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ABSTRACT 

The objective of this study was to develop a Fuzzy Rule-Based System (FRBS) for the 
mathematically modeling of the irrigation level effect on beet cultivars (Beta vulgaris L.). 
From an agronomic experiment carried out in a protected environment (greenhouse), it 
was defined as input variables, for each cultivar, the irrigation levels (depths of 25, 40, 
55, 70, 85, and 100% of ETc), in which ETc is the crop evapotranspiration [mm d-1], 
while the output variables were productivity, root diameter, and plant height. Was adopted 
the inference method of Mamdani and centroid method for fuzzification. The fuzzy 
models performed better than polynomial regression models, when compared with the 
coefficients of determination (R²), mean absolute error (MAE) and root mean square error 
(RMSE). In addition, the excellent performance of the model is highlighted due to the 
curve containing all the points of the treatments means. As agronomic results, concluded 
that the Early Wonder cultivar has higher yields when submitted to water deficit.  

 
 
INTRODUCTION 

Currently (2019), the water crisis in Brazil has 
caused a shortage of water for irrigation. In this sense, many 
farmers have reduced the water volume applied. Therefore, 
there is a need to use cultivars resistant to water stress 
(Hussain et al., 2019).  

Beet is one of the most used vegetables in salads and 
juices. In Brazil, the state of São Paulo is one of the major 
consumers (Lauterbach et al., 2019). It can be grown as a 
crop, used as forage for cattle feeding, or as a source of 
sugar, the latter mostly in Europe (Maitah et al., 2016). 

Irrigation levels vary with crop traits, weather 
conditions, and soil types. These factors, therefore, must be 
considered in irrigation water management to optimize 
yield (Mukherjee, 2017; López-Mata et al., 2019). Ideal 
conditions for beet growth occur in winter, as lower 
temperatures favour its development (Gobin, 2018). 
According to the same author, the winter in Southeastern 
Brazil is characterized by lower rainfall, therefore lower soil 
moisture and lower crop production.  

The occurrence of water deficit in vegetables 
compromises the productivity and quality due to the short 
cycle and high-water content in their composition (Ilić & 
Fallik, 2017). Therefore, any occurrence of water stress can 
lead to low income and losses in production (Lesk et al., 
2016, Jalava et al., 2016). In the State of São Paulo, Brazil, 
the period of lowest rainfall occurs between the months of 
may to august, period in that the planting of vegetables 
should be done using irrigation to reach adequate levels of 
productivity (Silva et al., 2015). However, the lack of 
capital for assembling irrigation systems by small producers 
can have consequences in the production of vegetables due 
to the availability of water in the soil. This problem should 
be reduced by the selection of drought tolerant crops; these 
crops are able to support periods of water shortage during 
the planting (Nuccio et al., 2018). 

In this regard, Prato (2012) used a fuzzy system to 
analyze the resistance capacity of protected natural areas at 
the detriment of climate change. And with the advances of 
prolonged droughts, Giusti & Marsili-Libelli (2015), 
applying the fuzzy theory, developed a model to determine 
the ideal water replacement rate and thus optimize the water 
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resources of the region. So, we can highlight many 
applications, using fuzzy models, impact on corn planting 
(Waongo et al., 2014), orchids management (Putti et al., 
2014), evaluation of lettuce indicators submitted to irrigation 
with magnetic water and water deficit (Putti, et al., 2015).  

When used for data modelling, the fuzzy systems 
adopted here as an artificial intelligence system are 
notoriously more accurate than polynomial regression 
models. This is because the techniques adopted to build 
them seek to obtain the best approximations of means 
established by the levels of experimental tests of the 
treatments. Other models can also obtain results with 
similar precision, but the behaviour of the system makes its 
choice not to be overlooked. Behaviours such as the 
appearance of negative values or magnitudes much higher 
than the one expected by the model. Thus, not only the 
excellent accuracy of the model but also the expected 
behaviour of the model, make the fuzzy systems very 
suitable for mathematical modelling in agricultural 
sciences. Finally, also highlighting the benefits of such 
systems, the rule base generated by such models (with 
Mamdani's inference method) allows easy interpretation of 
the model by rural producers. 

The present study aimed to develop a Fuzzy Rule-
Based System (FRBS) to mathematically model the effect 
of irrigation levels on beet cultivars and establish implicit 
rules for agronomic experiments. Thus, this study aimed to 
develop a system using artificial intelligence (fuzzy logic) 
to model mathematically the effect of irrigation levels on 
beet cultivars (Beta vulgaris L.). 
 

