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ABSTRACT. A radiotherapy planning is considered optimal when all the parameters involved, physical

or biological, have been investigated and appropriate for each patient. In this type of planning, the major

concern is with the tumor irradiation with the minimum possible damage to healthy tissues of the irradi-

ated region, especially the organs at risk. The optimal planning for radiotherapy can be aided by Linear

Programming and there is a wide literature addressing this subject. However, most published mathemat-

ical formulations do not contemplate a scenario in terms of practical applications, because they do not

incorporate the heterogeneous composition of the irradiated tissue. This paper presents a methodology for

heterogeneity correction in the composition of different types of irradiated tissues based on proportions

among their different linear attenuation coefficient.
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1 INTRODUCTION

The optimizing theory has been being a mathematical tool of great applicability in the construc-
tion of radiotherapy planning, allowing the attainment of results that would for several times
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be impossible or very hard to be obtained by the use of empiric methods. Among the several
parameters involved in the construction of optimized planning, the most commonly explored
are related to the positions and relative weightings of the radiation beams used. Several ap-
proaches involving different optimization techniques have been applied to radiotherapy planning,
among which the integer linear programming, mixed integer and multiobjective (Lee et al., 1999,
2003, 2006; D’Souza et al., 2004; Romeijn, 2003, 2004; Meyer et al., 2003; Yang et al., 2006;
Bednarz et al., 2004; Halabi et al., 2006; Schlaefer & Schweikard, 2008). With the obtained
results, the improvement in treatment plans using mathematical techniques stand out, which
enabled the development of several technologies and collaborated to the emerging of new
equipments for different types of radiotherapy, such as the tomotherapy (Beavis, 2004;
Shepard et al., 1999, 2000; Chaudhari et al., 2009; Zhao et al., 2008; Fenwick et al., 2005;
Sterpin et al., 2008).

A great concern in the construction process of the treatment plan is the planning simulation,
which is not an easy task, for innumerable physical events related to the process of the radiation
interaction with matter are, for many times, not considered or are simply not contemplated by
the adopted mathematical methodology. The scattered radiation and heterogeneity effects of the
irradiated tissues composition (bone, skeletal muscle, and fat tissue, for example) in the calcula-
tion of the absorbed dose exemplify these situations. The scattered radiation effect can be studied
using non-linear optimization models and the results are coherent with the theory and analyti-
cal data reported in the literature (Attix, 1986; Deasy, 1997; Ferris et al., 2003; Wu & Mohan,
(2000); Xing et al., 1998; Spirou & Chui, 1998), and the heterogeneity effect in the irradiated tis-
sues composition is widely approached in studies using the Monte Carlo method in several cases
(Kondratjeva et al., 2006; Tyagi et al. 2008; Garcı́a et al. 2007; Chetty et al. 2002). However,
it is a fact that when considering real problems, the mathematical models to aid the planning
are large dimension problems and the non-linear methods for large and medium-scale problems
are much more complex than linear programming methods, given the implementation difficulties
and computational costs. As to considering the heterogeneity correction by using optimization
models, this is still not easily found in the literature. Thus, this work proposes an approach to
the heterogeneity correction using penalty factors related to the attenuation for different irradi-
ated media. Aiming to include the physical characteristics in the proposed methodology, a linear
programming model formulation was modified.

2 METHODOLOGY

2.1 Optimized treatment plan – a mathematical approach through linear programming

The first step in developing an optimized treatment plan for radiotherapy consists in defin-
ing the location of the tumor, risk organs (critical tissue) and healthy tissues. This procedure
is performed with the help of computed tomography images. In this work we used images
of real patients obtained with approval from the Research Ethics Committee of the Botucatu
Medicine School (process number 3006/2008, approved in 03/11/2008). Through these images,
the anatomic regions of interest are selected.
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After the selection of the regions of interest, the computed tomography image is mapped and
divided in m pixels. Next, based on mathematical and computational tools like optimization
techniques, the deposited dose by each beam is individually calculated considering that each
beam is discretized into several beamlets. The modified mathematical model presented in this
work was proposed by Holder (2003), who formulated a linear programming model aiming to
examine the dosage emitted by beamlets in order to minimize the tissue absorbed dose, restricting
the maximum dose to the target tissue and its surrounding regions. The presented methodology
proposes the use of this model taking into account the individual dose contribution for different
types of tissues, incorporating the heterogeneity effect in the tissue composition.

