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We present a matrix formalism, inspired by the Minkowski four-vectors of special relativity, useful to solve
classical physics problems related to both mechanics and thermodynamics. The formalism turns out to be conve-
nient to deal with exercises involving non-conservative forces and production or destruction of mechanical energy.
On the other hand, it provides a framework to treat straightforwardly changes of inertial reference frames, since
it embodies the Principle of Relativity. We apply the formalism to a few cases to better show how it works.
Keywords: classical mechanics, thermodynamics, Minkowski four-vectors, physics teaching.

Apresentamos um formalismo matricial, inspirado nos tetravetores de Minkowski da teoria da relatividade,
útil para resolver problemas de f́ısica clássica relacionados com mecânica e termodinâmica. O formalismo é
especialmente conveniente quando se aplica a exerćıcios que envolvam forças não conservativas e produção ou
destruição de energia mecânica. Por outro lado, o formalismo permite lidar de forma direta com mudanças de
referencial de inércia pois ele incorpora o prinćıpio da relatividade. Para melhor se apreciar o seu funcionamento,
aplicamos o formalismo a alguns casos concretos.
Palavras-chave: mecânica clássica, termodinâmica, tetravetores de Minkowski, ensino de f́ısica.

1. Introduction

In the literature, it is quite often to find papers mo-
tivated by the bridge between classical mechanics and
the first law of thermodynamics [1–4] and this work is
one contribution towards that objective, by means of
the development of a new matrix formalism.

Classical mechanics is a powerful theory within its
limit of applicability. On the other hand, thermody-
namics is a quite general theory formulated without any
hypothesis on the nature and constitution of the sys-
tem. Both are very well established and they are part
of any physics curriculum. Each one is based on a num-
ber of principles that were directly motivated by the ob-
servation of natural phenomena. Isaac Newton estab-
lished the basis and the principles of mechanics, in the
17th century, whereas the thermodynamics principles
were established essentially in the course of the 19th
century as the result of the efforts of a number of scien-
tists (James Joule, Lord Kelvin, Ludwick Boltzmann,
Rudolf Clausius, Sadi Carnot, Walther Nernst, among
many others). Interestingly enough, in the university
physics curricula, mechanics and thermodynamics al-
most do not intercept, although this is not the case in
everyday life where both are connected and very tightly

bound: the automobile is probably the most common
example [5] but there is a myriad of other examples.

In this paper we present a matrix formalism that
embodies and tackles simultaneously mechanics and
the first law of thermodynamics. It is inspired by the
Minkowski four-vector formulation of special relativity,
which is a most elegant, successful and powerful formal-
ism [6]. The main idea is to capture the essential as-
pects of the formulation of the theory of relativity with
four-vectors, and incorporate those aspects in a similar
formalism suitable for classical physics. To this end we
define classical 4-vectors to describe the system (space-
time coordinates, momentum-kinetic energy, impulse-
work, etc.) and represent the interactions, i.e. the
forces, through 4×4 matrices. These matrices are in-
spired and emulate the electromagnetic field tensor in
special relativity. In summary, we combine basic laws of
mechanics and thermodynamics in a matrix formalism,
whose essence lies in the special relativity, that we find
particularly useful in solving classical mechanics prob-
lems which require both a dynamical and an energetic
analysis.

We apply the formalism to two concrete situations:
a person jumping vertically; and a block pulled by a
force, sliding with friction on top of a horizontal plane.
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4310-2 Güémez and Fiolhais

The dissipative work of the friction force, following
other authors [7], is considered as heat in the energy
balance equation. Regarding the mechanical descrip-
tion, this choice is immaterial, since the pertinent quan-
tity is the force itself (assumed to be constant) times
the displacement of the centre-of-mass (the so-called
pseudo-work [8]). However, for the energetic descrip-
tion we show that treating the dissipative work simply
as heat provides a clearer description as far as the first
law of thermodynamics is concerned. Such perspective,
which is possible because there is an immediate and
total conversion of all dissipative work into heat is, of
course, not unique but our choice is better suited for
the thermodynamical analysis.

This paper is organized as follows. In section 2 we
present the essentials of classical mechanics and ther-
modynamics that are pertinent for the derivation of our
formalism. This section may seem rather pedestrian,
but it already tackles some subtle points of the first law
of thermodynamics on their relationship with mechan-
ics. In section 3 we review the four-vector Minkowski
formalism. Again, though it might seem a pedestrian
formulation, we try to emphasize those aspects that
are more subtle and usually not explicitly mentioned
in textbooks, such as the existence of an impulse-work
/ momentum-energy equation. In section 4 we derive
the new matrix formalism for classical physics, under-
lying its robustness and capabilities, which also include
the automatic implementation of the relativity princi-
ple. In section 5 we treat two problems of mechanics,
which also involve production and destruction of me-
chanical energy, to show the formalism at work and to
illustrate both its elegance and powerfulness. Section 6
is devoted to the conclusions.

2. Classical mechanics and the first law
of thermodynamics

2.1. Newton’s second law

For a system of classical particles, of total constantmass
M , the Newton’s second law states that the resultant
of the external forces, Fext, is equal to that mass times
the centre-of-mass acceleration, or equivalently

Mdvcm = Fext dt , (1)

where vcm stands for the centre-of-mass velocity. This
is an infinitesimal form of Newton’s fundamental law.
Its integral form is ∆pcm = I, where I =

∫
Fext dt

is the impulse of the resultant of the external forces,
and states that this external impulse in a given time
interval is equal to the variation, in the same time in-
terval, of the system centre-of-mass linear momentum,
pcm = Mvcm.

The fundamental equation (1) still allows us to con-
clude that the infinitesimal variation of the kinetic en-
ergy of the center-of-mass equals the so called “pseudo-

work” [8, 9], which is the dot product of the external
resultant force applied to the system by the infinitesi-
mal displacement of the center-of-mass:

1

2
Mdv2cm = Fext · drcm . (2)

Actually, after scalar-multiplying both sides of (1) by
vcm one readily arrives to Eq. (2), the equivalence of
the two equations, Eq. (1) and Eq. (2), being a conse-
quence of d(v2cm/2)/dvcm = vcm. Equation (2) can still
be written as

dKcm = Fext · drcm , (3)

where Kcm = 1
2Mv2cm is the centre-of-mass kinetic en-

ergy. The integral form of Eq. (3) is ∆Kcm = Wps,
where the left-hand side is the variation of the centre-
of-mass kinetic energy and the right-hand side is the
“pseudo-work” of the resultant external force, Wps =∫
Fext · drcm [10]. It is worthwhile to make clear the

distinction between work and pseudo-work: in the for-
mer, one considers the displacement of the force itself,
whereas in the latter, corresponding to the present case,
it is the displacement of the centre-of-mass that mat-
ters. Hence, the energy-like formulation of Newton’s
second law uses the pseudo-work and not the work of
the resultant force a point that, surprisingly, is not
much emphasized in textbooks. Of course, there are cir-
cumstances for which both work and pseudo-work are
equal (if the displacement of the force is the displace-
ment of the centre-of-mass) but this is not, in general,
the case for a system of particles.