MATERIAL AND METHODS  

Experiment Description 

To elaborate a Fuzzy Rule-Based System (FRBS), 
one agronomic experiment was carried out at the College of 
Agricultural Sciences of the São Paulo State University 
(UNESP), campus in Botucatu-SP, Brazil. Treatments 
consisted of six irrigation levels or depths (25, 40, 55, 70, 
85, and 100% ETc) applied via drip irrigation and based on 
crop evapotranspiration (ETc), as well as two beet cultivars 
(Early Wonder and Itapuã 202).  

The experiment was carried out in 15 L vases with a 
randomized block design (2 × 6), with four replications, 
totaling 48 experimental plots. The seedlings were prepared 
in trays containing 128 cells, constantly irrigated until they 
reach three true leaves, at the moment of transplanting. In the 
first 10 Days After the Transplanting (DAT), the seedlings 
were normally irrigated without differentiation of the levels 
in order to establish them, after the beginning of treatments.  

Reference evapotranspiration (𝐸𝑇𝑜) was calculated 
using a Class A evaporation pan, with daily evaporation 
readings (𝐸𝑇𝑜), according to the following equation: 

𝐸𝑇𝑜 = 𝐸𝐶𝐴 × 𝐾𝑝, (1)
 
Where:  

𝐸𝑇𝑜 is the reference evapotranspiration (mm.day-1);  

𝐸𝐶𝐴 is the “class A” pan evaporation (mm.day-1), and  

𝐾𝑝 is the ‘class A” pan evaporation coefficient. For 
greenhouse conditions, we used a 𝐾𝑝 = 1.0, as 
recommended by Elvanidi et al. (2017) (Figure 1). 

 

FIGURE 1. Daily evaporation in the greenhouse during the experiment. 
 

Crop evaporation was determined using the crop 
coefficient (𝐾𝑐) according to Doorenbos & Pruitt (1997), 
fractionating the applied depths as a function of the 
treatment, as the following equation: 

𝐸𝑇𝑐 = 𝐸𝑇𝑜 × 𝐾𝑐 ×  𝑓, (2)

Where:  

𝐸𝑇𝑐 is the crop evapotranspiration [mm.day-1];  

𝐸𝑇𝑜 is the reference evapotranspiration [mm.day-1];  

𝐾𝑐 is the crop coefficient [-], and  

f is the fraction of irrigation to be applied [%], 
namely 25, 40, 55, 70, 85, 100%. 

Table 1 shows the amount of water applied to the 
crop according to each treatment. Drip irrigation efficiency 
was deemed 90% (Keller & Bliesner, 2000). 
 
TABLE 1. Amount of water applied in the beet crop and its 
value of ETc, according to each irrigation level [mm] 
(treatment) considered. 

Treatments Irrigation [mm] ETc [mm] 
25% 33.23 29.91 
40% 50.17 45.15 
55% 61.05 54.94 
70% 68.38 61.55 
85% 74.65 67.18 
100% 97.23 87.51 
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At the time that the harvest was realized at 61 DAT, 
a 0.001 g precision scale was used for the measurement of 
Green Root Phytomass (GRP) [g], and digital pachymeter 
for measuring the Root Diameter (RD) [mm] and Plant 
Height (PH) [cm]. 
 

Fuzzy Rule-Based System (FRBS) 

An input processor (or fuzzification), a set of 
linguistic rules, a method of fuzzy inference, and an output 
processor (or defuzzification) were defined to build the 
FRBS, generating a real number as output (Figure 2). 

 

FIGURE 2. Fuzzy Rule-Based Systems proposed for the mathematical modeling of irrigation levels effect in beet cultivars (Beta 
Vulgaris L.) fwith 1 input variable (Irrigation Level), 3 output variables (Green Root Phytomass, Root Diameter and Plant 
Height) and 6 rules. 
 

Two FRBS were built, one for each cultivar (Early 
Wonder and Itapuã 202), each represented by the following 
function: 

𝐹: [0, 100] → ℝଷ, 𝐹(𝑥) = ൫𝑓ଵ(𝑥), 𝑓ଶ(𝑥), 𝑓ଷ(𝑥)൯ (3)

Where:  

The domain [0,100] represents the Irrigation Levels 
(% of ETc). The codomain ℝଷ represents the three response 
variables evaluated, namely: green root phytomass (GRP), 
root diameter (RD), and plant height (PH). The results are 
shown in 3 two-dimensional plots, each one showing one 
output variable and with two curves (two cultivars). 

