dyke, 2000).

Steady-state and transient performances of the proposed suspen-
sion are assessed through numerical analyses, where phenomenolog-
ical models for the MR dampers and for the seat-driver subsystem,
along with a half-vehicle model with flexible body, are takeninto ac-
count. For comparison purposes, active and MR suspensions built on
the optimal control approach and an active suspension builton the
variable structure control approach were also considered in the nu-
merical analysis.

Nominal Model: Half-Vehicle Model with Rigid Body

In the present work, a half-vehicle model with rigid body is con-
sidered for the synthesis of a magneto-rheological (MR) vehicle sus-
pension system. In this model, depicted in Fig. 1, the vehicle body has
massm1 and moment of inertiaJ with respect to its center of gravity
G. The massesm2 f andm2r are the effective ones of the front and rear
suspensions, respectively. The suspensions are composed of springs
k1 f andk1r ; conventional dampersd1 f andd1r ; and, in the case of ac-
tive or semi-active suspensions, control elements which perform the
control forcesuf andur . The stiffness and damping of the tyres are
modeled by linear springs,k2 f and k2r , and dampers,d2 f and d2r ,
respectively.

The geometrical parametersa1, a2 andb2 define the position of
the pointsPf andPr , which are connection points between the front
and rear suspensions and the vehicle body, respectively.
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Figure 1. Half-vehicle model with rigid body.

The dynamic behavior of the half-vehicle model is given by:

m1q̈G+d1 f (q̇1 f − q̇2 f )+d1r (q̇1r − q̇2r )

+k1 f (q1 f −q2 f )+k1r (q1r −q2r ) = uf +ur ;

Jθ̈+a1d1 f (q̇1 f − q̇2 f )−a2d1r (q̇1r − q̇2r )

+a1k1 f (q1 f −q2 f )−a2k1r(q1r −q2r ) = a1uf −a2ur ;

m2 f q̈2 f +d2 f q̇2 f +d1 f (q̇2 f − q̇1 f )

+k2 f q2 f +k1 f (q2 f −q1 f ) =−uf +d2 f żf +k2 f zf ;

m2r q̈2r +d2r q̇2r +d1r (q̇2r − q̇1r )+k2r q2r

+k1r (q2r −q1r ) =−ur +d2r żr +k2r zr .

(1)

where(·) represents the differentiation with respect to time,qG is the
vertical displacement of the center of gravity G;θ is the angular dis-
placement of the vehicle body;q1 f andq1r are the vertical displace-
ments of the connection pointsPf andPr , respectively;q2 f andq2r
are the displacements of the front and rear wheels; andzf andzr are
front and rear disturbances due to the movement of the vehicle over
an unevenness road.

Assuming that the vehicle body undergoes small rotations about
its center of gravity G, one has the following approximations:

q1 f = qG+a1θ;

q1r = qG−a2θ.
(2)

Defining the generalized displacement vector

q = [qG θ q2 f q2r ]
T
, (3)

whereT means transpose, the dynamic equations in (1) may be writ-
ten in matrix form as

Mq̈+Dq̇+Kq = B′u+B′
f zfz, (4)

whereM , D andK are, respectively, the mass, damping and stiffness
matrices of the system;B′ andB′

f z are input matrices related to the
control actionu and the road-induced disturbancefz, which are de-
fined as

u =

[

uf
ur

]

and fz =
[

d2 f żf +k2 f zf
d2r żr +k2rzr

]

. (5)
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Therefore, considering Eqs. (3) and (4) and defining the state vec-
tor

x =

[

q
q̇

]

, (6)

the dynamics of the system may be described by the state-space equa-
tion

ẋ = Ax+Bu+B f zfz. (7)

It is worth emphasizing that, in the present work, the state vector
x, defined in Eq. (6), is assumed to be known. Hence, the state com-
ponents are supposed to be directly measured or derived fromother
measured signals.

Magneto-Rheological Variable Structure Control (MR-
VSC) Suspension System

The MR-VSC suspension was synthesized as follows. A refer-
ence model was considered for specifying the desired dynamics for
the vehicle body. Then, a variable structure control force was derived
in order to force the tracking error dynamics, between the state vec-
tor of the vehicle body and the corresponding one of the reference
model, to attain a sliding mode (Yokoyama, Hedrick and Toyama,
2001). This force was taken as the desired one for the MR dampers.
Finally, the clipped-control approach (Jansen and Dyke, 2000) was
considered for determining an input voltage to the current drivers of
the dampers such that the generated forces approximately reproduce
the desired ones.

Considering the first two equations in (1) and defining the state
vector

xb = [qG θ q̇G θ̇]T , (8)

the actual dynamic behavior of the vehicle body may be written in a
general state-space form as

ẋb = Abxb+Bb
(

u+ f2+ fφ+ fp
)

, (9)

whereu is the control action defined in (5);f2 is a known input signal
defined from nominal parameters of the suspensions and the wheel
dynamics, which is considered as known, viz.

f2 =
[

d1 f q̇2 f +k1 f q2 f
d1r q̇2r +k1r q2r

]

; (10)

the unknown signalfφ accounts for disturbances resulting from un-
modeled dynamics, as, for instance, the ones resulting fromthe flexi-
bility of the vehicle body; and, finally, the unknown signalfp accounts
for parameter uncertainties and it is given by

fp =







−∆d1 f (q̇1 f − q̇2 f )−∆k1 f (q1 f −q2 f )−

(

a2∆m1q̈G+∆Jθ̈
a1+a2

)

−∆d1r(q̇1r − q̇2r )−∆k1r(q1r −q2r )−

(

a1∆m1q̈G−∆Jθ̈
a1+a2

)






,

(11)

where∆(·) represents the uncertainty on the nominal parameter(·).