The above equations, though expressing the same
fundamental law, do it in two different forms: Eq. (1)
is a vector equation, and Eq. (3) is a scalar one. The
information that can be extracted is, sometimes, com-
plementary, because they use different sets of physical
magnitudes. However, they express the same physical
law - Newton’s second law. The first one uses the im-
pulse and the linear momentum, and the second one the
pseudo-work and the kinetic energy. It is appropriate
to note that equivalent descriptions of a physical sys-
tem in terms of scalar quantities or of vector ones also
happens in electrostatics, when the scalar potential is
used or, equivalently, when the electric field is used in
the description of an electric charge system in static
equilibrium.

2.2. The first law of thermodynamics

The previous equations are always valid and pertinent
to describe the motion of the centre-of-mass of a system.
However they do not provide a full physical description
in general situations. To this purpose one still needs the
first law of thermodynamics which brings about new in-
formation. The mechanical system itself possesses an
internal energy, U , whose variation may result from en-
ergetic transfers to and from the system, either as work,
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W , or as heat, Q. It may also vary due to processes in-
side the system itself, e.g. when chemical reactions take
place in the system. The pseudo-work does not play
any role here: it is the real work that enters the energy
balance expressed by the first law of thermodynamics.

In general, and for any system, the infinitesimal in-
ternal energy variation, dU , may receive contributions
from the variation of the internal kinetic energy, dKint

(including rotational kinetic energy or kinetic energy
with respect to the centre-of-mass), from any internal
work, dWint (i.e. work performed by the internal forces)
[10], from the internal energy variations related to tem-
perature variations, McdT (c is the specific heat), from
the internal energy variations related to chemical re-
actions [11], etc. The internal energy variation caused
by a variation of the internal kinetic energy is partic-
ularly important for mechanical systems that undergo
processes lying in the scope of thermodynamics [4].

The first law of thermodynamics is a statement
on energy conservation and, for a general process on
a macroscopic system, whose analysis needs to com-
bine mechanics and thermodynamics [12], it can be ex-
pressed, in infinitesimal form, as [7, 13]

dKcm + dU =
∑
j

Fext,j · drj + δQ. (4)

Here, the infinitesimal heat is denoted by δQ since it
is not an exact differential, contrary to dU , dKcm or
drj that are scalar or vector exact differentials. Each
term in the sum over j on the right-hand side of Eq. (4)
is work associated with each external force Fext,j , and
drj is the infinitesimal displacement of that force itself
(and not, anymore, the displacement of the centre-of-
mass). Therefore, δWj = Fext,j · drj is real work (not
pseudo-work). At least in principle, if the right-hand
side of Eq. (4) vanishes, the internal energy may trans-
form into kinetic energy, and vice-versa, if the process
is compatible with the Newton’s second law (and with
the second law of thermodynamics). Equation (4) also
makes it clear that any external energetic interaction
may serve to change the internal energy of the system
or to change its centre-of-mass kinetic energy. The po-
tential energy of the system as a whole may change if
some of the external forces are conservative. In that
case, the work of those external forces, included on the
right-hand side of Eq. (4), is equivalent to a corre-
sponding potential energy variation on the left-hand
side (remember that the variation of the potential en-
ergy associated with a conservative force, Fc, is defined
through ∆Ep = −

∫
Fc · dr).

The integral form of Eq. (4) is expressed by
∆Kcm + ∆U = Wext + Q or, equivalently, given by
∆Kcm +∆Ep +∆U = W +Q, where the total poten-
tial energy variation is already explicitly taken on the
left-hand side and, therefore, on the right-hand side one
has to exclude that part from the external work, the
remaining part being now simply denoted by W . In a

reductionist sense, W could appropriately be called the
thermodynamical work. In the most common thermo-
dynamic examples there is no variation of the centre-of-
mass kinetic or potential energy, i.e. ∆Kcm = ∆Ep = 0
and this is why the first law of thermodynamics ap-
pears, in thermodynamical textbooks, formalized just
as ∆U = W+Q. We stress that, in this form, the right-
hand side of the equation refers to energetic transfers
to/from the system surroundings, therefore it is an ex-
ternal energy transfer. It is worth noting that Eq. (4)
allows for a physical description of a thermal engine
that moves by itself (even moves up), for instance, the
Stephenson’s Rocket [14], or an accelerating car [5] or a
walking person or toy [15]. That would not be possible
using the first law as given by the well known expression
dU = δW + δQ.

Equations (3) and (4) both refer to energy balances
in processes but they express two quite different funda-
mental physical laws. The former, the so-called centre-
of-mass energy equation, is an alternative way of stat-
ing Newton’s second law, whereas the latter expresses
the first law of thermodynamics. They are both simul-
taneously general and always valid, therefore each one
provides new information with respect to the other. Of
course, if the problem is out of the scope of thermody-
namics (e.g. a mechanical system without friction), the
two equations are then equivalent or, in other words,
they become the same equation. This happens when
there is no internal energy variation, no heat trans-
fers and when the displacement of the forces equals the
displacement of the centre-of-mass. The sum on the
right-hand side of Eq. (4),

∑
j Fext,j · drj , then simply

becomes Fext · drcm, where Fext =
∑

j Fext,j is the re-

sultant of the external forces, and Eq. (4) is equal to
Eq. (3).

2.3. The principle of relativity

The principle of relativity only played a minor role in
the development of classical mechanics [16]. However
it is a very important concept and all above equations
must obey that principle, so they are valid in any in-
ertial frame. There are physical quantities that do not
change upon an inertial frame transformation, such as
the forces, the mass, the time interval, the variation
of internal energy and the heat. Other quantities do
change, such as the variation of the centre-of-mass ki-
netic energy or the spatial displacement of a force that
vary from one inertial reference frame to another. But
Eqs. (1)-(4) are Galilean invariant. This means that
the amount of information provided by these equations
will be exactly the same, irrespective of the chosen in-
ertial frame - there are no privileged inertial frames.

