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The main goal of this research is to investigate the influence of structural defects on the mechanical 
properties of single-walled carbon nanotubes (CNTs). Two different types of the structural defects 
called Stone-Wales and vacancy defect are studied. While the former is categorized under the process-
induced defect and it appears during the growth process of CNT, the later is caused when chemical 
functionalization is applied to CNT for fabrication carbon nanotube reinforced nanocomposite providing 
better bonding between CNT and surrounding resin. The number of broken C-C bonds, distributions 
and their orientations are all taken into account as random variables accounting for full stochastic 
analysis. Therefore, a computer code is provided for the stochastic modeling. The finite element (FE) 
model of the CNT is built using nanoscale continuum mechanics approach and then structural defects 
are applied randomly to the CNT. The Young’s modulus of defected CNTs are obtained and compared 
with non-defected ones. It is revealed that the importance of vacancy defect is considerably higher 
than that of Stone-Wales defects implying on the drawback of chemical functionalization process. 
A detailed study is carried out on the topology of the defect and also continuous probability density 
functions of defect CNT Young’s modulus are characterized.
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1. Introduction
Nowadays, supreme and exceptional properties of 

carbon nanotubes (CNTs) from different mechanical, 
thermal and electrical viewpoints have encouraged 
researchers to incorporate them into polymeric resin 
generating new category of advanced materials as 
nanocomposites1,2. Experimental studies have been revealed 
that by adding small portions of CNTs into polymeric 
resin mechanical properties of the nanocomposites have 
been enhanced considerably3,4. The efficiency of CNTs in 
reinforcing polymer depends on the atomic structure of 
CNTs at nano-scale, while load transferring phenomenon 
from matrix to CNT through the intermediate phase between 
CNT and surrounding polymer plays a key role at the scale 
of micro in this regard.

Containing SP2 bonds, the atomic structure of CNTs 
cannot establish strong covalent bond with surrounding 
polymer. Consequently, the load transferring mechanism 
from matrix to CNT is naturally limited to weak non-
bonded van der Waals (vdW) interaction5,6. Thanks to 
chemical functionalization, some researchers tried to 
improve load transferring mechanism by providing cross 
covalent links between the carbon atoms of CNT and the 
polymer chain of the matrix5-8. In this process, some C-C 
bonds on CNT nano-structure are broken and associated 
carbon atoms with broken bonds will be connected to the 
polymer chains through covalent cross bonding. This will 
be led to enhancement in load/stress transfer from the resin 
to CNT resulting in improved mechanical properties of 
nanocomposites7,8. The functionalization procedure has a 

main shortcoming by causing defects in the nano-structure 
of CNT which may significantly reduce Young’s modulus of 
CNT. Moreover, almost all produced CNTs accommodate 
some processing-induced defects occurring during their 
growth process. Therefore, it is of great importance to 
study the degree to which these structural defects will affect 
mechanical properties of CNT. Hao et al.9 investigated the 
influence of defects on the mechanical properties of (12,12) 
and (7,7) CNTs with molecular dynamic (MD) method and 
reported reduction in Young’s modulus about 5% and 4% 
for (12,12) and (7,7) CNTs, respectively, by adding one 
vacancy defect on their structures. Yuan and Liew10 did the 
same work and used MD to investigate the Young’s modulus 
of (5, 5) and (10, 10) CNTs with some vacancy defects 
and reported the reduction of the Young’s modulus too. 
Ghavamian and his coworkers11 by finite element method 
(FEM) achieve the same result for reduction of Young’s 
modulus due to existence of defects. All of this studies 
considered the vacancy defect type in CNT nano-structure 
and use deterministic analysis. Limited researches have been 
devoted to the influence of CNT defects on other properties 
like thermal conductivity12.

It is worth noting that other parameters like non-
straight shapes of CNTs due to their high aspect ratios, 
agglomeration of CNTs and non-uniform dispersion of 
CNTs in resin are also important parameters defining the 
efficiency of CNT in reinforcing resin at meso and macro 
scales, respectively13,14.

