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We develop a procedure for calculating an optimized Discrete Variable Representation
(DVR) optimized for a given potential. The method leads to an efficient and compact
way to obtain numerical solutions of quantum mechanical problems. The procedure is ap-
plied to several physical problems. To illustrate the strength of the algorithm in dealing
with multidimensional calculations, we obtain accurate levels up to 19,000 ¢m~! for the

vibrational energies of the water molecule.

The efficiency of quantum mechanical numerical cal-
culations rely in great part on the right choice of basis
functions. The solution of multidimensional problems
requires the manipulation of large matrices and a bad
choice of basis functions could easily turn the problem
unfeasible. We should also be concerned with the ma-
trix structure and the computer time for the computa-
tion of the matrix elements. The calculation of the el-
ements of a matrix makes use of Gaussian quadratures
and an excessive number of points may lead to pro-
hibitive time consuming codes. This paper shows a pro-
cedure for optimizing all these aspects. The strength of
the approach is easily seen when we deal with three-
dimensional problems.

There are several ways of expanding the quantum
mechanical wave function. The more traditional proce-
dure is the expansion in terms of global basis functions
[1-3]. Generally, we choose the functions that diago-
nalize the kinetic energy operator and integrate numer-
ically the potential using Gaussian quadratures. An-
other family of procedures are the finite element meth-
ods [4-12]. The basis functions are local and we have
to discretize the space in many elements to implement
the calculation [6]. Finally, we may choose a set of ba-
sis functions that have the feature of diagonalizing the
potential. The great advantage in this case is that the
kinetic energy operator may be integrated analytically,
leading to a great efficiency during the evaluation of
the matrix elements. The last procedure is called the
“Discrete Variable Representation” (DVR) [13-23].

The Discrete Variable Representation has been used
extensively by Light and collaborators [13-16] who per-

formed accurate calculations of the ro-vibrational en-
ergies of several triatomic molecules. Choi and Light
[24] also used this procedure to study Van der Waals
molecules. Le Queré and Leforestier [25] used a time
dependent approach and a DVR implementation for
studying the photodissociation of Ozone. More re-
cently, the method for expanding the multidimensional
quantum mechanical wave function [26-32] has ap-

peared in other calculations.

This paper develops a procedure for obtaining a Nu-
merically Generated Discrete Variable Representation
(NG-DVR). All publications mentioned before, except
the work of Echave and Clary [26], do not use a nu-
merically optimized Discrete Variable Representation
for the potential of the system under consideration. In
this way, the number of basis functions is not optimized
for the particular problem to be solved. The proce-
dure proposed by Echave and Clary [26] does not cal-
culate explicitly the weight of the optimized Gaussian
quadrature while the method developed here obtain
both points and weights. This feature gives more flex-
ibility for using the NG-DVR. To show its features we
apply the NG-DVR for some standard one-dimensional
problems. However, the strength of this methodology
appears when we treat multidimensional calculations.
A three-dimensional code is developed and applied to
the calculation of the vibrational modes of H50.

The paper is organized as follows. In Section IT we
develop the theory of the Discrete Variable Representa-
tion. In Section IIT we discuss the numerical procedure
for optimizing the DVR, for a given potential, and use
this methodology to solve some one dimensional prob-



lems. Section IV is concerned with the application of
the methodology for a multidimensional problem and
the calculation of the vibrational energies of the H20O
molecule. Finally, in the Conclusion we present several
remarks.

I The discrete variable repre-
sentation

Most methodologies for dealing with multidimen-
sional problems are based on direct products of one-
dimensional sets of basis functions. In view of this,
we will treat all basic concepts of DVR using a one-
dimensional terminology. Section IV shows an appli-
cation for a multidimensional problem. We stress that
the use of N basis functions in each direction of the
space will lead to a matrix with dimensionNd where d
is the dimension of the space. It 1s essential to spend as
few as possible basis functions for each direction of the
space in order to keep the matrix problem treatable.
The Hamiltonian operator,

1 d?

 2m dx?