To develop an input processor, fuzzy sets of input 
variables (Irrigation Level - 𝐿) were established. Thereby, 
six fuzzy sets (𝐶௜ , 1 ≤ 𝑖 ≤ 6) were defined according to the 
six irrigation levels estimated by ETc rates, namely 
(10 + 15𝑖)%, 1 ≤ 𝑖 ≤ 6. 

The membership functions of these fuzzy input 
sets used in the model were of the Generalized bell-shaped 
membership function type (The MathWorks, 2021),  
defined as: 

𝑓(𝑥) =
1

1 + ቚ
௫ି௖

௔
ቚ

ଶ௕
 (4)

Where: 

𝑎: defines the width of the membership function, where 
a larger value creates a wider membership function; 

𝑏: defines the shape of the curve on either side of the 
central plateau, where a larger value creates a more 
steep transition, 

𝑐: defines the center of the membership function. 
 
Thus, the values of parameter 𝑐 were all defined by 

(10 + 15𝑖), 1 ≤ 𝑖 ≤ 6, for each fuzzy set 𝐶௜. For the 
determination of the other parameters 𝑎 and 𝑏, a 
transformation process of a membership function originally 
defined as a triangular shape (Figure 3A) was used and then 
converted to the Generalized bell-shaped form (Figure 3B). 
Thus, considering the parameters [𝑘ଵ

௜  𝑘ଶ
௜  𝑘ଷ

௜  ] of the 
triangular membership function of the fuzzy set 𝐶௜ , 1 ≤ 𝑖 ≤
6, we adopted: 

𝑘ଶ
௜ = (10 + 15𝑖), 1 ≤ 𝑖 ≤ 6 

𝑘ଵ
ଵ = 10, 𝑘ଷ

଺ = 115  

𝑘ଵ
௜ = 𝑘ଶ

௜ିଵ, 2 ≤ 𝑖 ≤ 6 

𝑘ଷ
௜ = 𝑘ଶ

௜ାଵ, 1 ≤ 𝑖 ≤ 5 
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FIGURE 3. Membership functions of input fuzzy sets 𝑪𝒊, 𝟏 ≤ 𝒊 ≤ 𝟔, of the Irrigation Level in the range [0, 100], originally 
defined as a (A) Triangular shape, and posteriorly converted to the (B) Generalized bell-shaped form. 

 
The conversion of the parameters of the triangular 

functions [𝑘ଵ 𝑘ଶ 𝑘ଷ] to the parameters of the Generalized 
bell-shaped functions [𝑎 𝑏 𝑐] (Table 2), was done using the 
following procedure obtained from the function “Translate 
parameters between membership functions”, identified by 
mf2mf from the Matlab ® software, in which it is necessary 
to define intermediate parameters 𝑝ଵ , 𝑝ଶ, 𝑞ଵ, 𝑞ଶ: 

𝑝ଵ = 0.5(𝑘ଶ − 𝑘ଵ) + 𝑘ଵ 

𝑞ଵ = 0.9(𝑘ଶ − 𝑘ଵ) + 𝑘ଵ 

𝑞ଶ = 0.1(𝑘ଷ − 𝑘ଶ) + 𝑘ଶ 

𝑝ଶ = 0.5(𝑘ଷ − 𝑘ଶ) + 𝑘ଶ 

𝑐 =
𝑞ଶ + 𝑞ଵ

2
 

𝑎 = 𝑐 − 𝑝ଵ 

𝑏 =
2𝑎

𝑞ଵ − 𝑝ଵ

 

 
TABLE 2. Parameters of Generalized bell-shaped 
membership functions of 𝑪𝒊, 𝟏 ≤ 𝒊 ≤ 𝟔  fuzzy sets of 
Irrigation Level input variable. 