In this article, the influence of structural defects on the 
longitudinal Young’s modulus of CNT is investigated using 
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nano-scale continuum mechanics approach with aid of finite 
element modeling. Firstly, a prefect CNT is simulated and 
then structural defects are applied to the model randomly. 
Then, obtained results are analyzed and discussed. Finally, 
due to conducting stochastic analysis, the results are 
examined statistically.

2. CNT Morphology and Defect Types
CNTs can be virtually assumed as a rolled graphene 

sheet into a hollow cylinder. In this structure, each carbon 
provides three covalent bonds to the neighboring carbon 
atoms. Atomic structure of CNT is described by chirality 
vector as it follows2:

1 2hC na ma= +


   (1)

In which n and m are integer numbers and a
1
 and a

2
 are 

The unit vectors shown in Figure 1.

The structural defects of CNT can be divided in two 
main categories. The first category known as Stone-Wales 
(S-W) structural defects are intrinsic defects arisen from 
growth process of CNT. In S-W defects two C-C bonds are 
broken and two other bonds are formed in a manner that four 
hexagons in CNT structure are converted to two Heptagons 
and two Pentagons. Thus, this defect is called 5-7-7-5 defect 
as depicted in Figure 3a. Another type of S-W defect is 
created when a C

2
 dimer removed from a pentagon structure 

of CNT cap and new bonds are formed. This defect is known 
as 5-8-5 structural defect which is shown in Figure 3b. The 
5-8-5 defect appears in the cap of CNT.

Figure 1. Schematic representation of rolling graphene layer to 
create CNT15.

In Figure 1, θ is chiral angle and varies between 0 and 
30 degree. Three different types of CNTs introduced as 
zigzag, armchair and chiral are characterized by zero, 30 
and a value between zero and 30 degrees, respectively, for 
the chiral angle. Chiral index in the form of (n, 0) denoted 
to zigzag while (n, n) is representative for the armchair. The 
chiral index of (n,m) whrerin descrive chiral CNT. Figure 2 
demonstrates three types of single walled CNT.

Figure 2. Different types of CNT16.

Figure 3. Stone-Wales defect in CNT structure17.

The second category of CNT defect known as Vacancy 
defect is provided during the chemical functionalization 
of CNT as illustrated in Figure 4. This defect can be also 
appeared during the processing of multi-walled CNT.

3. Modeling Non-defected CNT
Due to the associated challenges with the experimental 

study at the scale of nano, theoretical modeling techniques 
play an important role in understanding the mechanical 
behavior of nanostructures like CNTs. Generally, simulation 
of CNT at nano-scale is either conducted using atomistic 
modeling or continuum modeling. In atomistic modeling, 
the Schrödinger equation is solved directly or is replaced 
with Newton’ second law to extract the positions of atoms. 
Huge amount of calculation, limitation to very small length 
and short time scales and also complicated formulation 
stimulated researchers to employ continuum modeling in the 
both forms of analytical and numerical for this purpose18. 
In this research, the nanoscale continuum modeling is 
used. In this method, instead of replacing the structure of 
CNT with a continuum cylinder structure (solid or hollow), 
The C-C bonds of CNT atomic structure is replaced by a 
continuum beam element. The advantage of this method 
lies in the fact that the lattice structure of CNTs are kept in 
the model. The nano-scale continuum mechanics approach 
has been originally developed by Li and Chou19 and 
successfully applied to CNT. The mechanical properties 
of beam elements representing C-C bonds are obtained 
by a correlation between interatomic potential energy in 
molecular space and strain energy of beam element in 
structural mechanics space20. Mechanical and geometrical 
properties of the elements are calculated by using the 
relationship developed by Li and Chou19 as listed in Table 1 
on the basis of linear interatomic potentials.
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 As previously mentioned, carbon nanotubes can 
be virtually imagined as a rolled graphene sheet. Thus, 
the coordinate of CNT atoms can be obtained from the 
coordinate of carbon atoms in a graphene sheet using below 
mapping equation20:

( ), , cos , sin ,x xX Y Z R R y
R R

    =           (2)

The coordinate of carbon atoms obtained from 
Equation 2 which are describing the location of nodes 
of the finite element model are entered into the ANSYS 
commercial FE package21. Each node is connected to other 
three adjacent nodes using built-in BEAM4 element of 
ANSYS via developed macro. This BEAM4 element has six 
degree of freedom at each node. The length of CNT is taken 
10 times greater than CNT diameter to avoid the numerical 
errors caused by the effects of boundary conditions on the 
overall structural behavior.