= + V(z),

is composed of the kinetic energy and potential opera-
tors. Let us expand the wave function ¥ in a set of basis
functions f;(x),7 = 1,.., N belonging to a L?-space,

N
V()= fiz)ai, (1)
i=1
where a;;7 = 1,..., N are the coefficients of the expan-

sion. We will require that
fi(Il)Iéi[;i,lzl,..,N, (2)

where z;;] = 1,.., N are points of a Gaussian quadra-
ture rule. Later, we will develop an algorithm to obtain
an optimized Gaussian quadrature.

We call a set of functions obeying Eq. (2) a Discrete
Variable Representation (DVR). In order to generate a
numerically optimized DVR we start with another set
of L? functions gj(z),j = 1,..,N. The wave function
¥(x) may also be expanded in terms of this set,

Wa) =Y g (3)

The finite set of functions g;(x),j = 1,.., N obey the
relation

> las s = 1. 4)
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We will call g;(x),j = 1,..., N the primitive functions,
and the set fi(x),i = 1,..,N is called the Numeri-
cally Generated Discrete Variable Representation (NG-
DVR). The g; are given functions and the NG-DVR will
be obtained, for any potential V(z), by the proposed

algorithm.
We use Eq.(4) to obtain
N
Fi(w) = (elgi)gi 1 i) (5)
ji=1

The integral (g;|f;) may be evaluated applying a Gaus-
sian quadrature rule of points and weights x;, wy;l =
1,.., N. This quadrature will also be numerically opti-
mized for the potential of the system in question. At
this stage, we assume that the optimized quadrature
rule has been done and we obtain

N

file) = ZZg}‘(x)wlgj(xz)fi(xl) ~ (6)

11=

Finally, using Eq. 2, we have

filz) = w; ng($)gj($i)~ (7)

We can see that Eq. 2 is automatically verified for
the functions f;(z),i = 1,.., N generated by Eq. 7. Tt is
straightforward to obtain an optimized quadrature rule
using Eq. 2 and Eq. 7. For a given quadrature point
x;, we have

a 1
= L e )

From the theory of Gaussian quadrature rules, we know
that the points z; are the eigenvalues of the matrix with
elements

Xjir = (gjlelgj), (9)
where x is the position operator. As it will be shown
in the applications in the next two sections, an efficient
NG-DVR is obtained when we use as primitive func-
tions, g;(x),j = 1,.., N, the eigenfunctions of the one-
dimensional Hamiltonian H = —ﬁddx—z + V(x). For
many real systems, there is no analytical solution for
the Schrodinger equation H¥ = EW, so our procedure
is all done numerically.

IT Simple examples

Simple examples will be treated in this Section to em-
phasize the main features of the algorithm. As we men-
tioned earlier; the strength of the method will become
clear for multidimensional problems, and the next Sec-
tion will deal with a fully three-dimensional calculation.
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The simplest problem one could treat is the particle in
a box. We may solve Egs. 7- 9 analytically and obtain
the quadrature points and weights as well as the DVR/s.
Muckerman [23] and Colbert and Miller [22] have done
that and generated the Discrete Variable Representa-
tion associated with the particle in a box. We show in
Fig. 1-A one of these functions and in Fig. 1-B five of
them. The quadrature points associated with this DVR,
are equally spaced. From now on we will use this set of
DVR to expand the primitive g;(z),j =1, .., N defined
in Eq. 3.

Figure 1A. Particle in a box DVR. The system is defined
for a box ranging from - 10 to 10 bohr.

P(x)

Figure 1B. A set of 5 particle in a box DVR’s. The quadra-
ture points are equaly spaced in this case.

In order to have a clear idea of the accuracy of the
method we treat now the harmonic oscillator. As the
Gaussian quadrature points can be analytically calcu-
lated for this problem, we can see how well we are
able to reproduce them. The numerical procedure
is as follows. First, we use 100 particles in a box
DVR’s to generate b eigenfunctions of the Hamiltonian
H = —%ddx—z + %J;Z. These eigenfunctions constitute

the set g;(x),j =1,..,5. Eq. 9 is applied to obtain the

quadrature points. Table 1 compares the exact 5 Gauss-
Hermite quadrature points with the numerically calcu-
lated ones. We also provide a 9 point Gauss-Hermite
quadrature rule in Table 1. As we notice, the method-
ology is able to offer highly accurate numbers, and they
are accurate up to the tenth figure. Finally, Eq. 7 gives
us the NG-DVR optimized for the harmonic oscillator.
Fig. 2A shows one NG-DVR associated with the har-
monic oscillator and Fig. 2B pictures the full set of five.
One may generate as many quadrature points and NG-
DVR as necessary to deal with the problem in hand.
We also point out that the property expressed in Eq. 2
1s accurately satisfied.