Fuzzy Set Type Parameters 

𝑪𝟏 Generalized bell [7.5 2.5 25] 

𝑪𝟐 Generalized bell [7.5 2.5 40] 

𝑪𝟑 Generalized bell [7.5 2.5 55] 

𝑪𝟒 Generalized bell [7.5 2.5 70] 

𝑪𝟓 Generalized bell [7.5 2.5 85] 

𝑪𝟔 Generalized bell [7.5 2.5 100] 

 
 
 

It is noteworthy that the generated value of 𝑐 
generated by this procedure is equivalent to that previously 
defined by the rates of ETc (10 + 15𝑖)%, 1 ≤ 𝑖 ≤ 6. In 
fact, simplifying notations: 

𝑘ଶ = 10 + 15𝑖 

𝑘ଵ = 10 + 15(𝑖 − 1) ⇒ 𝑘ଵ = 15𝑖 − 5 

𝑘ଷ = 10 + 15(𝑖 + 1) ⇒ 𝑘ଷ = 15𝑖 + 25 

𝑝ଵ = 0.5(𝑘ଶ − 𝑘ଵ) + 𝑘ଵ = 0.5(15) + 15𝑖 − 5 ⇒ 𝑝ଵ = 15𝑖 + 2.5 

𝑞ଵ = 0.9(𝑘ଶ − 𝑘ଵ) + 𝑘ଵ = 0.9(15) + 15𝑖 − 5 ⇒ 𝑞ଵ = 15𝑖 + 8.5 

𝑞ଶ = 0.1(𝑘ଷ − 𝑘ଶ) + 𝑘ଶ = 0.1(15) + 10 + 15𝑖 ⇒ 𝑞ଶ = 15𝑖 + 11.5 

𝑝ଶ = 0.5(𝑘ଷ − 𝑘ଶ) + 𝑘ଶ = 0.5(15) + 10 + 15𝑖 ⇒ 𝑝ଶ = 15𝑖 + 17.5 

𝑐 =
𝑞ଶ + 𝑞ଵ

2
⇒ 𝑐 = 10 + 15𝑖 

𝑎 = 𝑐 − 𝑝ଵ ⇒ 𝑎 = 7.5 

𝑏 =
2𝑎

𝑞ଵ − 𝑝ଵ

=
15

6
⇒ 𝑏 = 2.5 

 
And so, the parameters of each input membership 

function 𝐶௜, 1 ≤ 𝑖 ≤ 6, of type Generalized bell-shaped, are 
given by [𝑎 𝑏 𝑐 ] = [7.5   2.5   (10 + 15𝑖) ]. 

As there were 6 input fuzzy sets, six rules were 
adopted for the composition of the rule-base for both 
proposed models (one model for each cultivar). Thus, each 
rule associates an input fuzzy set with 3 fuzzy sets, each 
belonging to a different output variable. 

The statistical design adopted was a 2 × 6 factorial 
(2 cultivars and 6 irrigation depths). The average of 3 output 
variables of the 6 treatments was obtained for each cultivar, 
and an ANOVA was performed with subsequent application 
of the Tukey's test (or Tukey's honestly significant 
difference test). In this test, the value of the minimum 
significant difference (∆) is obtained, wherein treatment 
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means will be considered significantly different only if the 
distance between them is greater than ∆. 

The means of the 6 treatments of each variable in 
each cultivar were calculated, and the number 𝑛 of distinct 
means was identified, with 𝑛 ≤ 6. Subsequently, such 
means are sorted in ascending order and denoted as follows  

𝑚ଵ < 𝑚ଶ < ⋯ 𝑚௡, associating them with n fuzzy sets 

𝐶ଵ, 𝐶ଶ, … ,  𝐶௡, whose triangular membership functions have 

the following parameters (Figure 4): 
 

[(𝑚௜ − ∆)   𝑚௜    (𝑚௜ + ∆)], 1 ≤ 𝑖 ≤ 𝑛 (5)

 

FIGURE 4. Generic membership function of the output variables using the minimum significant difference (∆) of the Tukey's test. 
 
The rule-base formed by the 6 rules was structured 

by associating the six treatments (L) with their respective 
means. This association has been extended to the respective 
fuzzy input and output sets. Thus, the fuzzy sets 𝐶௜ of the 
input variable, 1 ≤ 𝑖 ≤ 6, were associated with the fuzzy 
sets 𝐶௝ of the output variables, 1 ≤ 𝑗 ≤ 𝑛, with these last 
sets being created from the means of experimental 
treatments. This methodology was used similarly by 
Cremasco et al. (2010), Gabriel Filho et al. (2011, 2015, 
2016), Pereira et al. (2008), Putti et al. (2014, 2017a, 2017b, 
2021), Viais Neto et al. (2019a, 2019b), Martínez et al. 
(2020), Matulovic et al. (2021), Góes et al. (2021), Boso et 
al. (2021a, 2021b), and Maziero et al. (2022). 