Synthesis of the reference model

In order to specify the desired dynamics for the vehicle body, the
reference model depicted in Fig. 2 was adopted. All parameters in

q 2f

k1fm
d 1fm

ufm
k1rm

d 1rm

urm

q 2r

mm

q
Gm

m

Figure 2. Reference model for the vehicle body.

this model are counterparts of those in the nominal vehicle model
depicted in Fig. 1. One should note, from Fig. 2, that the reference
model dynamics does depend on the actual dynamics of the wheels,
that is, it depends onq2 f ,q2r , q̇2 f andq̇2r .

The dynamics of the reference model vehicle body is given by

ẋbm= Abmxbm+Bbm(um+ f2m) , (12)

whereum is the control force vector; the state vectorxbm and the
input signalf2m are the reference model counterparts of those signals
in Eqs. (8) and (10) for the vehicle body, viz.

xbm= [qGm θm q̇Gm θ̇m]
T
, (13)

and

f2m =

[

d1 fmq̇2 f +k1 fmq2 f
d1rmq̇2r +k1rmq2r

]

. (14)

It is worth noting that, in the particular case when the reference
model parameters are adopted as the corresponding ones of the nom-
inal vehicle model, one has

f2m = f2. (15)

Therefore, in order to the reference model dynamics, given by
Eq. (12), be the desired one for the vehicle body, the controlforceum

should be properly determined.
In the present work, the aim of the proposed suspension is to im-

prove the ride comfort obtained by standard passive suspension sys-
tems and, for the purpose of establishing its performance potentials,
the root mean square value of the vertical and pitch accelerations are
considered throughout the paper as an adequate measure of ride qual-
ity. The smaller the rms value of the accelerations, the greater the
subjective ride comfort experienced (Smith, McGehee and Healey,
1978).

Here, the optimal control approach was considered for determin-
ing the dynamics of the reference model. The following performance
index, that trades off ride comfort and suspension deflections, while
maintaining constraints on the control effort, was adopted:

Jm = lim
T→∞

1
T

∫ T

0

{

r1 (q̈Gm)
2+ r2(θ̈m)

2

+ r3

[

(q1 fm−q2 f )
2+(q1rm−q2r )

2
]

+ r4(u
2
fm+u2

rm)
}

dt,

(16)

wherer1, r2, r3 andr4 are weighting coefficients. The coefficientsr1
andr2 weight the ride comfort, which are related to the mean square
value of the vertical and pitch accelerations, respectively. The smaller
the rms value of the accelerations, the greater the subjective ride com-
fort (Smith, McGehee and Healey, 1978; Hrovat, 1997). The coeffi-
cient r3 weights the mean square value of the suspension deflections,
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which takes into account the limited stroke capability of the suspen-
sions, and the coefficientr4 weights the mean square value of the con-
trol efforts. It is worth noting that the performance index in Eq. (16)
and, consequently, the dynamics of the reference model do not explic-
itly depend on the road disturbanceszf andzr .

The desired dynamics for the vehicle body is, therefore, defined
as follows: considering the reference model described by Eq. (12),
the control actionum is determined such that the performance index
given by Eq. (16), which reflects the desired dynamics, is minimized.

The performance index (16) may be expressed as a quadratic form
of the state vectorxbm and the control actionum as

Jm = lim
T→∞

1
T

∫ T

0

{

xT
bmQmxbm+2xT

bmNmum+uT
mRmum

}

dt.

(17)

As it can be shown (Anderson and Moore, 1990), the control force
that minimizes the performance index (17), under the dynamic con-
straint given by Eq. (12), is given by

um =−Gmxbm, (18)

with the optimal gain matrixGm given by

Gm = R−1
m

(

NT
m+BT

bmPm

)

, (19)

wherePm is the symmetric positive definite matrix solution of the
algebraic Riccati equation

PmĀm+ ĀT
mPm−PmBbmR−1

m BT
bmPm+ Q̄m = 0, (20)

whereĀm andQ̄m are defined as:

Ām =
(

Abm−BbmR−1
m NT

m

)

;

Q̄m = Qm−NmR−1
m NT

m.

(21)

Synthesis of the variable structure control force

Defining the tracking error vector as the difference betweenthe
response of the vehicle bodyxb and that of the reference modelxbm,
viz.

e= xb−xbm, (22)

and considering Eqs. (9) and (12), the error dynamics is governed by

ė= Abme+Bbu+ fk+ fm, (23)

where the signalsfk andfm are defined as:

fk = [Ab−Abm]xb+Bbf2−Bbm(um+ f2m) ;
fm = Bb

(

fp+ fφ
)

.
(24)

It is worth noting thatfk is a known signal, since it is composed of
system nominal matrices, reference model matrices and other known
signals. The signalfm, on the other hand, represents an unknown
matched disturbance, since it is described as the product ofthe input
matrix Bb and other signals (Edwards and Spurgeon, 1998). Accord-
ing to Eq. (24), the disturbancefm is associated with unmodeled dy-
namics, throughfφ, and parameter uncertainties, throughfp, which is
defined in Eq. (11).

In the particular case where the reference model parametersare
adopted as the nominal parameters of the vehicle, the signalfk is given
as

fk =−Bbum. (25)

One may define a sliding surfaceS in the error space as

S = {e∈ R4 | s= 0}, (26)

wheres is an error-dependent switching function defined as

s= Se, (27)

whereS∈ IR2×4 is a design matrix of full rank which specifies the
sliding surfaceS . The matrixSmay be partitioned as

S= [S1 S2] , (28)

whereS1 ∈ IR2×2 andS2 ∈ IR2×2. For the existence and uniqueness
of the sliding mode, a necessary condition is that matrixS2 be non-
singular (Edwards and Spurgeon, 1998).