Figure 2A. A Numerically Generated DVR (NG-DVR) for

the harmonic oscillator.
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Figure 2B. A set of 5 NG-DVR for the harmonic oscillator.

Finally, we treat the Hs molecule and also use
100 particle in a box DVR’s to calculate 5 eigenfunc-
tions of Hy. These eigenfunctions are our primitive set
g;(z),j = 1,..,5. Applying the same procedure used
for the harmonic oscillator, we obtain the quadrature
points optimized for this potential and the NG-DVR.
Fig. 3 shows the 5 NG-DVR’s as well as the potential
for Hs and the quadrature points.
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Figure 3. Five NG-DVR for the H> molecule. The Figure also shows the Hy potential energy surface and the five quadrature

points used to generate the DVR’s.

IITI The H50 molecule. A three-
dimensional example

Now the concepts developed in the previous Sections
will be applied to a multidimensional problem. The
generalization of the algorithm 1s straightforward and
easy to perform. The ability of the algorithm to gener-
ate high accurate quadratures points and NG-DVR, will
allow us to use the minimum number of basis functions
and integration points for solving the multidimensional

problem.

The potential energy surface of a triatomic system
depends on the three internuclear distances and ro-
vibrational calculations have to deal with the expansion
of the wave function in these directions. The choice
of coordinates and basis functions are crucial for the
success of any algorithm. The most commonly used
are the hyperspherical coordinates, Jacobi coordinates
and mass weighted Jacobi coordinates. We are using
a particular set of hyperspherical coordinates that de-
scribe the full space by means of a hyper-radius and five
hyper-angles. The hyper-radius range goes from zero to
infinity while the hyper-angles have finite ranges. Other
details about the coordinates we are using are given in
previous publications and we refer the reader to them

[5,31-35].

Accurate calculations of ro-vibrational levels of tri-
atomic molecules are now feasible due to the speed and
memory of the modern computers. Efforts have been
done by several groups to obtain the accurate spectrum
of tetra-atomic molecules. For this purpose, we should
run a full six-dimensional calculation and pay atten-
tion in each step of the calculation in order to keep
the dimension of the matrix and the number of oper-
ations within the limits of the computers. Even for
three-atomic systems, the optimization of basis func-
tions is essential in order to calculate high vibrational
modes with high accuracy. The wave functions associ-
ated with excited states may sample a large region of
the three-dimensional configuration space and the ba-
sis functions being used should be able to accurately
represent such states. Moreover, the number of basis
functions must be small in order to keep the matrix

dimension manageable.

The optimization procedure we use is as follows.
First, we optimize the functions for the hyper-radial
direction and, following, hyper-angular basis functions
are obtained. We obtain the basis functions for the
hyper-radial direction choosing hyper-angles such that
the hyper-radial line passes through the potential bot-
tom. The Hamiltonian constrained to the hyper-radial

direction defines an one-dimensional problem. The pro-
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cedure described in Sections II and III are them applied
to generate a NG-DVR, for the hyper-radial direction.
We point out that this set of basis functions brings in-
formation about the potential and they are efficient for
expanding the total wave function.

The numerically optimized basis functions for
the hyper-angular space i1s obtained applying a two-
dimensional finite element method approach. The
two-dimensional hyper-angular space is discretized by
means of triangles and the Hamiltonian matrix is diag-
onalized. The eigenvectors are utilized as two- dimen-
sional basis functions for the hyper-angular space. This
contraction method has been used before and we refer
the reader to the Ref. 5. We keep a number of 110
hyper-angular eigenvectors in the present calculation.