3. Relativity with four-vectors

A Minkowski four-vector embodies, in the same en-
tity, a “space-like” (three-vector) part and a “time-like”
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(scalar) part: This is precisely the nature of, respec-
tively, Eq. (1), on the one hand, and of Eqs. (3) or (4),
on the other hand. This correspondence was actually a
motivation for developing a formalism, inspired in the
formulation of special relativity with Minkowski four-
vectors, applicable in classical physics. That formalism
will be worked-out in the next section. In this section
we review those aspects of the relativistic formalism
that are essential to derive the corresponding classical
one [17]. In the Minkowski’s formulation of relativity,
a basic physical magnitude is usually expressed as a
four-vector. For instance, the momentum-energy, pµ,
or the space-time, rµ, are (contravariant) four-vectors
given by the column matrices:

pµ =


px
py
pz
E/c

 ; rµ =


x
y
z
ct

 . (5)

On the other hand, the interaction of a particle with a
field is expressed by means of a 4×4-tensor. For exam-
ple, the electromagnetic field tensor Fµ

ν , associated just
with the electric force, F = qE, where q is the electric
charge and E = (Ex, Ey, Ez) the electric field, is such
that:

q Fµ
ν =


0 0 0 qEx

0 0 0 qEy

0 0 0 qEz

qEx qEy qEz 0

 =


0 0 0 Fx

0 0 0 Fy

0 0 0 Fz

Fx Fy Fz 0

 . (6)

The matrix in Eq. (6) refers to a charged particle ob-
served in a reference frame in which there is only an
electric field. In another inertial reference frame, the
electromagnetic field tensor would acquire other com-
ponents. However, the matrix as given by Eq. (6) is
the pertinent one for the derivation of the classical for-
malism in the next section. In relativity, the equations
are usually better expressed as products of 4 × 4 ma-
trices and four-vectors. For a particle with inertia M ,
moving with velocity v = (vx, vy, vz) in reference S, its
momentum-energy can also be expressed by Eµ = cpµ

explicitly given by Eq. [18]:

Eµ =


cγMvx
cγMvy
cγMvz
γMc2

 , (7)

where γ =
[
1− β2

]−1/2
, β = v/c are the usual rela-

tivistic coefficients. In the case of an electric charge
moving in an external background electric field its rela-
tivistic description is formally very similar to the clas-
sical treatment described in section 2.1. A four-vector

infinitesimal impulse-work, dWµ, can be defined by [19]

dWµ =


cdIx
cdIy
cdIz
dW

 =


0 0 0 Fx

0 0 0 Fy

0 0 0 Fz

Fx Fy Fz 0




dx
dy
dz
cdt

 .

(8)
In the absence of magnetic fields, i.e. for a charged
particle moving in an external electric field, the motion
of the body is governed by the four-vector fundamen-
tal Eq. [19] which is the relativistic counterpart of the
centre-of-mass Eq. (3)

dEµ = dWµ . (9)

This ‘momentum-energy / impulse-work equation’ is
completely equivalent to the more familiar equation
Fµ = dpµ/dτ , where Fµ is the four-force, dτ = γ−1dt
is a proper time and, hence, cFµdτ = dWµ, which is
Eq. (9). Explicitly, that equation reads as

cM d [γ(v)vx]
cM d [γ(v)vy]
cM d [γ(v)vz]
M c2 d [γ(v)]

 =


cFxdt
cFydt
cFzdt

Fxdx+ Fydy + Fzdz

 .

(10)
The set of the first three equations can be regarded
as the relativistic vector Newton’s second law (corre-
sponding to Eq. (1) in classical mechanics) and the
fourth equation as the relativistic centre-of-mass equa-
tion (corresponding to Eq. (3) in classical mechanics).
It is worth noting that this relativistic centre-of-mass
equation can be obtained from the relativistic Newton’s
second law, and vice-versa, by using d(γc2)/d(γv) = v
[20]. This is the relativistic counterpart of the deriva-
tion that leads, in classical mechanics, from Eq. (1) to
Eq. (2). Hence, in a sense, there is some redundancy
in the information provided by the set of four compo-
nents of the four-vector Eq. (10) of the same level of
the existing redundancy in Eqs. (1) and (3).

If the motion of the body is now described in refer-
ence frame S′, moving with velocity V along the com-
mon xx′ axes with respect to S (standard configura-
tion), the four-vector Eq. (9) is readily transformed to
S′, and this is a major advantage of the formalism:

dE′µ = dW ′µ . (11)

The primed components are obtained from the un-
primed ones by means of the Lorentz transformation
matrix (asynchronous formulation) [21]

Λµ
ν (V ) =


γ 0 0 −βγ
0 1 0 0
0 0 1 0

−βγ 0 0 γ

 . (12)

In particular, Λµ
ν (V ) (dEν = dW ν) → dE′µ = dW ′µ .

In general, four-vectors, such as Eµ, and tensors, such
as Fµ

ν , transform from S to S′ according to

E′µ = Λµ
ν Eν , F′µ

ν = Λµ
α(V ) Fα

β Λβ
ν (−V ) , (13)
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where Λ(−V ) = Λ−1(V ).
The formalism implies that the Principle of Relativ-

ity is automatically fulfilled, i.e. the four-vector equa-
tions exhibit the same form in S and in S′ inertial ref-
erence frames. As a consequence, the four equations
provided by Eq. (9) in one reference frame can always
be expressed as linear combinations of the four equa-
tions provided by Eq. (11) in the other reference frame,
and vice-versa.

4. Formalism with 4-vectors for classi-
cal mechanics

Now, the question is whether a formalism for clas-
sical physics, which retains the characteristics of the
Einstein-Minkowski theory of relativity, might be de-
rived. Apparently not, since the same velocity can
never be assigned to the same phenomenon in two dif-
ferent inertial reference frames. However, let us assume
that there is some limiting velocity, vL, in classical me-
chanics - the same in all inertial reference frames. The
assumption helps, as we shall see, in defining classical 4-
vectors and set-up matrix equations based on the equa-
tions presented in section 2. Typical velocities in clas-
sical physics, including the relative velocities of moving
inertial frames, will be always assumed to be very small
compared with vL, so that the limit vL → ∞ is supposed
or explicitly taken at some stage of the derivations. The
new formalism, to be derived below, is useful to discuss
classical physics problems, keeping the advantages of
the relativistic formalism. In particular, the Galilean
principle of relativity is automatically incorporated in
such formalism. On the other hand, by including the
first law of thermodynamics, it allows for an integrated
vision and treatment of those problems involving ther-
mal effects and variations of mechanical energy.