The error dynamics, when constrained to the sliding surfaceS ,
is described as a sliding mode and, according to Eqs. (26) and(27),
one has

Se= 0. (29)

Differentiating Eq. (27) and considering Eqs. (23) and (29)yields

S(Abme+Bbu+ fk+ fm) = 0. (30)

Assuming the matrixSBb is chosen to be nonsingular, an unique
control input, named equivalent control, may be obtained from the
algebraic equation in (30), viz.

ueq=−(SBb)
−1 S[Abme+ fk + fm] . (31)

The equivalent control represents a sufficient control input to maintain
the dynamics of the system in sliding mode (Edwards and Spurgeon,
1998).

Substituting the equivalent control, given by Eq. (31), in Eq. (23)
and considering the fact that the signalsfk and fm are matched, one
has the error dynamics during the sliding mode

ė=
[

I −Bb
(

SBb
)−1S

]

Abme, (32)

whereI is the identity matrix.
Therefore, according to Eq. (32), the error dynamics is indepen-

dent of the control inputu and it is invariant with respect to the
matched disturbancefm, which is related to unmodeled dynamics and
parameters uncertainties. Hence, a reference model and a sliding
surface matrix may be properly synthesized in such a way thatthe
error dynamics asymptotically goes to zero, despite the presence of
matched unmodeled dynamics and parameter uncertainties.

It can be seen (Edwards and Spurgeon, 1998) that the following
control law gives sufficient conditions for inducing and maintaining
the error dynamics in sliding mode

u = ul +un, (33)

whereul andun are, respectively, the linear and nonlinear parts of the
control law, which are given as follows.

ul =−
(

SBb)
−1S[Abme+ fk]+(SBb)

−1Φs, (34)
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whereΦ ∈ IR2×2 is an arbitrary matrix whose eigenvalues have nega-
tive real parts;

un =−ρ
(

SBb
)−1 P2s

‖P2s‖+δ
, for s 6= 0, (35)

whereδ is an arbitrary positive scalar defined in order to minimize the
chattering phenomenon (Edwards and Spurgeon, 1998), inherent in a
variable structure control action,P2 is a symmetric positive definite
matrix satisfying the Lyapunov equation

P2Φ+ΦTP2 =−I , (36)

with I being the identity matrix, andρ a modulation function, which
must satisfy the inequality

ρ ≥ ‖S2‖ ‖f̄m‖+η, (37)

where‖ · ‖ is the norm of(·), η is an arbitrary positive constant,S2 is
given in Eq. (28) and̄fm is the projection offm into the range space of
Bb.

A modulation function satisfying the inequality (37) ensures a
global asymptotic stability for the error dynamics (Edwards and Spur-
geon, 1998; Stutz and Rochinha, 2005); however, the signalf̄m is
unknown. A constant modulation function may also be chosen,al-
though, in this case, only a local stability can be proven.

It must be emphasized here that the focus of the present research
is to assess the performance potentials of the proposed MR-VSC sus-
pension system for different types of road conditions and inthe pres-
ence of unmodeled dynamics. Therefore, as usual in this case, the
assumption of the entire state vector is plausible (Hrovat,1997; Shi-
rahatt et al., 2008). In practice, the suspension strokes, the velocities
of the wheels and velocities of the connection pointsPf andPr are
easily accessible, so that the applicability of the MR-VSC suspen-
sion, as presented here, relies on the estimation of the entire state
vector of the system through a suitable state observer (Hrovat, 1997;
Sung et al., 2008), yielding, of course, some drop in the suspension
performance.

The clipped-control algorithm

Due to their semi-active nature, the MR dampers are not able to
perform an active control force, as the variable structure control one
given by Eqs. (33)-(35). Besides, only the input voltages tothe cur-
rent drivers of the MR dampers can be directly controlled. Therefore,
to induce the MR dampers to approximately generate the desired con-
trol action, the clipped-control approach (Jansen and Dyke, 2000) was
considered. In this approach, the input voltage vector, composed of
the input voltagesVf andVr to the front and rear dampers, respec-
tively, is given by

V =VmaxH
[

(u−uMR)
TuMR

]

, (38)

whereVmax is the maximum applied voltage,uMR is the force actually
provided by the MR dampers,u is the desired control force and H(·) is
the unit step function. Therefore, according to Eq. (38), the clipped-
control strategy only applies the extreme voltages, 0 orVmax, to the
current driver of the dampers.

Therefore, to implement the MR-VSC suspension, the clipped-
control algorithm was adopted, with the desired control force given
by Eqs. (33)-(35). The clipped-control approach was adopted due to
its simplicity and to the fact that it has succeeded in practical applica-
tions of MR dampers in control problems (Jansen and Dyke, 2000).

It would certainly be more beneficial to have a continuous voltage
applied to the damper. However, as will be seen, the dynamicsof
the MR dampers is highly nonlinear and, as a consequence, it is not
a simple task to derive a model that accounts for its dynamicsand
directly relates the desired control force with the required voltage to
the dampers. Figure 3 illustrates the clipped-control algorithm when
applied to one of the MR dampers.

u
V= Vmax

V= 0

V= 0

V= 0

V= 0

u
MR

V= Vmax

Figure 3. Clipped-control algorithm.