We used the same potential of Miller and Tennyson,
Wei and Carrington and Choi and Light. This is an
empirical potential energy surface obtained by Jensen
[36] who collected a large amount of experimental data
to fit it. Table 2 shows states of the water molecule
up to 19,000cm™".
numbers with experimental values and calculations by
Fernley, Miller and Tennyson (FMT) [27], Wei and Car-
rington (WC) [30], Choi and Light (CL) [29] and J. J.
Soares Neto and F. V. Prudente (NP) [5] in Table 2 and

conclude that our calculated numbers agree well with

We also compare the calculated

other calculations. We also notice that this calculation
improves considerably our previous attempt [5], in spe-
cial, for highly excited states, where the present basis
set describes the wave function more accurately. There
are three key parameters that are responsible for the
convergence of the calculation and we use the following
values for them: 22 hyper-radial basis functions, 3095
triangular finite elements describing the hyper-angular
space and the maximum number of 150 hyper-angular
contraction basis functions. The dimension of the ma-
trices associated with these parameters is the maximum

we can manage with our present computer resources.

The final contracted matrix for this calculations is of
dimension 1500 x 1500 and the complete run takes b5
hours of a CPU of a Alpha 3000 (Digital) workstation.

IV Concluding remarks

We developed a numerical procedure to optimize a DVR
for a given system. The methodology has been applied
to the calculation of the ro-vibrational states of the wa-
ter molecule. We obtained high vibrational levels of this
molecule with good accuracy compared to other three-
dimensional calculations. The results of this publica-
tion are considerably better than those that we have
published [5] using another approach for making the
expansions along the hyper-radial direction. The ap-
plication to other three-atomic systems is straightfor-
ward and does not require any change in the program
since the optimization procedure is automatic. The al-
gorithm deals with both the generation of basis func-
tions and the calculation of quadratures points for the
problem.

Ohrn and Linderberg [37] developed a set of
hyperspherical coordinates for tetra-atomic systems.
Presently, we are making efforts to develop an algorithm
to calculate bound states of tetra-atomic molecules us-
ing these coordinates and the Numerically Generated
DVR described in this paper. We are also developing
a contraction scheme similar to the one used for the

water molecule.
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Table 1. Comparison between exact and numerically generated points and
weights of gaussian quadratures for the harmonic oscillator.

5 Points Gauss-Hermite Quadrature
Exact Points? Numerically Exact Weights? Numerically

Generated Points Generated Weights
-2.02018287045608 -2.02018287045609 1.1814886255360 1.18148862553597
-0.95857246461381 -0.95857246461382 0.9865809967514 0.98658099675141
0.00000000000000 0.000000000000003 0.9453087204829 0.945308720482928
0.95857246461381 0.958572464613814 0.9865809967514 0.986580996751411
2.02018287045608 2.02018287045609 1.1814886255360 1.18148862563597

9 Points Gauss-Hermite Quadrature
Exact Points? Numerically Exact Weights? Numerically

Generated Points Generated Weights
-3.19099320178152 -3.19099320178099 1.0470035809767 1.0470035809376
-2.26658058453184 -2.26658058453174 0.8417527014787 0.84175270155324
-1.46855328921666 -1.46855328921683 0.7646081250946 0.76460812503445
-0.72355101875283 -0.72355101875314 0.7303024527451 0.73030245278282
0.00000000000000 0.000000000000357 0.7202352156061 0.72023521568863
0.72355101875283 0.723551018752522 0.7303024527451 0.73030245282942
1.46855328921666 1.46855328921649 0.7646081250946 0.76460812511388
2.26658058453184 2.26658058453194 0.8417527014787 0.84175270150682
3.19099320178152 3.19099320178210 1.0470035809767 1.0470035809952

a M. Abramowitz and |. A. Stegun, Handbook of Mathematical Functions,
Dover Publications, Inc., New York, Pag. 924
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Table 2. Symmetric and anti symmetric vibrational states of H,O. The values
are expressed in cm-’. The calculated zero point energy (ZPE) is 4629.978
cm-’.The experimental values have been taken from Ref. 36. The states are
labeled with (n4 n, n3) which indicate the excitation in relation to the zero
point energy (0 0 0).