Finite element models of the zigzag and armchair CNTs 
with different diameters are made to extract the longitudinal 
modulus of CNTs. For this purpose, one end of CNT is 
completely restrained from any movement while uniform 
axial displacement is applied to the other end of the model. 
The elastic modulus of investigated CNT can be obtained 
using Equation 3:

Z
Z

CNT
Z

f
AE
L L

σ
= =

ε ∆

∑

 
(3)

where f
z 
represents the reaction force at applied constraints 

to the model and obtained from the output of the finite 
analysis and A stands for the cross section of CNT calculated 
by Equation 4:

( ) ( )2 2/ 2 / 2A R t R t = π × + − −    (4)

where t and R denotes the thickness and radius of the CNT 
respectively. There is not any consistent value for the wall 
thickness of CNT in literature. Here, the widely accepted 
value of 0.34 nm is chosen as interplaner spacing between 
adjacent graphene sheets in graphite.

The obtained results for the Young’s modulus of non-
defected CNTs in comparison with available analytical 
solution in literature are presented in Figure 5. It is worth 
mentioning that the analytical solution presented in Figure 5 
for the sake of comparison was also developed for a discrete 
structure of CNT on the basis of nanoscale continuum 
approach using beam structural member22.

 Good agreement between obtained results by FE 
analysis and reported results by analytical solution implies 
on the sufficient level of accuracy for employed modeling 
procedure.

4. Investigation of Vacancy Defect
 In order to investigate the effect of vacancy structural 

defects on the elastic modulus of CNT, a Macro was written 
in ANSYS. This computer code randomly removes C-C 
bonds in the CNT nanostructure on the basis of Monte–
Carlo technique23. Two parameters of the distribution and 
the position of removed C-C bonds along the axial and 
circumferential directions of the CNT are selected randomly. 
Then same modeling and computational procedure which is 
already explained in preceding section is followed here to 
obtain the Young’s modulus of defected CNT. Due to the 
stochastic implementation of modeling procedure arisen 
from two random variables, the code is repeated sufficiently 
for defined number of defects; until the standard deviation 
(SD) of obtained results is less than 1% as convergence 
criterion. Finally, the average of Young’s modulus obtained 
from different realizations is reported as the Young’s 
modulus of the investigated defected CNT. It should be 
noted that if the removed element is placed at very both 
ends of the model, it will influence on the results because 
of the end effect. Thus, the model is checked carefully 
prohibiting such a specific located defect. The flowchart of 
the stochastic code simulating CNT with vacancy defect is 
mentioned in Figure 6.

The defect density is defined to express the amount of 
incorporated defects as bellow:

d

t

N
D

N
=  (5)

where; N
d
 and N

t
 are the number of removed bonds and 

the total bonds of CNT before incorporating defects, 
respectively.

Figure 4. The vacancy defect in CNT structure.

Table 1. Mechanical and geometrical properties of elements.

0.147 [nm] Element diameter

5.48 [TPa] Elastic modulus

0.871 [TPa] Shear modulus

2.15 Poisson’s ratio

Figure 5. The longitudinal modulus of CNT in term of diameter.
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The convergence trend for a case study on a CNT with 
(12, 0) chiral index containing and 4% defect density is 
demonstrated in Figure 7.

As is clear from Figure 7, the defined convergence 
criterion is met after executing the code 450 times. The 
written code is executed to evaluate the effect of vacancy 
defects on different CNTS with chiral indices of (0, 9), (0, 
12), (5, 5), (7, 7) and (9, 9). The obtained results versus 
the defect density is presented in Figure 8.