A realistic mathematical model must consider the radiation beam attenuation, once the deposited
dose percentage decreases with the increase in the depth or thickness of irradiated tissue due to in-
teraction mechanisms of the radiation with matter such as absorption, pair production, Compton
and Photoelectric scattering. The linear attenuation coefficient μ quantifies the radiation beam
fraction that is absorbed or scattered by thickness unit of the absorbing medium, considering
that the different interactions types already mentioned may occur. The sum of the contributions
of each process for a given absorbing medium and for a given energy results in the value of μ

(Johns & Cunningham, 1983).

All the tissues that constitute the human body contribute with some fraction to the attenuation
process of the radiation beam. Through the linear attenuation coefficient, the potential dose
deposition for these tissues can be explored. Figure 1 shows some values of linear attenuation
coefficient for different absorbing mediums (human tissues and air) and energies (Goldstone,
1989).

Figure 1 – Linear attenuation coefficients for different absorbing mediums.
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According to the Figure 1, the proximity between the linear attenuation coefficients referring
to tissues such as lung, skeletal muscle and adipose tissue can be observed, especially with the
energy increase. Conventionally, blood, arteries, veins, lungs, adipose tissue, skeletal muscle and
others are recognized as soft tissue (Goldstone, 1989). Under this approach, three main structures
are considered: soft tissue, cortical bone and air cavities, which present distinct values of linear
attenuation coefficients. This differentiation is fundamental to the study of the dose deposition on
the irradiated tissue that underlies the mathematical model (Attix, 1986). Considering a 10 MV
photons beam, the ratio between the linear attenuation coefficients to air, soft tissue and cortical
bone, respectively, is 1.06 E-3:1:1.91. It is proposed to use this ratio as additional penalty factor
in constraints of the mathematical model to be discussed next.

The model proposed by Holder (2003) uses k angular positions for beams emission: θ1, θ2,
θ3, . . . , θk where each angle is comprised of η beamlets. Modern systems of treatment are ca-
pable of performing complex combinations among these beamlets and use them along all the
angular variation, making the planning use k ∙ η beamlets at the most.

We set x(a,i) to be the dose along the i th beamlet (i = 1, 2, . . . , η) of the ath angle (a =
1, 2, . . . , k) and d(p,a,i) to be the distance from the positioned source on the angle emitting the
beamlet i (of dose x(a,i)) and pixel p(p = 1, 2, . . . , m). Dose deposition for pixel p due to the
beamlet i of the angle a, A(p,a,i), is defined:

A(p,a,i) = e−μ∙d(p,a,i) Axp. (1)

The terms Axp and e−μ∙d(p,a,i) represent the geometric area of the pixel p that receives the dose
x(a,i) and the attenuation factor, respectively. As the used images are related to real cases of
planning, to make more realistic simulations, the attenuation factor was replaced by values ob-
tained in calibration of a 10 MV photons beam on water, once this is the main constituent of the
human body and a standard dosimetric procedure. For the proposed approach, equation 1 was
modified by the inclusion of the parameter f (p) that relates the location of the pixel p with the
composition of the irradiated tissue. Therefore, equation 1 becomes:

A(p,a,i) = f (p)e−μ∙d(p,a,i) Axp. (2)