To obtain a non-relativistic reduction of the four-
vectors and of the transformation matrix presented in
the previous section, we replace the speed of light by the
above mentioned velocity parameter, c → vL, which, as
already mentioned, is much larger than any velocity in
the classical system. The role of vL is similar to the
role played by c in relativity in the sense of providing
components of the 4-vectors that are dimensionally ho-
mogeneous. As we shall see, its explicit value is never
needed (hence, we could even keep c instead of intro-
ducing a new quantity vL). The classical limits for the
relativistic space-time components are simply r → r
and ct → vLt. For the momentum-energy components
they are (see Eqs. (5))

cp → vL Mv ; E → 1

2
Mv2 +M v2L + U . (14)

In Eq. (14) there is a rest-energy like term, Mv2L, as
in special relativity [22] that will be discussed later,
and U , the internal energy, is already included, antic-
ipating that the classical system may undergo inter-

nal energy variations. Besides the classical 4-vector
momentum-kinetic energy (now preferably represented
by K, whose components are expressed in units of en-
ergy) we also define a 4-vector internal energy (related
to the momentum-energy in the rest frame), U . Later
on in this section we shall discuss in more detail this
4-vector U .

The two 4-vectors, K and U , and the 4-vector po-
sition, R (all 4-vectors are denoted by calligraphic let-
ters) are column matrices given by:

K =


vLM vx
vLM vy
vLM vz
1
2M v2

 , U =


0
0
0

Mv2L + U

 ,

R =


x
y
z
vLt

 , (15)

where contravariant (or covariant) indexes have been
omitted since they play no relevant role. By including
the rest energy Mv2L in the 4-vector internal energy, the
components of the classical 4-vector K become simply
the linear momentum (times a constant factor vL) and
the kinetic energy.

On the other hand, the classical reduction of the
Lorentz transformation matrix, Eq. (12), keeping only
terms up to order V/vL, is

Λµ
ν (V ) → Υ =


1 0 0 −β(V )
0 1 0 0
0 0 1 0

−β(V ) 0 0 1

 , (16)

now with the following new definition: β(V ) = V/vL.
The matrix Υ is a symmetric one, its inverse is
Υ−1(V ) = Υ(−V ) and its generalization for transla-
tions in any direction is straightforward, with the prop-
erty Υ(v1 + v2) = Υ(v1)Υ(v2). One should note that
this is not exactly the usual Galilean matrix transfor-
mation, since applying Υ to the 4-vector position leads
to 

x′

y′

z′

vLt
′

 =


1 0 0 −β
0 1 0 0
0 0 1 0
−β 0 0 1




x
y
z
vLt

 =


x− V

vL
vLt

y
z

vLt− V
vL
x

 . (17)

If we take the limit vL → ∞, the Galilean transforma-
tion is recovered:

x′

y′

z′

vLt
′

 =


x− V t

y
z
vLt

 . (18)
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Up to leading order in vL, the time is absolute, i.e.
t = t′ [see Eq. (17)], as stated by the Galilean transfor-
mation (18). Both the velocity 4-vector, which is the
time derivative of the position 4-vector, and its trans-
formed 4-vector, are now readily obtained:

Ṙ =


vx
vy
vz
vL

 ; and Ṙ′ = ΥṘ =


vx − V

vy
vz
vL

 . (19)

The acceleration 4-vectors are identical in S and S′:
R̈′ = R̈.

4.1. Centre-of-mass equation

Motivated by the form of the electric components of
the electromagnetic field tensor [see Eq. (6)] we asso-
ciate to each force F = (Fx, Fy, Fz) the following 4× 4
matrix:

F =


0 0 0 Fx

0 0 0 Fy

0 0 0 Fz

Fx Fy Fz 0

 (20)

(we denote the ‘classical’ 4 × 4 matrices representing
forces by roman letters).

Let us now consider the following classical matrix
equation referring to the centre-of-mass, which can be
regarded as the classical counterpart of the relativistic
Eq. (9) [that can also be written as dEµ = Fµ (cdτ):

dK cm = Fext dR cm (21)

where Fext is a 4× 4 matrix representing the resultant
of the external forces: Fext =

∑
j Fext,j . The 4-vectors

in Eq. (21) are explicitly given by [see Eq. (15)]

dK cm =


vLM dvcm,x

vLM dvcm,y

vLM dvcm,z

M vcmdvcm

 ; dR cm =


dxcm

dycm
dzcm
vLdt

 .

(22)
Equation (21), with substitutions from Eqs. (20) and
(22) yields four scalar equations which are precisely the
full set of equations in Eq. (1) - three scalar equa-
tions - and Eq. (2) - one scalar equation. This result
justifies the formulation of the matrix Eq. (21): the
set of equations presented in subsection 2.1. for classi-
cal mechanics have been merged into a single equation,
hence Eq. (21) can be appropriately be called ‘matrix
centre-of-mass equation’ where Fext dR cm, the exter-
nal 4-vector impulse-pseudowork, is the counterpart of
Eq. (8). In general, the classical infinitesimal 4-vector
impulse-pseudowork associated to a force F is given by
(compare with Eqs. (8) and (10))

δWps =


vLδIx
vLδIy
vLδIz
δWps

 =


vLFxdt
vLFydt
vLFzdt

Fxdxcm + Fydycm + Fzdzcm


(23)

(it is preferable to denote the infinitesimal work and
impulse by δ because, in general, they are not exact
differentials).

The matrix equation equivalent to Eq. (21) in refer-
ence S′, moving with velocity V with respect to S along
the xx′ axes, is readily obtained. We just have to apply
the operator (16) to the left side of Eq. (21), i.e.

Υ dK cm = Υ Fext Υ
−1 Υ dR cm . (24)

In general, any force remains invariant (as it should)
after taking the limit vL → ∞: F′ = Υ Fext Υ−1 = F.
Therefore, Eq. (24) becomes

dK′
cm = F ext dR′

cm , (25)

so that the Principle of Relativity holds.

4.2. First law of thermodynamics in the 4-
vector formalism

The previous discussion applies to the centre-of-mass
of a classical body in translation. However, in order to
study the motion of an extensive deformable body one
needs additional equations to describe rotations (but we
leave the discussion of the rotations to another publica-
tion) and processes involving production and destruc-
tion of mechanical energy [5]. To address a complete
description of these kind of processes we also need the
first law of thermodynamics as discussed in section 2..