The inference method used to calculate the numerical 
value of the output variables, according to the rules base, was 
from Mamdani (Mamdani & Assilian, 1975).  

According Barros et al. (2017), Mamdani proposed, 
a binary fuzzy relation ℳ between 𝑥 and 𝑢 to 
mathematically model the rule base. The Mamdani method 
is based on the inference composition rule max-min 
according to the following procedure: 
 Each rule 𝑅௝ from the fuzzy rule base, the 
conditional “if 𝑥 is 𝐴௝ then 𝑢 is 𝐵௝” is modeled by the 
operation ∧ (minimum); 
 It uses the t-norm ∧ (minimum) for the logical 
conective “and”; 
 For the logical connective “or” the t-conorm ∨ 
(maximum) is adopted that connects the fuzzy rules of the 
rule base. 

Formally, the fuzzy relation ℳ is the fuzzy subset of 
𝑋 × 𝑈 whose membership function is given by: 

 

𝜑ℳ(𝑥, 𝑢) = max
ଵஸ௝ஸ௥

൬𝜑ோೕ
(𝑥, 𝑢)൰ = max

ଵஸ௝ஸ௥
ቂ𝜑஺ೕ

(𝑥) ∧ 𝜑஻ೕ
(𝑢)ቃ (6)

 
Where:  

𝑟 is the number of rules that compose the rule base 
and, 𝐴௝ and 𝐵௝  are the fuzzy subsets of the rule 𝑗. 
Each one of the values 𝜑஺ೕ

(𝑥) and 𝜑஻೔
(𝑢) is 

interpreted as the degree that 𝑥 and 𝑢 are in the fuzzy 
subsets 𝐴௝ and 𝐵௝ , respectively. Thus, ℳ is nothing 
more than the union of the fuzzy Cartesian products 
between the antecedents and the consequents of 
each rule. 
 

As an example, Barros et al. (2017) propose a fuzzy 
system with two inputs and a single output, whose rule base 
is given by: 

- 𝑅ଵ: If 𝑥ଵ is 𝐴ଵଵ and 𝑥ଶ is 𝐴ଵଶ then 𝑢 is 𝐵ଵ; or 

- 𝑅ଶ: If 𝑥ଵ is 𝐴ଶଵ and 𝑥ଶ is 𝐴ଶଶ then 𝑢 is 𝐵ଶ. 

Now, for a given fuzzy set with input 𝐴 = 𝐴ଵ × 𝐴ଶ, 
where 𝐴ଵ and 𝐴ଶ are two fuzzy numbers, the output fuzzy 
set, which represents the control to be adopted for 𝐴 by the 
Mamdani method, is given by 𝐵 = ℳ°𝐴, whose 
membership function is: 

𝜑஻(𝑢) = 𝜑ℳ°஺(𝑢) = sup
௫

[𝜑ℳ(𝑥, 𝑢) ∧ 𝜑஺(𝑥)] = 𝜑஻ೃభ
(𝑢) ∨ 𝜑஻ೃమ

(𝑢) (7)

Where:  

𝐵ோభ
 and 𝐵ோమ

are the partial outputs due to the rules 𝑅ଵ 
and 𝑅ଶ, respectively.  
 
According to Barros et al. (2017), is possible to 

observe by (4) that the output from the Mamdani method 
results from the union between the partial outputs of        
each rule. To obtain each partial output, we proceed in the  

following manner by the same author. Perform an 
intersection of each input with each antecedent of the rule 
and next, calculate the Cartesian product (distinct universes) 
of these intersections with the rule consequents. The 
projection of this Cartesian product onto the space 𝑈 is the 
partial output for the fuzzy set of input 𝐴. Graphically we 
have Figure 5, and the general output is given by the union 
of the partial outputs according to Figure 6.  

  



Luís R. A. Gabriel Filho, Alexsandro O. da Silva, Camila Pires Cremasco, et al. 
 

 
Engenharia Agrícola, Jaboticabal, v.42, n.1, e20210084, 2022 

 

 

FIGURE 5. Partial outputs in the Mamdani method (Barros et al., 2017). 
 