Magneto-Rheological Linear Quadratic Gaussian (MR-
LQG) Suspension System

In the present work, a MR vehicle suspension system based on
the linear quadratic gaussian (LQG) optimal control approach is also
considered for comparison purposes.

When considering ride comfort, the road-induced disturbances
are the most important ones in the performance assessment ofvehicle
suspension systems (Hrovat, 1997). Therefore, in order to synthesize
the MR-LQG suspension, a model must be first considered for deriv-
ing the actual road-induced disturbances from white noise processes,
as required by the LQG control theory.

Disturbances induced by an unevenness road

In this subsection, a mathematical model of the disturbances in-
duced by the movement of the vehicle with a constant velocityon an
unevenness road is considered.

The road disturbance vectorz is defined as

z=
[

zf
zr

]

(39)

and its components are modeled as stationary gaussian processes with
spectral density

Sz(ω) =
σ2

π

av

(av)2+ω2 , (40)

whereσ2 denotes the variance of the road irregularities,v is the ve-
hicle velocity anda is a coefficient dependent on the type of the road
surface (Hać, 1985).

Considering the spectral density in (40), the road disturbance vec-
tor z may be obtained from white noise processes according to the
differential equation

ż= Azz+ Iξ , (41)

whereI is the identity matrix,

Az =

[

−av 0
0 −av

]

(42)
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and

ξ =

[

ξ f
ξr

]

, (43)

where the signalsξ f andξr are zero mean white noise processes with
covariance functions

E
[

ξ f (t)ξ f (t +τ)
]

= 2σ2avδ(τ);

E [ξr(t)ξr (t +τ)] = 2σ2avδ(τ),
(44)

whereE[·] is the expected value of(·), τ is an arbitrary time delay
andδ is the Dirac’s delta function. However, since in a half-vehicle
model, the road disturbance under the rear wheel is the time-delayed
disturbance under the front wheel, one has

ξr (t) =ξ f

(

t −
a1+a2

v

)

, (45)

where(a1 + a2) is the distance between the centers of the rear and
front wheels (see Fig. 1).

Therefore, according to Eq. (41), the road disturbance vector z, in-
duced by the movement of the vehicle on an unevenness road, isgiven
by the output of a linear system to the inputξ, whose components are
white noise processes.

Synthesis of the linear quadratic gaussian control force

The following performance index, which trades off ride comfort
and tyre deflections, while maintaining constraints on suspension de-
flections and control efforts, was adopted for the synthesisof the MR-
LQG suspension system.

J = lim
T→∞

1
T

∫ T

0

{

ρ1 (q̈G)
2+ρ2(θ̈)

2

+ρ3

[

(q1 f −q2 f )
2+(q1r −q2r )

2
]

+ρ4

[

(q2 f −zf )
2+(q2r −zr )

2
]

+ρ5(u
2
f +u2

r )
}

dt,

(46)

whereρ1, ρ2, ρ3, ρ4 andρ5 are weighting coefficients.
It must be emphasized that the MR-LQG suspension is only con-

sidered for comparison purposes; therefore, the not so practical as-
sumption of the knowledge of the road disturbances,zf and zr , is
adopted here. The aim is to obtain a suspension system with better
performance indices to be compared with the proposed semi-active
MR-VSC suspension. A drop in the performance of these suspen-
sions would be observed if a cost function similar to that in Eq. (16)
was adopted, that is, if the road disturbances were not known. In this
case, a sub-optimal performance would be obtained. Although the
knowledge of the road disturbances is not straightforward,there are
works in the literature where the prediction of these disturbances is
considered in the design of vehicle suspensions (Roh and Park, 1999;
Marzbanrad et al., 2002).

Defining the augmented state vector

xa =

[

x
z

]

(47)

and considering Eqs. (7) and (41), the dynamics of the vehicle may
be rewritten as

ẋa = Aaxa+Bau+Baξξ, (48)

whereu is the control action andξ is a vector composed by white
noise processes, as defined in Eq. (43). Therefore, the performance
index (46) may be expressed as a quadratic form of the augmented
state vectorxa and the control actionu as

J = lim
T→∞

1
T

∫ T

0

[

xa
TQxa+2xT

a Nu+uTRu
]

dt. (49)

Following a procedure similar to that for the reference model def-
inition, an optimal control action, which minimizes the performance
index (49) under the dynamic constraint given by Eq. (48), may be
obtained as

u =−Gaxa, (50)

whereGa is the optimal control gain.
Once again, to induce the MR dampers to approximately generate

the desired optimal control force, given by Eq. (50), the input voltages
to their current drivers are given by Eq. (38).

Numerical Analysis

In order to assess the performance of the MR suspensions with
respect to ride comfort, numerical analysis considering a half-vehicle
model were carried out. Although this model largely simplifies the
actual structure, it includes the most fundamental characteristics of
the system behavior.

Table 1 gives the nominal parameters of the vehicle model with
rigid body and a standard passive suspension. These parameters were
extracted from Hać, Youn and Chen (1996a) and they correspond to
the ones of a mid-size vehicle.

Table 1. Nominal parameters of the half-vehicle model.

m1 705 kg J 945 kgm2

m2 f 50 kg m2r 50 kg
d1 f 1560 Ns/m d1r 1309 Ns/m
k1 f 24 kN/m k1r 16.8 kN/m
d2 f 0 Ns/m d2r 0 Ns/m
k2 f 250 kN/m k2r 250 kN/m
a1 1.30 m a2 1.22 m
a3 0.46 m b2 1.06 m

Phenomenological models for the MR dampers and seat-driver
subsystem were also considered for performance assessment. It is
worth emphasizing that these models were not considered in the syn-
thesis of the suspensions and, therefore, they represent sources of un-
modeled dynamics.