In the rest frame of the body, the fourth component
of the internal energy includes Mv2L [see Eq. (15)], i.e.
in the present formalism there is an energy associated
with the object at rest. However, we are mostly inter-
ested in kinetic or internal energy variations, therefore
this constant rest energy does not play any role and can
be ignored.

In classical physics the internal energy of a body
changes with no associated change of linear momen-
tum. Thus, the 4-vector internal energy variation is
given by

dU =


0
0
0
dU

 . (26)

In thermodynamics both work and heat contribute
to the internal energy variation of a system. For a
general process on a macroscopic body, whose anal-
ysis needs to combine mechanics and thermodynam-
ics [12], the four-vector formalism is still useful and we
should consider the following matrix equation that can
be called ‘matrix energy equation’ (since it includes the
conservation of the energy):

dKcm + dU =
∑
j

(Fext,j dRj) + δQ . (27)
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Here, the heat 4-vector has a structure similar to the
internal energy [23], i.e.

δQ =


0
0
0
δQ

 . (28)

The first three components of Eq. (27) are exactly the
same as those in the matrix Eq. (21), and the same
given by Eq. (1). However, the fourth component in
Eq. (27) is precisely Eq. (4) that formalizes the first
law of thermodynamics. Since Eq. (1) is equivalent to
Eq. (3), we conclude that the redundancy contained
in the matrix Eq. (21) does not exist in Eq. (27). In
fact, the latter includes, simultaneously, the Newton’s
second law (the first three components) and the first
law of thermodynamics (the fourth component). Hav-
ing these two fundamental laws expressed by a single
equation clearly shows that both laws should be simul-
taneously valid, therefore they must be absolutely com-
patible. Hence, Eq. (27) is more general than Eq. (21).

Each term in the sum on the right-hand side of
Eq. (27) is the 4-vector impulse-work associated with
each external force Fj = (Fx, j , Fy, j , Fz, j), that is

Fext,j dRj = δWj =
0 0 0 Fx, j

0 0 0 Fy, j

0 0 0 Fz, j

Fx, j Fy, j Fz, j 0




dxj

dyj
dzj
vLdt

 , (29)

where dRj is the 4-vector infinitesimal displacement of
the force Fj itself (and not, anymore, the displacement
of the centre-of-mass). Therefore, δWj in the previous
expression is associated to real work and not to pseudo-
work.

Of course, for a body that behaves like an elemen-
tary particle (no rotation, no deformation, etc.) the
centre-of-mass equation and the first law of thermo-
dynamics provide the same information, and the same
happens with the corresponding matrix equations. But
when the body does not behave like an elementary par-
ticle, Eq. (27) provides additional information with re-
spect to Eq. (21).

A final remark on the Galilean invariance of
Eq. (27). The matrix Eq. (27) is Galilean invariant,
similarly to Eq. (21):

dK′
cm + dU ′ =

∑
j

(
Fext,j dR′

j

)
+ δQ′ . (30)

Due to the structure of the 4-vectors dU and δQ, these
quantities are trivially Galilean invariants: after taking
the limit vL → ∞, dU ′ = dU and δQ′ = δQ.

Summarizing, using the 4-vector formalism we es-
tablished two matrix equations, the centre-of-mass
equation and the energy equation (and the correspond-
ing matrix transformation). Both equations are always

valid and, therefore, should be compatible. However,
the former contains some redundant information in its
four components, whereas the latter provides additional
new information if the situation is within the scope of
thermodynamics - it includes simultaneously the New-
ton’s second law and the first law of thermodynam-
ics. Of course, the second law of thermodynamics,
which states that only processes compatible with a non-
decrease of the entropy of the universe, ∆SU ≥ 0, are
allowed, should always be observed.

In the next section we discuss two examples to show
the 4-vector formalism at work.

5. The formalism at work

In this section we discuss two problems to illustrate
with concrete examples how the formalism works. Be-
sides applying the formalism developed in the previous
section in concrete situations, we also analyze the phys-
ical system from the point of view of the second law of
thermodynamics. These two examples are enough for
illustration purposes but, of course, the formalism is
applicable in general, without restrictions.

5.1. Vertical jump

A person of mass M jumps vertically as Fig. 1 shows.
We are interested in describing the motion while there
is still contact with the ground.

N
r

i f

G
r G

r

h
0

y

0
rr

=N

Figure 1 - First phase of a vertical jump, during which there is
still contact with the ground.

We assume the following simplifying assumptions:
the centre-of-mass motion is vertical, and the normal
force, N, is constant. The first assumption leads to
a simpler description of the motion, which is then in
1+1 dimensions. The other assumption - treating the
contact force as an average constant force - just makes
easier the integration of the matrix Eq. (27).

We describe the motion in the reference frame with
the y axis pointing upwards. The other spatial coordi-
nates x and z are not necessary and the corresponding
dimensions can simply be skipped from the matrices.



4310-8 Güémez and Fiolhais

Hence, the 4× 4 matrices describing N = (N, 0, 0) and
G reduce to 2× 2 matrices, namely

N =

(
0 N
N 0

)
, G =

(
0 −Mg

−Mg 0

)
. (31)

The 4-vector displacements for the center-of-mass and
for the forces are

Rcm = RG =

(
h

vLt0

)
, RN =

(
0

vLt0

)
, (32)

where t0 is the duration of the action of the horizontal
force upon the person and h the corresponding spatial
displacement of the center-of-mass. Each of the above
four-vectors now reduce to two components: the first
component is space-like, and the second one is time-
like. The person is initially at rest and after time t0,
exactly when the contact ceases, the centre-of-mass ve-
locity is vcm. The normal force, N, is the reaction to
the force exerted by the person on the ground and, to
produce such a force, biochemical reactions should take
place in the person’s muscles. A chemical reaction ξ
produced inside the body may cause variations on its
internal energy, ∆Uξ, volume, ∆Vξ, entropy, ∆Sξ, etc.
The four-vector ∆Uξ associated with this internal en-
ergy variation is:

∆Uξ =

(
0

∆Uξ

)
. (33)

If a chemical reaction takes place at constant external
pressure, P , in diathermic contact with a heat reservoir
at temperature T , part of the internal energy is used
for an expansion against the external pressure and part
must be exchanged with the heat reservoir in order to
ensure that the entropy of the universe does not de-
crease. Therefore, the four-vectors associated with the
work, Wξ, and with the heat Qξ interaction are (again,
we skip two space-like vanishing components):

Wξ =

(
0

−P∆Vξ

)
; Qξ =

(
0

T∆Sξ

)
. (34)

When ∆Vξ < 0, the external pressure performs work
on the system and when ∆Sξ > 0 the heat reservoir
increases the internal energy of the body. We assume
that no other energy is exchanged between the person
and the environment.