It can be understood from Figure 8 that the longitudinal 
elastic modulus of almost all CNTs decreases about 6% and 
12% by removing 1% and 2% of C-C bonds, respectively. 
A monotonically linear decreasing trend can be considered 
with a good level of accuracy for reduction in CNT 
Young’s modulus with respect to the defect density.

Yuan and Liew10 used molecular dynamics to 
investigate the reduction in Young’s modulus of (5, 5) and 
(10, 10) CNTs with some vacancy defects. They applied 1 
to 8 percent of vacancy defects on CNT and reported the 
reduction of the Young’s modulus.

Ghavamian and his coworkers11 studied the vacancy 
defects in CNT using FEM. They considered the vacancy 
defect as vacancy of carbon atoms in CNT structure and 
investigated only the vacancy defects caused by CNT 
processing by removing nodes of the model randomly 
which has been led to removal of three neighboring C-C 
bonds and the defects caused by functionalization have 
not been studied.

In their study, the Young’s modulus of the zigzag CNT 
with 1% vacancy defects decreased about 10% and for 
Armchair CNT with this amount of defects the Young’s 
modulus decreased about 9%.

Comparison between results presented in published 
data and the results obtained in this study is presented in 
Table 2. Some researchers have only studied one CNT 
type, but in current research different CNTs are studied. 
Therefore; the reported reduction of modulus in this study 
is presented as a ragne of reduction. The obtained results in 
this study are in good agreement with what reported using 
molecular dynamics and finite element methods.

Table 2. Results comparison for CNT with vacancy defect.

Reduction of modulus 
in this study [%]

Reduction of 
modulus [%]

Method
Number/Percent 
of vacancy defect

CNT type Researcher (s)

0.27-0.67 0.9 MD 1 Armchair Saxena and Lal24

0.6-2 2.9 MD 3 Armchair Sharma et al.25

0.6-2 3
MD

3
Armchair Chen et al.26

1-4.9 4.8 6

7.1 7.9
MD

1%
Armchair (5,5) Yuan and Liew10

12.5 15.8 2%

6 8.7
FEM

1% Armchair (10,10)
Ghavamian et al.11

6.1 9.4 1% Zigzag (14,0)

Figure 6. Flowchart of modeling and analysis process of defected 
CNT.
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5. Investigation of Stone-Wales Defect
The influence of S-W defect in the form of 5-7-7-5 on 

(20,20) and (12, 0) CNTs is studied. For this purpose, after 
modeling non-defected CNTs, the S-W defect is applied to 
model randomly. The same convergence criterion defined 
in previous section, i.e. standard deviation of longitudinal 
modulus less than 1%, is also utilized in this section. 
The code was executed 20 times to meet the mentioned 
convergence criterion. For instance, two finite element 
models of defected CNT containing S-W defect is shown 
in Figure 9.

The results of this analysis are presented in Table 3.
The obtained results in this research are compared with 

reported results by Xiao and Gillespie27 and presented in 
Table 4. They used finite element method to study the effect 
of S-W defects27.

 According to the presented results in Table 3, it is 
observed that the level of reduction in Young’s modulus 

of Zigzag nanotubes is more than that of Armchair ones. 
It is also found out that the rate of reduction in Young’s 
modulus of CNT will decrease by increasing the number 
of S-W defects. The reduction rate of Young’s modulus 
for (20, 20) CNT in term of the number of S-W defects is 
drawn in Figure 10.

Comparing presented results in Tables 2 and 3, it 
is clear that the influence of the vacancy defect on the 
reduction of CNT Young’s modulus is much more than 
that of S-W defects. So it could be inferred that chemical 
functionalization of CNT will decrease the longitudinal 
modulus of a CNT much more severely than inherent defects 
caused during CNT growth process. This was also reported 
in literature25,27.

6. Topology of Vacancy Defect
 In the previous section, the global influence of vacancy 

defect on the reduction of CNT Young’s modulus was 
studied. In this section, a detailed study is conducted on 
the location and arrangement of removed bonds in CNT 
addressing the minimum and the maximum reduction in 
modulus. A discussion will be carried out on (9, 0) and (5, 
5) CNTs as case studies.