The parameter f (p) takes a value in the ratio 1.06 E-3:1:1.91 for air, soft tissue and cortical
bone, respectively, according to the localization of pixel p, and this way, the equation 2 lin-
early considers the radiation beam attenuation profile as well as the heterogeneous composition
of the irradiated medium. The tissues classification may be implemented using statistical meth-
ods of images segmentation such as the Gaussian mixture method, used in this work, in which
the Gaussian parameters are estimated through the EM algorithm (Expectation Maximization)
(Dempster et al., 1977; Yamazaki & Yamazaki, 1998). With the components of A(p,a,i) it is
possible to construct the dose deposition matrix A, where the rows of A are indexed by p and
the columns are indexed by (a, i).
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Let mT be the number of target pixels, mC be the number of critical structure pixels, and mG

be the number of healthy tissues pixels, so the total number of pixels is m = mG + mT + mC .
Then, we can assume dose deposition matrix A as indicated below:

A =






AT

AC

AG




 , (3)

where the rows of the dose deposition matrix are reordered so that T corresponds to the set of
pixels encompassing tumors, C to the set of pixels encompassing critical tissues or risk organs
and G to the set of pixels encompassing healthy tissues.

Let x be the vector of dose, whose components are given by the beamlets x(a,i), the total dose
radiation for pixel p is given by the pth component of the vector resulting from the multiplication
Ax. As mentioned, in the treatment using radiotherapy a limiting dose is prescribed for each
kind of tissue (tumor, critical and healthy). Due to the pixel division, in the model that will be
presented, dose prescription will be given through vectors, as following:

ULT: represents the vector of upper bounds for tumor radiation dose (ULT ∈ RmT ),
LLT: represents the vector of lower bounds for tumor radiation dose (LLT ∈ RmT ),
ULC: represents the vector of upper bounds for critical tissue radiation dose (ULC ∈ RmC ),
ULG: represents the vector of upper bounds for healthy tissue radiation dose (ULG ∈ RmG ).

Considering that 0 ≤ L LT ≤ U LT , U LC ≥ 0 and U LG ≥ 0. Assuming that a TP dose was
established for cancer cells, the values of ULT and LLT are usually (1 + ε)TP and (1 − ε)TP ,
respectively, where ε is the variation percentage for tumor dosage and is called tumor uniformity
level. Typical values of ε found in literature range from 2% to 15%. In the model studied, dose
prescription is peculiar to each kind of treatment, taking into consideration the development level
of the disease, the tumor volume and mainly the anatomy of the irradiated region.

Defined these parameters, the formulation of the linear programming problem proposed in
Holder (2003) is of the form:

minimize lT t + uT
c c + uT

g g (4)

subject to:

L LT − IL t ≤ AT x ≤ U LT (5)

AC x ≤ U LC + IC c (6)

AG x ≤ U LG + IG g (7)

0 ≤ IL t ≤ L LT (8)

− U LC ≤ IC c (9)

IG g ≥ 0 (10)

x ≥ 0 . (11)
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The model (4-11) consists of determining the vector x corresponding to the relative weights (or
modulated doses) of beamlets employed in the planning, as well as the vectors t, c and g that
satisfy the dose limitation constraints by the type of irradiated structure and that optimize an
objective function, x ∈ Rk∙η, t ∈ RmT , c ∈ RmC e g ∈ RmG . The vectors l, uc and ug are
respectively defined as (1/mT)e, (1/mC)e e (1/mG)e, where e denotes a vector of ones and
possesses appropriate dimensions. The matrices IL, IC and IG are defined as identity, in which
IL ∈ RmT xmT , IC ∈ RmC xmC and IG ∈ RmG xmG . The objective is given by adding three goals
for the treatment: lT t + uT

c c + uT
g g, where:

lT t : deficit of dose applied to the tumor with respect to the prescribed dose,
uT

c c: excess of dose applied to the critical tissue with respect to the prescribed dose,
uT

g g: excess of dose applied to the healthy tissue with respect to the prescribed dose.

The constraints (5), (6) and (7) are called elastic because the bounds are allowed to vary with
vectors t, c, g and x, which correspond to the variables of the problem. The matrices IL, IC

and IG define how one measures the amount of elasticity, and l, uc and ug show how one either
penalizes or rewards the amount of elasticity. These elastic functions are incorporated into the
problem to ensure that the set of constraints is always strictly feasible (Berman & Plemmons
1987).