The matrix equation for this process - Eq. (27) - is:

∆Kcm +∆Uξ = WG +WN +Wξ +Qξ , (35)

(WG and WN are the impulse-work 4-vectors related to
the weight and the normal force) or, explicitly,(

vLMvcm
1
2Mv2cm

)
+

(
0

∆Uξ

)
=(

vL(N −Mg)t0
−M g h− P∆Vξ

)
+

(
0

T∆Sξ

)
. (36)

This matrix equation is equivalent to vL

[
Mvcm = (N −Mg)t0

]
,

1
2Mv2cm +∆Uξ = −Mgh− P∆Vξ + T∆Sξ .

(37)
The first of these equations is equivalent to the (centre-
of-mass) equation

1

2
Mv2cm +Mgh = Nh, (38)

i.e. the increase of mechanical energy in the process
equals the pseudo-work of the normal force. The sec-
ond equation in Eq. (37) can also be expressed as

1

2
Mv2cm +Mgh = −∆Gξ , (39)

where ∆Gξ = ∆Uξ+P∆Vξ−T∆Sξ is the Gibbs free en-
ergy variation, which is symmetric of the pseudo-work
associated to N. Equation (39) shows that the person
increases its center-of-mass kinetic and potential energy
thanks to internal biochemical reactions [11]. The vari-
ation of the Gibbs free energy is the maximum useful
work that can be obtained from the reactions in the
person’s muscles biochemical reactions: Wmax = −∆Gξ

and this is also equal to Nh. The normal force does not
do any work but it intermediates an energy transforma-
tion.

The initial phase of this idealized jump is a process
that implies no entropy increase of the universe and,
therefore, it is reversible. In fact, the mechanical en-
ergy acquired by the system can be completely used, at
least in principle, to increase by −∆Gξ the free energy
of any chemical reaction.

Let us now briefly analyze, from the mechanical and
thermodynamical points of view, the opposite process,
i.e. the deceleration process of the body when the per-
son falls down, touches the ground and stops. When
the foot first comes in contact with the ground (the
new initial time), the centre-of-mass is moving down-
wards with velocity −vcm and it stops at instant t′0 after
a vertical displacement h′ at a supposedly constant ac-
celeration. The (constant) reaction force is now N ′,
pointing upwards, not necessarily equal to N . Note
that we are assuming the same value for the velocity of
the centre-of-mass when the foot abandons the ground,
in the ascending trajectory, and when it comes in con-
tact again with the ground, in the descending phase.
This means that, in both instants, the centre-of-mass
is at exactly the same level with respect to the ground.
The dynamics of the descendent body is now described
by the following equivalent equations:

Mvcm = (N ′ −Mg)t′0 or

−
(
1

2
Mv2cm +Mgh′

)
= −N ′h′ . (40)

Combining these equations with the dynamical equa-
tions for the upward phase of the motion - first equation
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in Eq. (37) and Eq. (38) - one immediately concludes
that in the ascendent and in the descendent phases the
impulses and the pseudo-works of the external forces
are the same:

I ′ = (N ′ −Mg)t′0 = (N −Mg)t0 = I and

W ′
ps = (N ′ −Mg)h′ = (N −Mg)h = Wps . (41)

Regarding thermodynamics, the situation is not
symmetric with respect to the ascendent phase. Now
there is no internal energy variation (or thermodynam-
ical work and heat) associated with chemical reactions.
The ‘time-like’ component in the matrix Eq. (27), after
integration, is now simply given by

− 1

2
Mv2cm = Mgh′ +Q′, (42)

where Q′ denotes the heat exchanged with the sur-
roundings (considered a heat reservoir at temperature
T ). From this equation and from the second equation in
Eq. (40) one obtains Q′ = −N ′h′ < 0. Again, the nor-
mal force doesn’t do any work - it rather intermediates
the transformation of mechanical energy into heat. Be-
ing a negative quantity, this is heat transferred from the
body to the surrounding. Considering the overall pro-
cess - ascendent and descendent phases -, and assuming
that the thermodynamical initial and final states of the
body are the same, one concludes that the entropy of
the universe increases by ∆SU = N ′h′

T > 0, due to the
heat transfer to the heat reservoir. We note that there
is a clear thermodynamical asymmetry between the up-
ward phase and the downward one. The description of
the part of the motion where the person is only sub-
jected to its own weight (and assuming negligible air
resistance forces) is trivial and irrelevant for the ther-
modynamical description of the overall process.

5.2. A block pulled on an horizontal plane

The next example consists of a rigid block of mass M
pulled by a force F, as Fig. 2 shows. The process is
described in the reference frame represented there.

x

F
r

c m

f
r

T

y

q  

G
r

N
r

Figure 2 - Moving block on a horizontal surface with friction,
under the action of a pulling force.

There are several external forces which are schemat-
ically represented in Fig. 2: the pulling constant force,
F (making the angle θ with the horizontal direction),

the weight, G, the normal reaction, N, and the kinetic
friction force, f. This force is assumed to be constant,
of the form f = µkN , where µk is the coefficient of ki-
netic friction. We should note that N + f = R is a
single force, resulting from the contact interaction be-
tween the block and the ground. However, it is usual
to look at this force as the sum of N and f to better
underline the role played by each of these orthogonal
forces in the dynamics of the body.

According to Eq. (20), the matrix form of these
forces, suitable for our formalism, is readily written
down. Since the problem is 2+1 dimensional, we can
skip one line and one column, corresponding to the
space coordinate z. Therefore, the forces are expressed
by:

F =

 0 0 F cos θ
0 0 F sin θ

F cos θ F sin θ 0

 ,

G =

 0 0 0
0 0 Mg
0 Mg 0

 ,

N =

 0 0 0
0 0 N
0 N 0

 ,

f =

 0 0 −f
0 0 0
−f 0 0

. (43)

The magnitudes of all these forces are constant, hence
the integration of Eq. (27) is straightforward. In par-
ticular, the work associated with each force is simply
given by the dot product of the force and its own dis-
placement.