Breaking one C-C bond in a (9, 0) CNT, the highest and 
the lowest elastic modulus is achieved as 1.019 and 1.011 
TPa, respectively. The corresponding defected CNTs with 
aforementioned results are shown in Figure 11. It can be 
understood that the lowest modulus of CNT is achieved 
when the axial C-C bond is broken.

This can be justified by this fact that in zigzag CNTs, the 
axial bonds contributes to load carrying capacity much more 
than inclined bond with respect to the axial axis. Another 
evidence for this issue can be also observed for the case of 
removing three bonds which is depicted in Figure 12.Figure 7. The convergence results in terms of number of runs.

Figure 8. The Young’s modulus of defected CNTs.

Figure 9. Finite element models of CNT incorporating S-W defects (20, 20) (right) and (12,0) (left).

Table 3. Young’s modulus of CNTs containing Stone-Wales 
defects.

Reduction in 
modulus [%]

Average of Young’s 
modulus [GPa]

Number of 
S-W defects

CNT

0.26 1029.8 ± 1.2 1

(12, 0)0.46 1027.8 ± 1.3 2

0.59 1026.4 ± 1.5 4

0.2 1045.6 ± 0.8 1

(20, 20)
0.31 1044.4 ± 1.1 2

0.44 1043.1 ± 1.3 4

0.63 1041.1 ± 2.2 6
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For the case of Armchair CNT, it is observed that 
inclined covalent bonds play more important role than 
perpendicular bonds to the axial axis in load carrying 
capacity of the nanotube. The topology of defects leading 
to the maximum and minimum reduction is mentioned in 
Figure 13 when four covalent bonds are removed.

In addition to the orientations of the covalent bonds, it 
is also observed that the level of reduction in CNT Young’s 
modulus is sensible to the distribution of the broken bond 
along the CNT length. Namely, if all broken bonds are 
placed at the same length all around the CNT circumference, 
the minimum Young’s modulus will be obtained implying 
on the maximum reduction, however, if all broken bonds 
are distributed along the whole length of CNT instead of 

concentrating at the local position, this will be led to the 
maximum Young’s modulus as a minimum reduction level. 
In general, concentration of the broken bonds in local region 
will considerably reduce the Young’s modulus of defected 
CNT in comparison with non-defected one. This behavior 
was also reported in literature using molecular dynamics 
simulation28.

7. Probabilistic Analysis of Results
As it is explain in the flowchart of the modeling 

presented in Figure 6, stochastic modeling is conducted 
considering number, orientations and positions of defects 
as random variables. Therefore, several realizations are 
required to meet the mentioned convergence criterion. 
Statistical analysis of obtained results will be discussed 
in this section. The case study is performed on a defected 
CNT with (12, 0) chiral index and with 5% defect density. 
For this CNT, the code is generated 600 samples to achieve 
standard deviation of Young’s modulus less than 1%. 
Among these results, the minimum modulus is 602.7 GPa 
while the maximum modulus is reported as 800.5 GPa. The 
probability distribution of results is presented in Figure 14.

The Pareto plot of presented results in Figure 14 is 
shown in Figure 15. In this plot, the frequencies of elastic 
moduli are sorted in ascending order and the accumulation 
percent of these modulus are shown too.

According to statistical data and aforementioned 
diagrams, the mode value of 0.75 TPa and the mean value 
of 0.74 TPa are achieved for the Young’s modulus of 
investigated defected CNT. Since, mode value and mean 

Table 4. Comparing the results of the Stone - Wales defect modeling.

Reduction in Young’s modulus [%]
Number of  

defects
Young’s modulus (non-
defected CNT) [TPa]

Type of  
CNTPresent study

Xiao and Gillespie’s 
research26

0.4 0.35 4
1.13 (20, 20)

0.5 0.6 6

Figure 10. Trend of Young’s modulus reduction for (20, 20) CNT 
with S-W defects.