 

FIGURE 6. Final output of the Mamdani method (Barros et al., 2017). 
 
A multivariate cluster analysis was performed to determine the similarity among observations of each plant. Then, an 

associated Dendrogram was generated using Complete Linkage and Euclidean distance methods (Table 3 and Figure 7). 
 

TABLE 3. Cluster centroid of multivariate analysis (Cluster Observations) using the Complete Linkage and Euclidean distance 
methods, for the beet cultivars Early Wonder and Itapuã 202. 

Cultivar Variables 
Clusters 

1 2 3 4 5 6 

Early Wonder  

Green Root Phytomass  158.3 210.0 108.3 280.0 21.0 54.4 

Plant Diameter 62.9 76.7 57.0 82.0 32.0 39.8 

Plant Height 37.7 44.0 35.2 43.0 31.6 31.3 
        

Itapuã 202 

Green Root Phytomass  150.0 235.0 71.7 19.4 110.0 46.7 

Plant Diameter 60.2 73.7 51.4 35.6 60.6 41.4 

Plant Height 36.8 45.0 34.7 29.4 31.0 27.8 
 

 

FIGURE 7. Dendrogram generated of the multivariate analysis of the Cluster Observations type which the Complete Linkage 
and Euclidean distance methods, for the beet cultivars (A) Early Wonder and (B) Itapuã 202. 
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Given these methods, and seeking a similarity close 
to 85, six clusters were structured at similarity levels of 
precisely 85.1 and 84.1 for Early Wonder and Itapuã 202 
cultivars, respectively. To set delimiters of the fuzzy set 
membership functions, modelling strategies were adopted, 
wherein output membership functions represented output 
treatment means and had amplitude equivalent to the least 
significant difference (∆) by Tukey's test. 

A fuzzy logic-based system could be created 
computationally with the aid of a fuzzy logic toolbox from 
MATLABTM software. 

Models Validation 

For the analysis and validation of the fuzzy models 
efficiency, as well as for the data comparison, we use a 
polynomial quadratic regression model, which is useful 
when there is reason to believe that relationship between 
two variables is curvilinear (Ostertagová, 2012). 

After fitting, the models fuzzy and polynomial were 
evaluated using some of the common indicators used to 
evaluate the accuracy of a regression model. For this, we use 
the indicators coefficient of determination (R²), root mean 
square error (RMSE), and mean absolute error (MAE).  

The coefficient of determination (R²) consists in 
evaluating the quality of the model's adjustment with the 
percentage or how much the model was able to explain the 
data collected experimentally (Ringle et al., 2014). 
Acoording Boso et al. (2021a), the root mean square error 
(RMSE) and the mean absolute error (MAE), are measures 
of uncertainty in the model, where it indicates the size of the 
error caused by the model. The better the model fits, the 
smaller the error. 

 
RESULTS AND DISCUSSION 

After calculating their membership functions (Table 
4), the output variables could be modelled (Figures 8A, B, 
C). About 6 fuzzy sets were defined for each output variable 
since the proposed method aligned with the experimental 
design adopted. The triangular membership functions were 
symmetric since the same support (2∆) was adopted for each 
variable and cultivar, where ∆ is a minimum significant 
difference of the Tukey's test. The support of a real-valued 
function is the subset of the domain containing those 
elements which are not mapped to zero. 

 
TABLE 4. Parameters of membership functions of output variables Green Root Phytomass, Root Diameter and Plant Height of 
beet submitted to different irrigations levels (% ETc) for the Early Wonder and Itapuã 202 beet cultivars. 

Cultivar Fuzzy Set Green Root Phytomass Root Diameter Plant Height 

Early Wonder 

𝐶ଵ [-67.4 43.8 154.9] [7.3 36 64.7] [23.6 31 38.4] 

𝐶ଶ [-58.7 52.5 163.7] [11.3 40 68.7] [23.9 31.3 38.6] 

𝐶ଷ [-43.7 67.5 178.7] [17.6 46.3 75] [25.6 33 40.4] 

𝐶ସ [-37.4 73.8 184.9] [17.9 46.6 75.3] [27.9 35.3 42.6] 

𝐶ହ [0.1 111.3 222.4] [25 53.7 82.4] [33.9 41.3 48.6] 

𝐶଺ [78.9 190 301.2] [40.8 69.5 98.2] - 

Itapuã 202 

𝐶ଵ [-65.3 27.5 120.3] [12.6 34.9 57.3] [13.7 26.8 39.8] 