We denote the space displacement of the centre-of-
mass by ∆xcm, which occurs in the time interval t0.
Therefore, the centre-of-mass 4-displacement is repre-
sented, in the formalism, by the following column ma-
trix now with just three lines:

Rcm =

 ∆xcm

0
vLt0

 . (44)

Clearly, this is the displacement of the pulling force and
of the weight: RF = RG = Rcm. Regarding the con-
tact force, R, its origin ultimately lies in the countless
local microscopic interactions of electromagnetic origin
between the body and the ground. The application
point of the macroscopic force R is such that the to-
tal torque on the block vanishes. For instance, if the
pulling force direction includes the centre-of-mass, the
reaction force direction should pass through the centre-
of-mass as well. Contrary to F and G, that are always
present, R is a force that constantly ‘appears’ and im-
mediately ‘disappears’ as the body moves along the hor-
izontal surface. In fact, we may think on a manyfold of
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forces, each of which acts at every location of the body.
Therefore, it is tricky - just to say the minimum - to
figure out what the displacement of the force R is. If
we think about the decomposition of R into N and f
the work associated to the former is zero anyway, be-
cause it is always perpendicular, by definition, to the
displacement whatever it is. Regarding the impulse
of N, it is neither dependent on its application point
nor on its displacement. On the other hand, the space
displacement associated to the kinetic friction force is
more awkward. Some authors, exploring microscopic
models for the friction based on electromagnetic molec-
ular interactions, claim that the displacement of the
kinetic friction force is half of the displacement of the
block [24]. Others come to different conclusions [25].
Jewett and Serway argue that the work of the friction
force is simply not calculable from the expression that
defines work [26]. As we said above, what happens is
that the body experiences different friction forces, all
with the same magnitude and direction but exerted at
different locations. Therefore, identifying the product
of the constant friction force by the centre-of-mass dis-
placement with the work done by that force is question-
able.

Fortunately, the mentioned situation is not prob-
lematic if we take into account, on the right-hand side
of Eq. (4), the energetic interaction between the block
and the surrounding originated by the contact force.
In fact, it really does not matter whether that energy
transfer is accounted as work (better to say dissipative
work) or as heat. Actually, dissipative work goes im-
mediately into heat so we can treat thermodynamically
any dissipative work and heat. To do so, and since the
displacement of the force is not a well-defined concept,
we may simply adopt the point of view that a kinetic
friction force, similarly to a static friction force, does
not do any work, operationally by assuming that its
space displacement is zero. (Of course, there is pseudo-
work associated to the frictional force that is simply
its magnitude times the centre-of-mass displacement,
Wps = −f∆xcm.) The bottom line is that we may as-
sume for the 4-displacement of f the following column
matrix:

Rf =

 0
0

vLt0

 . (45)

For the normal force we may also take the same 4-vector
displacement, RN = Rf , but it is irrelevant whether
one takes this or RN = Rcm because the space-like
components of the 4-impulse-work will be always the
same, and the time-like component will also always be
the same (zero). We shall see that this point of view,
formalized in the choice (45), does not affect the me-
chanical description of the block’s motion and it does
provide a very clean framework to discuss the thermo-
dynamics of the process.

The 4-vector Eq. (27), whose integral form is

∆Kcm +∆U =
∑

j Wj +Q, leads explicitly to vLMvcm
0

1
2Mv2cm

+

 0
0

∆U

 =

 vL(F cos θ − f)t0
vL(N + F sin θ −Mg)t0

F cos θ∆xcm

+

 0
0
Q

 , (46)

where vcm is the centre-of-mass velocity of the body,
initially at rest, at instant t0. The quantities ∆U and
Q are, respectively, the variation of the block internal
energy and the heat transfer in the process. Just for
the sake of illustration, we may assume a simple model
for the internal energy variation of the block, taking it
as ∆U = Mc(Tf − T ), where c is the constant specific
heat, Tf is the final temperature and T the initial tem-
perature - also the temperature of the ground that is
supposed to be a heat reservoir. The previous matrix
equation leads to

vL

[
M vcm = (F cos θ − f) t0

]
,

vL

[
0 = (N + F sin θ −Mg) t0

]
,

1
2M v2cm +Mc(Tf − T ) = F cos θ∆xcm +Q.

(47)
The first two equations express the Newton’s second

law, whereas the third one expresses the conservation
of energy. The second equation simply gives the value
of N and the first equation is still equivalent to the
centre-of-mass equation, namely

M vcm = (F cos θ − f) t0 ⇔
1

2
M v2cm = (F cos θ − f)∆xcm, (48)

where the right-hand side of the second equation now
includes the pseudo-work associated to the kinetic fric-
tion force. Inserting this result into the third equation
in Eq. (47) one readily obtains the following energy
balance equation

Q = −f∆xcm +Mc(Tf − T ), (49)

with a clear physical meaning: due to friction, the in-
ternal energy increases, the block heats up and part
of the energy that is not used in this heating pro-
cess is simply transferred as heat to the heat reser-
voir. Serway and Jewett clearly state that the increase
in internal energy of the system is equal to the prod-
uct of the friction force and the displacement of the
block [27] but that is not work strictly speaking. Of
course, if the temperature variation is tiny, so that it
might legitimately be ignored, there is ultimately a heat
transfer Q = −f∆xcm < 0 to the ground. Should
we have assumed a different perspective for the dis-
placement of the friction force, such as being equal to
the centre-of mass displacement, one would arrive at
Q = Mc(Tf − T ). Then the question would be, where
does the heat come from to increase the internal energy
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of the block’s energy? Of course, there is an answer but
it is not as clear as the answer provided by Eq. (49)
which can still be written in the form:

WD = f∆xcm = Mc(Tf − T )−Q, (50)

i.e. the energy available from friction, the dissipative
work WD, partly goes to the body, increasing its tem-
perature, the remaining part is transferred to the heat
reservoir. Formally, we can just say that there is a di-
rect conversion of dissipative work into heat and the
bottom line is that dissipative work and heat can be
treated on the same footing. By assuming a zero space
displacement of the friction force, in practice we are
treating the dissipative work as heat from the outset,
without any logical rupture in the physical description
of the process.

It is interesting to analyze the problem also from
the perspective of the second law of thermodynamics.
The point of view that we have adopted for the en-
ergy transfer associated with friction is also valuable
in the following discussion. The non-negative variation
of the entropy of the universe is, in the present case,
the sum of the entropy variation of the reservoir and of
the entropy variation of the block (the thermodynamic
system): ∆SU = ∆SR + ∆S. The first term is simply
∆SR = −Q

T , where the minus sign accounts for the fact
that Q is being considered from the point of view of the
block. From the reservoir’s point of view that heat is
symmetric (hence, positive). To compute the entropy
variation of the block we use an auxiliary reversible pro-
cess leading to the same final state at temperature Tf,
i.e. ∆S = Mc

∫
dT
T . Hence

∆SU =
f∆xcm −Mc(Tf − T )

T
+Mc log

(
Tf

T

)
. (51)

According to the second law, ∆SU ≥ 0, which estab-
lishes a condition for Tf. If we define ∆T = Tf − T and
assume that Tf ∼ T , the previous expression can still
be written as

∆SU ≃ f∆xcm

T
− Mcξ2

2
≥ 0, (52)

where we have used the power series expansion log(1+
ξ) ≃ ξ − 1

2x
2, with ξ = ∆T

T . From Eq. (52) we
can immediately conclude that the temperature vari-
ation must obey the following inequality: (∆T )2 ≤
2f∆xcm/(Mc).