The simulations were performed on a computer with 2.4 GHz Intelr QuadCoreTM and 4 GB
RAM desktop in the MACBAM Laboratory of the Biostatistics Department of the Biosciences
Institute – UNESP. The linear programming problem was solved using the GLPK software (GNU
Linear Programming Kit, source code available free at http://www.gnu.org/software/glpk, Linux
operating system) and the selection of regions of interest, processing and visualization of the
optimized level curves were performed using the MATLAB software (2007a, The MathWorks
Inc., Natick, MA).

Considering the approach proposed in this paper, a brief resume of the procedure for the
creation of optimized planning is showed in Figure 2.

3 RESULTS AND DISCUSSION

For the performed simulations three computed tomography images of real patients were used,
in which well-defined tumor masses were diagnosed. Figure 3 shows the images used in the
simulations.

In the 3-A image multiple tumor masses were diagnosed in the liver and were considered as
critical tissues the kidneys and the bone marrow. In the 3-B image two tumor masses were
observed in the lung, being the bone marrow considered as critical tissue. In the image 3-C
the tumor mass is located in the right kidney and the bone marrow, left kidney and liver were
considered critical tissues.

For the simulations, 8 angular positions were used (k = 0◦, 45◦, 90◦, 135◦, 180◦, 225◦, 270◦,
315◦) and 1792 beamlets (k ∙ η = 1792). Without loss of generality, the dose prescription was
assumed as non-dimensional and the values adopted for the vectors elements ULT, LLT, ULC
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Figure 2 – Flowchart of the optimized planning considering the

localization of regions of interest and irradiated tissues composition.

and ULG were respectively 100, 90, 36 and 38. The dose prescriptions proposed in this paper
take into consideration a situation where is desired a high dose deposition at the tumor and a low
dose deposition at the other tissues.

As described, the modification in the proposed model by Holder (2003) is based on different lev-
els of attenuation of the human body tissues, which can be expressed numerically by the linear
attenuation coefficient. Regardless of any technique for heterogeneities correction, the attenu-
ation coefficient is a parameter in common and physically expresses the capacity of irradiated
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Figure 3 – Computed tomography images used in the simulations. Figure 3 – Computed tomography images used in the simulations.

tissues in absorbing radiation (Attix, 1986). Another important fact about the used methodology
is the proper classification of different types of tissues or structures.

The grayscale images produced by computed tomography images reconstruction algorithms are
normalized with the linear attenuation coefficient of water. Thus, regions well defined by gray
shades are reliably associated with structures, biological or not, of different radiopaque proper-
ties. Therefore, bone tissue and air cavities are always assigned with gray shades at the extremes
of the color scale image. In this way, the tissues selection as well as its heterogeneous composi-
tion relate with the linear attenuation coefficient in the proposed methodology.

Two types of planning were carried out: the first planning was made using the methodology
proposed in this work considering the heterogeneity correction, Figure 4, and for comparison,
the second planning was made based exclusively upon the methodology proposed in Holder
(2003) which does not include such correction, Figure 5.

Figure 4 shows on the left side the tomography images A, B and C with demarcation of tumor
regions (full lines) and critical tissues (dashed lines), and the optimized plannings obtained using
the methodology discussed in this work by means of isodose curves (contour lines with respect
to the optimized dose) for each case. The optimized plans were done considering a 100 × 100
image grid. The computing performance and the terms of the objective function (equation 4) of
the model for both types of planning are shown in Table 1.

Table 1 – Minimized values for the three goals that compose the objective function

considering the two approaches.