Magneto-rheological damper

c0

q

k0

c1

Bouc - Wen

y

k1

0
u    - u

MR

Figure 4. The modified Bouc-Wen model of the MR damper.

In order to model the nonlinear behavior of the MR damper, the
modified Bouc-Wen model, depicted in Fig. 4, is adopted in this
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work. This model is a phenomenological one composed of mechani-
cal springs and dampers, along with a hysteresis element. The modi-
fied Bouc-Wen model has been shown to accurately predict the non-
linear behavior of prototype MR dampers over a wide range of oper-
ating conditions (Spencer Jr. et al., 1996).

In the modified Bouc-Wen model, the reaction force of the MR
damper is given by

uMR = c1ẏ+k1q+u0, (51)

where the velocity ˙y is given by

ẏ=
1

(c0+c1)
[αh+c0q̇+k0(q−y)], (52)

whereh is the hysteretic displacement, whose evolution equation is

ḣ=−γ|q̇− ẏ| h |h|n−1−β(q̇− ẏ)|h|n+A (q̇− ẏ), (53)

with the parametersγ, β, A andn controlling the shape of the hys-
teresis loop.

Since, in a MR damper, the rheological properties of its fluidmay
be reversibly changed by exposing it to a controlled magnetic field,
some parameters of the model are assumed to be dependent on the
voltageV applied to the current driver as follows:

c1(V ) = c1a+c1bV ;

c0(V ) = c0a+c0bV ;

α(V ) =αa+αbV ;

(54)

where the internal variableV is the output of the first order filter
that accounts for the dynamics involved in reaching the rheological
equilibrium (Spencer Jr. et al., 1996), viz.

τ f V̇ +V =V, (55)

with τ f being the time constant of the filter andV the voltage applied
to the current driver.

The parameters of the modified Bouc-Wen model for the MR
dampers were adopted according to the ones experimentally deter-
mined in Lai and Liao (2002) and are given in Table 2. With the aim
at obtaining force intensities adequate to the present vehicle suspen-
sion problem, the forces obtained by the MR damper model withthe
parameters given in Table 2 were scaled by a factor of 0.2. It is worth
noting that this procedure does preserve the hysteretic behavior of the
MR dampers.

Table 2. Parameters of the MR damper model.

c1a 14649 Ns/m c0a 784 Ns/m
c1b 34622 Ns/(Vm) c0b 1803 Ns/(Vm)
k1 840 N/m k0 3610 N/m
αa 12441 N/m β 2059020 m−2

αb 38430 N/(Vm) γ 136320 m−2

A 58 N/m n 2
u0 20.6 N τ f 1/190 s

In order to illustrate the nonlinear behavior of the adoptedmodel
for the MR dampers, Fig. 5 presents the force-velocity curves ob-
tained for different levels of applied voltage and for a sinusoidal dis-
placement, with amplitude of 10 mm and frequency of 2 Hz, imposed

at one end of the damper. This nonlinear dynamic behavior, inherent
in the MR dampers, represents one of the main challenges to their
practical application. The synthesis of a control algorithm that di-
rectly determines the required voltage to be applied to the dampers as
a function of the damper parameters and of the damper dynamics is a
very difficult task. Hence, in this work, the clipped-control approach
given in Eq. (38) is adopted due to its simplicity.
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Figure 5. Force-velocity curves of the MR damper for differe nt levels of
applied voltage.

The MR suspensions considered in the present work were ob-
tained just taking the standard passive dampers off and making the
MR dampers as the control elements (see Fig. 1). The input volt-
ages to the current driver of the dampers were selected according to
the clipped-control algorithm with the maximum voltageVmax= 2 V,
which is the value that yields a saturation of the magnetic field.

Seat-driver subsystem

A phenomenological model of the seat-driver subsystem, depicted
in Fig. 6, will be considered for performance assessment. The seat is
modeled by the springkd1 and the damperdd1. The driver, on the
other hand, is modeled by a two degrees of freedom system com-
posed of massesmd1,md2 andmd3; springskd2 andkd3; and dampers
dd2 anddd3. With appropriated parameters, the present driver model
presents an apparent mass similar to that of a seated human body ex-
posed to vertical vibrations (Wei and Griffin, 1998a). The point C
represents the driver position and the point B, located at a distancea3
from the center of gravity of the vehicle body (see Fig. 1), isthe con-
nection point between the vehicle body and the seat-driver subsystem.

md1

md3

md2

C

kd1 d d1

B

dd2kd2

kd3 dd3

D
ri

v
er

S
ea

t

q
d1

q
d2

q
d3

Figure 6. Phenomenological model of the seat-driver subsys tem.
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Table 3. Parameters of the seat-driver subsystem model.

md1 6.7 kg kd1 50210 N/m dd1 276 Ns/m
md2 33.4 kg kd2 35776 N/m dd2 761 Ns/m
md3 10.7 kg kd3 38374 N/m dd3 458 Ns/m

Considering the model depicted in Fig. 6, the dynamic behavior
of the seat-driver subsystem is given by:

md1q̈d1+dd1q̇d1+dd2(q̇d1− q̇d2)

+dd3(q̇d1− q̇d3)+kd1qd1+kd2(qd1−qd2)

+kd3(qd1−qd3) = dd1q̇B+kd1qB;

md2q̈d2+dd2(q̇d2− q̇d1)+kd2(qd2−qd1) = 0;

md3q̈d3+dd3(q̇d3− q̇d1)+kd3(qd3−qd1) = 0.