Figure 11. The position of a broken covalent bond in (9, 0) CNT leading to the highest reduction (right) and the lowest reduction (left) 
in CNT modulus.

Figure 12. The locations of three broken covalent bonds in (9, 0) CNT leading to the highest reduction (left) and the lowest reduction 
(right) in CNT modulus.
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value for the Young’s modulus are not the same, Weibull 
distribution will be good candidate for a continuous 
probability density function. On the other hand, due to 
this fact that both mean and mode values are very close 
together, Gaussian distribution will be also examined. The 
general form of the Weibull function is presented in below 
equation 29:

1
( )

kEkk EW E e
 − −  λ   =       λ λ

 (6)

where; k, λ and E are shape parameter, scale parameter 
and elastic modulus, respectively. For the presented results 
in Figure 14, shape and scale parameters are calculated 
33.485 and 0.75, respectively. The Gaussian and Weibull 
distributions for the Young’s modulus of defected (12, 0) 
CNT with 5% defect density are provided in Figure 16.

As shown in Figure 16, The Weibull distribution curve 
is slightly shifted to the right in comparison with Gaussian 

distribution curve. This behavior is originated from this fact 
that the accumulated probability of the Young’s moduli 
greater than obtained mean value (0.75 TPa) is 45%; while 
the accumulated probability of the Young’s moduli greater 
than mode value (0.74 TPa) is 61%.

8. Conclusions
The Young’s modulus of defected CNT is obtained 

and compared with intact CNT to study the influence of 
defects on the mechanical property of the single walled 
CNT. Nanoscale continuum modeling using finite element 
modeling is employed for this purpose. The intrinsic defects 
induced during growth process of CNT called Stone-Wales 
defects and also vacancy defect appeared due to the chemical 
functionalization of the CNT are simulated and analyzed. 
Full stochastic modeling procedure is developed taking into 
account all numbers, orientations and locations of the defect 
as random parameters. Consequently, distribution of defects 
along the length and circumference of CNTs are considered 
as random parameters in order to be able to capture the real 
nature of defect topology. A computer code is written for 
this purpose to incorporate arbitrary number of defects into 
the discrete structure of CNT and reports the results.

The results demonstrate that the influence of S-W 
defects on the reduction of Young’s modulus is negligible in 
comparison with than that of vacancy defects. Moreover, it 
is observed that the reduction rate of CNT Young’s modulus 
will decrease by increasing number of S-W defects. The 
vacancy defect can reduce the Young’s modulus of CNT 
about 12 to 13% when 2% of C-C bonds are broken in the 
CNT nanostructure. A detailed study on the topology of 
the vacancy defect is carried out and those configurations 
which will be led to the extreme values of Young’s modulus 
are identified and discussed. Defect topology indicates that 

Figure 13. The locations of four broken covalent bonds in (5, 5) CNT leading to the highest reduction (left) and the lower reduction 
(right) in CNT modulus.

Figure 14. The frequency of defected CNT (12,0) with 5% of the 
defect density in 600 runs.

Figure 15. Pareto plot of defected CNT (12,0) with 5% defect 
density.

Figure 16. The Weibull and Gaussian plot of defected CNT (12,0) 
with 5% of the defect density.
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among all broken bonds, those bonds which are oriented 
more closely to the longitudinal axis of CNT have a greater 
influence on reduction of CNT Young’s modulus. Moreover, 
local concentration of broken bonds will significantly 
reduce the Young’s modulus in comparison with distributed 
broken bonds along the length of CNT. Finally, due to the 
stochastic modeling, a statistical analysis is performed to 
obtain probability of occurrence associated with different 
obtained results. It can be seen that influence of the vacancy 
defect which is usually arisen from functionalization of 
CNT is considerably more pronounced than that of S-W 
defects. Although, functionalization can improve the stress 

transferring phenomenon from surrounding polymer to the 

embedded CNT, it can significantly reduce the Young’s 

modulus of CNT. Therefore, this should be taken into 

account when functionalized CNT is incorporated into 

polymer.
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