If, after the mechanical process, we allow enough
time for the block to get in thermal equilibrium with
the heat reservoir, there is an additional heat transfer
|Q′| = Mc(Tf −T ) from the block to the heat reservoir.
In this case the overall heat transfer to the ground is
f∆xcm and the block does not suffer any change in its
thermodynamical state. Hence, the total increase of the
universe entropy is ∆S′

U = f∆xcm

T ≥ ∆SU ≥ 0.
In summary, the ‘choice’ (45), is compatible with the

mechanical description of the motion (actually, it has

nothing to do with that), and allows for a very clear
thermodynamical description. That is equivalent to as-
sume a direct conversion of dissipative work into heat,
which is allowed by the second law of thermodynamics.
The energy balance expressed by the third Eq. (47) can
still be written as

F cos θ∆xcm =
1

2
M v2cm +WD . (53)

The energy transferred to the system as work by the
force F, partly serves to increase the kinetic energy of
the centre-of-mass and, the other part, is exhausted as
dissipative work which, in turn, part goes to the body,
increasing its internal energy, and the remaining part
flows to the ground. Similarly to the role of the normal
force in the example 5.1 that intermediates an energy
transfer without doing work, in the present example we
may interpret the role of the friction force as an in-
termediator of an energy transfer (kinetic energy into
heat) without doing work.

If the external pulling force ceases, the body even-
tually stops and cools down. From the thermodynam-
ical point of view the process undergone by the body
is cyclic - the body final state is the same as its initial
state. There was a direct conversion of work into heat,
which is allowed by the second law (the opposite is not
allowed!), with a natural universe entropy increase since
the process is irreversible.

5.2.1. Galilean invariance

It is rather pedagogical to see explicitly how the ma-
trix formalism automatically guarantees the fulfilment
of the principle of relativity. Let us consider a refer-
ence frame S′ moving along the common xx′ axes with
velocity V . The (now 3 × 3) matrix transformation is
given by Eq. (16). If we apply this matrix equation to
Eq. (46), written in a way that the right-hand side is a
vanishing vector, we have 1 0 −V/vL

0 1 0
−V/vL 0 1

×

 vL [Mvcm − (F cos θ − f)t0]
vL(N + F sin θ −Mg)t0

1
2Mv2cm +∆U − F cos θ∆xcm −Q

=

 0
0
0

 . (54)

or, keeping only the leading terms in vL,

vL

[
M vcm − (F cos θ − f) t0

]
= 0,

vL(N + F sin θ −Mg) t0 = 0,

−V
[
M vcm − (F cos θ − f) t0

]
+

1
2M v2cm +Mc(Tf − T )− F cos θ∆xcm −Q = 0.

(55)

Inserting the first equation into the third one, one
immediately arrives at Eq. (47). Note that the formal-
ism naturally introduces a ‘product force-displacement’
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fV t0 required to ensure compliance with the principle
of relativity. Of course, we could explicitly compute the
4-vectors of the equation ∆K′

cm + ∆U ′ =
∑

j W ′
j +Q′

in reference frame S′. The result would be the set of
Eqs. (55). This explicitly illustrates that the amount
of physical information is always the same, independent
of the chosen inertial reference frame.

6. Conclusions

We have developed a matrix formalism for classical me-
chanics useful to deal, among others, with problems
involving production or destruction of mechanical en-
ergy. Actually we put forward two matrix equations -
the centre-of-mass and the energy equation -, the for-
mer embodying Newton’s second law and the latter also
including the first law of thermodynamics. Both equa-
tions are applicable to all situations, but we emphasize
that there is additional information that can be ob-
tained from the second with respect to the first one.

The classical formalism developed in this paper, in-
spired by the special relativity, automatically ensures
the observance of the Principle of Relativity: the two
fundamental 4-vector equations keep the same form in
any inertial reference frame and, irrespective of the
frame, they provide exactly the same amount of infor-
mation. In the resolution of physical problems we use
most effective (simpler calculations) reference frame.
However, it is important to realize that any other in-
ertial frame could be used, and the information would
be always the same. We have done this explicitly for
one example, taking advantage of the appropriateness
of our formalism to this purpose. Through the transfor-
mation matrix between inertial frames, transformations
of 4-vectors are readily obtained. Regarding the 4 × 4
matrices associated with the forces, they are invariant
under these transformations.

In order to stress the ideas and keep the formalism
and the discussion at the simplest level, we deliberately
skipped any reference to rotations. However, our 4-
vector formalism can be extended to include rotations,
a problem to be treated specifically in a forthcoming
publication. With respect to the present formalism,
there will be a complementary one for rotations also
applicable to conservative or dissipative phenomena.

When we presented some examples to which the for-
malism was applied, we also discussed an interesting is-
sue related to the role of the friction force, in particular
to its work. For the mechanical description of the mo-
tion, the pertinent quantity is the pseudo-work, so any
hypothesis about the kinetic friction force application
point displacement does not matter at all. However, for
the discussion of energetic issues, treating the dissipa-
tive work associated to that force, i.e., the associated
energy transfer, as heat, leads us to a consistent and
clear description, also from the point of view of the sec-
ond law of thermodynamics: under that assumption we

could even compute the universe entropy increase in a
straightforward way.

The present 4-vector formalism was basically in-
spired by relativistic mechanics and shaped to deal with
classical mechanics problems. We do not claim that
the ideas expressed in this paper are directly applica-
ble in the classroom, i.e. the formalism is not meant
to provide a framework to teach classical mechanics
in introductory General Physics courses. However, the
bridges it is able to establish between classical and rel-
ativistic physics, while allowing for a broader view on
classical mechanics problems that includes simultane-
ously dynamics and the first law of thermodynamics,
is certainly interesting both to teachers still in train-
ing or, as the authors, teachers with many years of ex-
perience. The formalism may also be appreciated by
students already acquainted with classical mechanics,
relativity and thermodynamics.
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[4] J. Güémez and M. Fiolhais, European Journal of
Physics 34, 345 (2013).
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