(56)

The parameters of the seat-driver subsystem model are givenin
Table 3. The parameters associated with the driver model wasob-
tained from (Wei and Griffin, 1998a) and those associated with the
seat model, on the other hand, were obtained from (Wei and Griffin,
1998b).

Synthesis of the suspensions

The MR-VSC suspension was obtained as follows. First, the pa-
rameters of the reference model were adopted as the ones of the nom-
inal vehicle model. Then, in order to determine suitable weighting
coefficients for the functional in Eq. (16), it was arbitrarily chosen
r1 = 1, r2 = 2 andr4 = 10−6 and steady-state performance indices
for the reference model were determined as a function of the weight-
ing r3. Figure 7 depicts the acceleration of point B and the front and
rear tyre deflections, relative to the corresponding indices obtained
for the passive suspension, as a function of the weighting coefficient
r3 and considering the disturbance induced by the movement of the
vehicle at 20 m/s on a paved road (see Fig. 8).
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Figure 7. Relative performance of the reference model as a fu nction of the
weighting r3.

Based on the indices depicted in Fig. 7, the valuer3 = 2.35·104

was chosen, since this weighting yielded a rms value of 0.75 for the

relative acceleration at point B while maintained the tyre deflections
in acceptable values. In order to enable a fair comparison, the weight-
ing coefficients associated with the MR-LQG suspension weredeter-
mined in the same way, with the aim at obtaining the same improve-
ment on ride comfort, relative to the passive suspension, for the same
road condition.

The sliding surfaceS was defined adoptingS1 andS2 as identity
matrices. The stable matrixΦ of the control law in Eq. (34) was
adopted as minus the identity matrix, which resulted, from Eq. (36),
in P2 = 0.5I . The modulation function was adopted asρ = 3 and,
for reducing the chattering phenomenon,δ = 10−3. Finally, the input
voltages to the MR dampers were determined according to Eq. (38),
with the desired control law given by Eqs. (33)-(35).

The MR-LQG suspension was obtained considering the weight-
ing coefficientsρ1 = 1, ρ2 = 2, ρ3 = 2·103, ρ4 = 2.5·104 and
ρ5 = 10−6. The input voltages were selected according to Eq. (38)
with the desired control force given by Eq. (50). It must be em-
phasized here that the implementation of the MR-LQG suspension,
according to Eqs. (50) and (47), requires the knowledge of the road
induced disturbanceszf andzr .

For comparison purposes, active suspensions capable of integrally
providing the control forces given by Eqs. (33) and (50) werealso
considered. These suspensions were named VSC and LQG, respec-
tively. It is worth noting that these are ideal suspensions,since the
dynamics of their actuators were not taken into account. Thecontrol
parameters for these suspensions were kept the same as for their MR
counterparts.

Half-vehicle model with rigid body

The steady-state and transient performance of the suspensions,
relative to the passive one, for the rigid body vehicle is considered in
this subsection.

Results for unevenness roads

The steady-state performance of the suspensions is assessed con-
sidering the disturbances induced by the movement of the vehicle,
with constant velocity, on paved and asphalt roads. Figure 8de-
picts the road induced disturbances at the front wheel for a vehicle
speedv = 20 m/s and the following road parameters: paved road:
a= 0.45 m−1 andσ2 = 3·10−4 m2; asphalt road:a= 0.15 m−1 and
σ2 = 9·10−6 m2 (Hać, 1985).

In the results that follow, the steady-state performance ofthe sus-
pensions was assessed in terms of root mean square (rms), maximum
(max) and average deviation (drms) values. The average deviation
drms of a signal is defined as the rms value of its time derivative and,
therefore, it is supposed to provide more information aboutthe fre-
quency content of a signal than its rms value. The displacement and
acceleration of point C (driver position, see Fig. 6); acceleration of
point B (position of the seat-driver subsystem, Fig. 1) and deflections
of the front suspension and tyre were considered in the analysis. The
performance indices were computed for a simulation timeT = 10 s.
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Figure 8. Steady-state disturbances at the front wheel for a vehicle speed v= 20 m/s.

Table 4. Relative performance of the suspensions for the rig id body vehicle and paved road.

Suspension
LQG VSC MR-LQG MR-VSC

rms 0.54 0.29 0.90 0.81
qC max 0.52 0.30 0.89 0.87

drms 0.47 0.35 0.88 0.79
rms 0.57 0.58 0.76 0.76

q̈C max 0.58 0.59 0.68 0.67
drms 0.72 0.71 0.70 0.70
rms 0.72 0.70 0.74 0.71

q̈B max 0.70 0.67 0.66 0.69
drms 0.77 0.70 0.74 0.74
rms 1.06 1.06 1.14 1.14

(q1 f −q2 f ) max 1.08 1.03 1.11 1.14
drms 1.38 1.41 1.42 1.47
rms 1.28 1.31 1.27 1.31

(q2 f −zf ) max 1.08 1.12 1.03 1.08
drms 1.03 1.03 1.03 1.03

The transient performance of the suspensions, on the other hand, was
assessed considering the time responses of the acceleration at point B,
which highlights the high frequency vibrations of the vehicle, since
the seat acts as a filter to disturbances from point B to C.

The performance of the suspensions, relative to the passiveone,
for the rigid body vehicle and the disturbance induced by thepaved
road, is shown in Table 4. Considering the performance indices as-
sociated with the acceleration of points B and C, from Table 4, one
can clearly note that all considered suspensions greatly improved on
ride comfort, relative to the passive suspension. With respect to the
acceleration of point B, the MR suspensions presented performances
comparable to that of the active ones. The suspensions also improved
on the performance indices associated with the displacement of point
C, specially the VSC one, whose performance was greatly superior to
that of the others suspensions. All considered suspensionspresented
relatively greatdrms values of suspension deflections, indicating a
possibility of the presence of high frequency components inthese sig-
nals. From Table 4, one may also observe that improvements onride
comfort were obtained at the expense of increasing tyre deflections.