𝐶ଶ [-61.5 31.3 124] [13.9 36.2 58.6] [15.2 28.3 41.3] 

𝐶ଷ [-55.3 37.5 130.3] [18.2 40.6 63] [16.7 29.8 42.8] 

𝐶ସ [-25.3 67.5 160.3] [24.7 47 69.4] [17.4 30.5 43.6] 

𝐶ହ [6.0 98.8 191.5] [28.6 51 73.4] [23.2 36.3 49.3] 

𝐶଺ [59.8 152.5 245.3] [42.5 64.9 87.2] [25.2 38.3 51.3] 
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FIGURE 8. Membership functions of the fuzzy sets of the output variables (A) Green Root Phytomass, (B) Root Diameter; (C) 
Plant Height of beet submitted to different irrigations levels. Letters (A), (B) and (C) followed by number 1 represent variables 
for the Early Wonder cultivar model, while those followed by number 2 are associated with cultivar Itapuã 202. 

 
The relationship that determines the FRBS was also proposed in line with the results of the averages obtained in the 

agronomic experiment conducted (Table 5). Its first three lines are explained below (while the others are interpreted similarly): 

- If (Level is “𝐶ଵ”) then (the Green Root Phytomass is “𝐶ଵ”; Root Diameter is “𝐶ଶ”; Plant Height is “𝐶ଵ”); 

- If (Level is “𝐶ଶ”) then (the Green Root Phytomass is “𝐶ଶ”; Root Diameter is “𝐶ଵ”; Plant Height is “𝐶ଶ”); 

- If (Level is “𝐶ଷ”) then (the Green Root Phytomass is “𝐶ସ”; Root Diameter is “𝐶ଷ”; Plant Height is “𝐶ଷ”); 
 
TABLE 5. Fuzzy Rule-Based Systems of two models Early Wonder and Itapuã 202 cultivars. 

Cultivar 
Input Variables   Output Variables 

Irrigation Level  Green Root Phytomass Root Diameter Plant Height 

Early Wonder 

C1  C1 C2 C1 

C2  C2 C1 C2 

C3  C4 C3 C3 

C4  C3 C4 C3 

C5  C5 C5 C4 

C6  C6 C6 C5 

Itapuã 202 

C1  C1 C2 C2 

C2  C2 C1 C1 

C3  C3 C3 C3 

C4  C4 C4 C4 

C5  C5 C5 C5 

C6  C6 C6 C6 
 
RD, PH, and GRP were obtained using the Inference Method of Mamdani (Figures 9A, B, C, respectively). The curves 

were smooth and showed no abrupt changes around the averages. Moreover, the model performed excellently since the curve 
contained all points of treatment means. 

(A1) 

(B1) 

(C1) 

(A2) 

(B2) 

(C2) 
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FIGURE 9. Fuzzy model fitting of means and curve of the Root Diameter (RD) (A), Height Plant (HP) (B), and Green Root 
Phytomass (GRP) (C) in function of different irrigation levels (% ETc) for the Early Wonder and Itapuã 202 beet cultivars. 

 
RD increased as the irrigation level was raised, 

which can be seen in the FRBS (Figure 9A). The cultivar 
Early Wonder had the highest RDs as a function of 
irrigation level. Similar behaviour was observed for the 
cultivar Itapuã 202, which had larger RDs for irrigation 
levels above 50%.  

The irrigation depth of 70% ETc increased GRP for 
cultivar Itapuã 202. In addition, better results are possible 
because the adaptation to the water deficit caused adaption 
in the physiology of the plant. Mbarki et al. (2018) observed 
that drought stress and excess salt cause reductions in 
production variables and plant physiological traits. 
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The cultivar Early Wonder showed greater PH 
increases from the depth of 75% of ETc onwards, adapting 
better to the stress condition in these treatments (Figure 9B). 
The cultivar Itapuã 202 had similar behaviour, with PHs 
increasing from the irrigation depth of 75% of ETc onwards. 
As one of the main commercial characteristics of beets is 
PH, proper irrigation management is needed for better plant 
growth. According to Mahmoud et al. (2018), beets are 
considered moderately sensitive to water deficit. 