Approach Image lT t uT
c c uT

g g CPU time (s)

A 1.54 E-2 0 0 46.40

With heterogeneity correction B 1.40 E-2 0 0 47.55

C 0.98 E-2 0 0 44.17

A 2.93 E-2 0 0 54.32

Without heterogeneity correction B 2.77 E-2 0 0 55.72

C 2.09 E-2 0 0 51.25
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An apparent characteristic of the results presented in Figure 4 is the conformation of the max-
imum dose on the tumor region and a low dose deposition on critical and healthy tissues, once
the dose limits prescribed for these tissues were respected. Considering the critical tissues, their
localization did not compromise the dose conformation in the tumor even when relatively close
to the target (Figs. 4-A and 4-C). The same behavior can also be observed in Figure 4-B, where
the presence of air cavities (lungs) also did not alter the dose deposition profile.

Using the same simulation parameters, the planning without heterogeneity correction was per-
formed considering only the position of the regions of interest. As expected, the results obtained
with respect to the isodose curves and to the values of terms of the objective function of the
model (4-11) were different, Table 1.

Figure 5 shows the isodose curves for optimized planning without heterogeneity correction. Aim-
ing to qualitatively compare the methodologies involved in the two approaches, the proportion
between isodose regions areas for planning with and without heterogeneities correction was ob-
tained. The optimized planning must ensure that the prescribed dose is delivered to the tumor
while the deposited dose in healthy tissues and critical is the lowest possible. Thus, according
to the proportion between isodose regions for images A, B, and C, it is possible to observe that
the extension of the isodose curves referring to 30, 40 and 50 in planning without heterogene-
ity correction is slightly higher compared with the isodose curves obtained with the proposed
methodology. Furthermore, given the position of the structures of interest and the dose pre-
scription, when the heterogeneity correction is not considered the performed planning was not
successful in three cases with respect to dose delivery at the prescribed upper limit to the tumor
(LLT = 100).

In both approach types, the planning was successful with respect to the dose delivery within the
prescribed dose limits to the tumor. However, when considering the heterogeneity correction,
the minimized value of the objective function was lower when compared to the second planning
(Table 1). Another fact to be observed is the difference of the cpu time involved in the two
approaches.

The proposed methodology implementation resulted in a gain in cpu time about 14%. It must
be considered that real planning for radiotherapy have much larger dimensions than the ones
adopted in this work. Specifically, the amount of assessed pixels by image, number of angular
combinations for the radiation beams emissions and the number of beamlets used in each angular
position demand a high level computing performance (Beavis, 2004).

4 CONCLUSION

In both planning types, an apparent characteristic in the results is the conformation of the maxi-
mum dose only on the target region. In cases of multiple tumor foci or with the presence of air
cavities the optimized planning was successful both in the dose delivery within the prescribed
dose limits to the tumor, critical, and healthy tissues. However, given the position of the struc-
tures of interest and the dose prescription, when the heterogeneity correction is not considered
the performed planning was not successful with respect to dose delivery at the prescribed upper
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Figure 4 – Computed tomography images used in the simulations. The detached regions with Figure 4 – Computed tomography images used in the simulations. The detached regions with full

lines represent the tumor location and the detached regions with dashed lines represent the critical

tissues locations. Results obtained with the proposed methodology.
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Figure 5 – Proportion between isodose regions areas, respectively for the images A, B and C. Isodose

curves for the optimized planning without considering the heterogeneity correction.
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limit to the tumor and the isodose curves extent are larger compared with the planning performed
with the proposed methodology. Assuming that this behavior was seen in low dose (30, 40 and
50), even if the difference is small, healthy and critical tissues are getting an undesirable dose
delivery, this same logic can be extended to the difference between the minimized values of the
objective function.

Considering a linear programming model, the approach used in this paper allowed more coherent
interpretation, once that this methodology can be applied to various types of tissues or structures,
which would make a more detailed modeling, because the tissues heterogeneous composition is
linearly incorporated in the mathematical modeling. The majority of already published works
addresses, by different means, the obtaining of the best composition of relative weights for the
beamlets considering basically the initial location of the structures of interest and dose prescrip-
tion. However, the irradiated tissues composition is not incorporated to the mathematical formu-
lations, even being extremely important. Thus, this work may be seen as collaboration to future
formulations of linear programming models through a procedure to incorporate different levels
of attenuation of the human body tissues.
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