For the rigid body vehicle traveling on the asphalt road witha
speedv = 20 m/s, the considered suspensions also presented a great
improvement on the ride comfort obtained by the standard passive
suspension (Stutz, 2005). These results were omitted here.

Results for an impact bump

In order to assess the transient performance of the suspensions,
the road-induced disturbance under the front wheel is assumed as

zf (t) =











hb sin

(

πv(t − t0)
ωb

)

, for t0 ≤ t ≤ t0+
ωb

v
;

0, for t < t0 or t > t0+
ωb

v
,

(57)

wherehb andωb are, respectively, the height and width of the road
irregularity, which has a sinusoidal profile with half wavelength, and
t0 is the initial time of the impact.

The road disturbance vectorz is, therefore, obtained by consider-
ing that the rear disturbance is the time-delayed front one,viz.

zr (t) = zf

(

t −
a1+a2

v

)

. (58)

The transient disturbance induced by the movement of the vehicle,
with constant velocity over an impact bump is depicted in Fig. 9. In
this case, the disturbance parameters were adopted as:hb = 0.1 m and
wb = 0.5 m.

As the LQG and MR-LQG suspensions require the knowledge
of the road quality, described by parametera, in the assessment of
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Figure 9. Transient disturbance at the front wheel for a vehi cle speed v= 20 m/s.
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Figure 10. Acceleration of point B at the rigid body vehicle f or the impact bump.

their transient performances, the value referent to the paved road was
adopted.

The acceleration of point B for the rigid body vehicle travelling
over the impact bump is depicted in Fig. 10. One may observe that
all considered suspensions presented an improvement on thetransient
performance relative to that of the passive suspension, with significant
reductions in the amplitude of the oscillations in some timeintervals.

Half-vehicle model with flexible body

Despite not being considered for the synthesis of the suspen-
sions, the flexibility of the vehicle body yields structuralvibrations
that may result in a great performance drop (Hać, Youn and Chen,
1996a; 1996b). This is due to the subjective discomfort fromthe di-
rect exposure to high frequency vibrations or to noise derived from
them. Hence, due to the control-structure interaction, accounting for
the flexibility of the vehicle body in the performance assessment of
the suspensions is a fundamental concern.

In order to take the flexibility of the vehicle body into account,
the finite element method (Reddy, 1984) was considered. The vehicle
body was modeled as an uniform beam and 10 Euler-Bernoulli beam
elements, with 2 degrees of freedom per node, were used for its spa-
tial discretization. Six elements were used for the discretization of
the region between the suspensions and two elements were used for
the discretization of each extreme region of the vehicle body (front
and rear). The discretization was done in such a way that nodes of

the finite element model were located at the connection points Pf and
Pr between the suspensions and the vehicle body. The bending stiff-
nessEI = 1.53·106 Nm2 was adopted for the vehicle body, so that
its first bending natural frequency (17.21 Hz) fitted the corresponding
one given by Hać et al. (1996a). It was also assumed a modal damp-
ing ratioζ = 0.04 for all bending modes of the structure. The other
parameters of the model are as given in Tables 1 and 2.

The natural frequencies of the half-vehicle models with rigid body
and flexible body, both considering the seat-driver subsystem, are
shown in Table 5. Only the first three bending natural frequencies
are shown.

According to Table 5, one may observe that the flexibility of the
vehicle body yielded small changes in the first two natural frequencies
of the system, associated with the translational and rotational modes
of the vehicle body. The other natural frequencies presented no sig-
nificant changes.

Results for unevenness roads

It is worth emphasizing that structural vibrations due to the flex-
ibility of the vehicle body may present little increments onthe rms
values of acceleration signals, which are standard indicesof ride com-
fort. Therefore, as the average deviationdrms is supposed to provide
more information about the frequency content of the signals, it will
be used here as an important complementary index.

Table 6 presents the performance indices, associated with the ac-
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Table 5. Natural frequencies of the vehicle models with rigi d and flexible body.

Natural frequencies (Hz)
Rigid Body Flexible Body

1.06 1.01
1.31 1.22
3.93∗ 3.92∗

8.06∗ 8.05∗

11.63 11.63
11.79 11.79
22.58∗ 17.21

- 22.61∗

- 47.46
- 93.06

∗ Natural frequencies associated with the seat-driver subsystem

Table 6. Relative performance indices for the passive suspe nsion and paved road.

rms max drms

q̈C 0.99 1.00 1.09
q̈B 1.05 1.05 1.72

Table 7. Relative performance of the suspensions for the flex ible body vehicle and paved road.

Suspension
LQG VSC MR-LQG MR-VSC

rms 0.53 0.29 0.90 0.81
qC max 0.53 0.31 0.95 0.91

drms 0.46 0.34 0.89 0.79
rms 0.58 0.61 0.78 0.78

q̈C max 0.59 0.60 0.68 0.65
drms 0.72 0.73 0.72 0.74
rms 0.71 0.72 0.74 0.73

q̈B max 0.68 0.67 0.79 0.78
drms 1.02 0.54 0.93 0.96
rms 0.97 0.93 1.12 1.09

(q1 f −q2 f ) max 1.06 0.93 1.22 1.24
drms 1.38 1.27 1.42 1.48
rms 1.27 1.20 1.27 1.31

(q2 f −zf ) max 1.07 1.05 1.03 1.12
drms 1.03 1.02 1.03 1.03

celerations of points B and C due to the paved road, for the passive
suspension and flexible body vehicle relative to the corresponding
ones for the passive suspension and rigid body vehicle. FromTable 6,
one may observe that the rms and maximum values of the accelera-
tions presented little or none influence of the vehicle body flexibility.
On the other hand, due to the high frequency vibrations, the accelera-
tion of point B at the flexible vehicle presented a considerably greater
drms value. Since the seat acts as a filter to disturbances from point B
to C, the acceleration of point C (driver position) presented no signif-
icant increase on thedrms value.