All water replacement rates applied to the beet 
cultivars had a similar effect on GRP (Figure 9C), but the 
cultivar Early Wonder developed more. Malik et al., (2018) 
and Perea et al. (2016) concluded that proper irrigation 
management is essential in determining beet yields. If 
irrigation does not meet water demands, plant development 
may be affected and, consequently, its GRP. The cultivar 
Early Wonder was better adapted to water deficit given its 
best development. The results show that both cultivars have 
a good adaptation for the pattern for commercialization. We 

observed increases in GRP from irrigation levels above 70% 
of the ETc. Yonts et al. (2018) evaluated different irrigation 
management regimes in beet crops and observed that levels 
below 75% of the ETc significantly reduce yields. 

All fuzzy models performed better than polynomial 
regression ones since they had coefficients of determination 
(R²) higher than did polynomial ones (0.54 and 0.51, 
respectively). RMSE and MAE errors were lower for the 
fuzzy models (Table 6) except for GRP. This variable had 
an MAE for the fuzzy model slightly higher than that of the 
polynomial one, denoting a better fit of the fuzzy models. 
Furthermore, for the same variable, the other two indices R² 
and RMSE were better, showing the superiority of the fuzzy 
model compared to the polynomial one. By comparing the 
fuzzy and polynomial models, they showed mean RMSE 
values of 17.7 and 18.1, respectively, and mean MAE values 
of 13.3 and 13.5, respectively. These results, therefore, 
imply mean errors smaller for the fuzzy models. 

 
TABLE 6. Results of the validation of fuzzy models of Root Diameter (RD), Height Plant (HP), Green Root Phytomass (GRP) 
for the Early Wonder and Itapuã 202 beet cultivars, and polynomial regression model (Polyn.), according to the coefficient of 
determination (R²), the root mean square error (RMSE) and the mean absolute error (MAE). 

Cultivar Variables Model 
Indicators Regression 

Equation R² MAE RMSE 

C1 

GRP 
Fuzzy 0.57 32.1 42.9 

 𝑦 =  0.0349 𝑥ଶ − 2.648𝑥 + 95.99  
Polyn. 0.54 33.1 44.5 

RD 
Fuzzy 0.49 9.53 11.1 

 𝑦 =  0.0068 𝑥ଶ − 0.473𝑥 + 47.00 
Polyn. 0.46 9.64 11.4 

PH 
Fuzzy 0.60 2.30 2.85 

 𝑦 =  0.0024𝑥ଶ − 0.185𝑥 + 34.53 
Polyn. 0.56 2.53 2.97 

C2 

GRP 
Fuzzy 0.61 25.2 35.8 

 𝑦 =  0.0287𝑥ଶ − 2.015 𝑥 + 62.41 
Polyn. 0.55 24.7 36.0 

RD 
Fuzzy 0.58 6.75 8.63 

 𝑦 =  0.0055 𝑥ଶ − 0.307 𝑥 + 40.00 
Polyn. 0.57 6.84 8.75 

PH 
Fuzzy 0.41 4.06 5.05 

 𝑦 =  0.0023 𝑥ଶ − 0.132 𝑥 + 29.54 
Polyn. 0.39 4.14 5.14 

 
CONCLUSIONS 

The fuzzy model allows us to evaluate the effect of 
water deficit on beet, which is sensitive to low water 
availability. The crop characteristics of beet analysed show 
a reduction as the percentage of ETc is decreased. Beet can 
achieve its maximum productive potential under an 
irrigation level of 100% ETc. The cultivar Itapuã 202 is 
more resistant to water stress than is the cultivar Early 
Wonder, showing greater green bulb weights. 

The water deficit resulted in a reduction in the 
diameter and length of the bulb, directly affecting the crop 
yield in both cultivars. But specifically for the Cultivar 
Itapuã 202, according to the fuzzy system, the productivity 
of a water replacement from 75% ETc is equivalent to 100% 
ETc. Thus, using such a rate of 75% of ETc, the farmer will 
obtain the same productivity with the Cultivar Itapuã 202, 
configuring an optimization of the use of water. 

 

As for validation, fuzzy models perform better than 
do polynomial regression ones when compared in terms of 
coefficient of determination (R²), mean absolute error 
(MAE), and mean square error (RMSE). The fuzzy models 
still stand out in performance as the fuzzy curve contained 
the means of all treatments. 

The fuzzy systems used in the present work 
explained rules implicit in the agronomic experiment, as 
well as showed a model that allowed an adequate 
comparison between the adopted cultivars. 
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