Table 7 presents the performance of the suspensions, relative to
the passive one, for the flexible body vehicle and the disturbance in-
duced by the paved road. Although the flexibility of the vehicle body

has not being considered for the synthesis of the suspensions, it can be
seen that all suspensions greatly improved on ride quality.The per-
formance indices associated with the acceleration of pointC, along
with the rms and maximum values of the acceleration of point B, were
greatly improved. The suspensions also improved on the performance
indices associated with the displacement of point C. The active sus-
pensions presented greater improvements on these last indices, spe-
cially the VSC one, whose performance, as in the rigid body case,
was greatly superior to that of the others suspensions. It isworth not-
ing that the MR suspensions presented maximum values of the front
suspension deflections significantly greater than that of the passive
suspension. All suspensions presented relatively greatdrms values of
deflections.
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Table 8. Relative performance of the suspensions for the flex ible body vehicle and the asphalt road.

Suspension
LQG VSC MR-LQG MR-VSC

rms 0.61 0.30 0.80 0.75
qC max 0.58 0.30 0.82 0.79

drms 0.49 0.31 0.74 0.65
rms 0.54 0.53 0.74 0.77

q̈C max 0.58 0.50 0.69 0.65
drms 0.71 0.73 1.05 1.25
rms 0.69 0.68 0.88 1.00

q̈B max 0.69 0.61 0.93 1.12
drms 0.98 0.55 1.95 2.25
rms 0.94 1.02 0.94 0.87

(q1 f −q2 f ) max 0.92 1.07 1.00 0.96
drms 1.36 1.25 1.30 1.17
rms 1.25 1.18 1.18 1.08

(q2 f −zf ) max 1.11 1.07 1.08 1.09
drms 1.03 1.02 1.02 1.01

The performance of the suspensions, relative to the passiveone,
for the flexible body vehicle and the disturbance induced by the as-
phalt road is given in Table 8. From the presented results, itcan
be clearly seen that the active suspensions greatly improved on ride
comfort. The MR suspensions, on the other hand, presented great
improvements only on the rms and maximum values of the acceler-
ation of point C (driver position). With respect to the acceleration
of point B, only the MR-LQG presented an improvement on the rms
and maximum values. However, it must be emphasized here thatthe
road induced disturbances are assumed to be known in the LQG and
MR-LQG suspensions, which yields higher performances thanin a
practical application. The MR suspensions presented higher drms val-
ues of the acceleration of points B and C, especially the MR-VSC. All
considered suspensions improved on the performance indices associ-
ated with the displacement of point C.

Results for an impact bump

The influence of the vehicle body flexibility on the transientper-
formance of the suspensions is depicted in Fig. 11. The acceleration
of point B, due to the impact bump shown in Fig. 9, at the rigid and
flexible vehicles with passive, active and MR suspensions isconsid-
ered. From Fig. 11, one can clearly note the influence of the body
flexibility on the amplitude of the oscillations and on the presence
of high frequency components in the acceleration of point B at the
flexible vehicle. The MR suspensions presented greater performance
drops, due to the flexibility of the vehicle body, than the active ones. It
is worth noting that although the VSC suspension was able to quickly
suppress the high frequency vibrations in the accelerationof point B,
in the MR-VSC suspension, the high frequency vibrations lasted for
longer times and presented higher amplitudes.

Due to their semi-active nature, the MR dampers are not able to
reproduce the desired control force, but only an approximate one. In
order to illustrate this fact, Fig. 12 depicts the desired control force,
resulted from the variable structure control approach, Eqs. (33)-(35),
and the actual force provided by the MR damper, along with thecor-
responding input voltage yielded by the clipped-control algorithm,
Eq. (38). Only the transient responses associated with the front MR
damper in the MR-VSC suspension were considered. The accelera-

tion of point B is also depicted. From Fig. 12, one may observethat
the amplitude of the high frequency vibrations in the acceleration of
B is greater within the intervals where the input voltage assumes its
maximum value (2V) for long and at the end of the depicted timein-
terval, where a high frequency content may be observed in theapplied
control force.

From the results presented, one can clearly note a drop in the
performance of the suspensions due to the flexibility of the vehicle
body. Greater performance drops were presented by the MR suspen-
sions, mainly for the asphalt road and the impact bump. However,
in these suspensions, a high frequency control action may result from
the clipped-control algorithm, which was used to select theinput volt-
age to the MR dampers between the extreme values 0 andVmax= 2
V. Besides, if the road-induced disturbances are not sufficient to yield
the MR fluid through the damper valves, the dampers will behave
as rigid elements between the vehicle body and the wheels. Then,
in these cases, all vibration energy will be transmitted to the vehicle
body by the suspension system. Therefore, MR dampers with lower
yield strengths may result in greater improvements on ride comfort,
mainly in the asphalt road and impact bump disturbances.
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Figure 11. Acceleration of point B at the rigid and flexible ve hicles for the impact bump.
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Figure 12. Transient responses associated with the MR-VSC s uspension.
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