State wca FMTD cLS NPd Present Obs.
©10) 1594.3 1594.3 1594.3 1594.2 1594.2 1594.7
(020) 3152.0 3152.0 3152.0 3152.0 3151.7 3151.6
(100) 3656.4 3656.5 3656.4 3656.1 3656.1 3657.0
(001) 3755.9 3756.0 3755.9 3755.7 3755.6 3755.9
(030) 4667.7 4667.7 4667.6 4667.9 4667.3 4666.8
(110) 5234.2 5234.3 5234.2 5233.9 5233.8 5234.9
011) 5332.0 5333.2 5332.0 5331.8 5331.6 5331.2
0 40) 6134.1 6134.2 6134.1 6134.9 6133.7 6134.0
(120) 6775.0 6775.1 6775.0 6774.8 6774.5 6775.0
021) 6873.4 6873.5 6873.4 6873.5 6872.9 6871.5
(200) 7202.6 7202.7 7202.6 7202.1 7202.1 7201.5
(101) 7250.9 7251.0 7250.9 7250.4 7250.3 7249.8
(002) 7444.9 7445.0 7444.9 7444.6 7444 4 7445.0
(050) 7539.7 7539.0 7539.8 7541.4 7539.4 ?
(130) 8273.2 8273.3 8273.2 8273.2 8272.6 8273.9
031) 8375.6 8375.7 8375.6 8376.3 8375.0 8373.8
210) 8762.8 8763.0 8762.8 8762.3 8762.2 8761.5
(A1) 8809.5 8809.7 8809.5 8809.2 8808.9 8807.0
(06 0) 8863.2 8863.3 8863.2 8865.9 8862.8 ?
©012) 9002.1 9002.2 9002.1 9001.8 9001.4 9000.1
(140) 9719.7 9719.7 9719.7 9720.2 9719.1 ?
©41) 9832.5 9834.5 9832.5 9834.1 9832.0 9833.6
070) 10073.8 10073.9 10073.8 10078.0 10073.4 ?
220) 10285.4 10285.9 10285.7 10286.9 10284.9 10284.4
(121) 10332.4 10332.5 10332.4 10333.0 10331.6 10328.7
022) 10525.6 10525.7 10525.6 10530.9 10524.8 10524.3
(300) 10602.7 10602.9 10602.7 10601.8 10601.9 10599.6
201) 10615.5 10615.7 10615.6 10612.9 10614.8 10613.4
(102) 10869.3 10869.4 10869.3 10868.3 10868.5 10868.8
(003) 11034.0 11034.2 11034.1 | -11033.5 11033.3 11032.4
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State wca FMTD CLC Npd Present Obs.
(150) ? 11082.4 11082.2 11084.8 11081.7 ?
(080) 2 11234.5 11234.3 11238.3 11234.4 ?
051) ? 11235.3 11235.2 11242.1 11234.6 ?
(230) ? 11766.3 11766.2 11765.7 11765.3 ?
(131) 11815.4 11815.6 11815.4 11816.4 11814.6 11813.2
(032 ? 12011.6 12011.5 12010.1 12010.7 ?
(310) 12144.4 12144.6 12144.4 121435 121435 12139.2
211) 12156.5 12156.7 12156.5 12156.8 12155.6 12151.3
(160) ? 12340.8 12340.7 12353.6 12341.5 ?
(112) 12408.4 12408.6 12408.4 12407.5 12407.5 12407.6
(090) ? 12504.2 12504.0 12516.4 12504.5 ?
©061) 12567.0 12567.2 12567.0 12570.6 12566.5 12565.0
(013) ? 12571.5 12571.3 12572.7 12570.5 ?
(240) ? 13195.9 13195.8 13195.2 13194.9 ?
(141) ? 13252.7 13252.5 13253.7 13251.7 ?
(042) ? 13453.7 13453.6 13451.2 13452.8 ?
(170) ? 13604.9 13604.8 13616.6 13605.4 ?
(320) ? 13647.9 13647.7 13667.8 13646.8 ?
221) 13647.7 13658.9 13658.7 13670.6 13657.7 13652.7
(0100) ? 13793.5 13793.4 13824.1 13796.7 ?
071) ? 13799.3 13799.2 ? 13798.7 ?
(202) 13829.7 13829.9 13829.7 13827.2 13828.7 13828.3
(301) 13832.0 13832.2 13832.0 ? 13831.0 13830.9
(122) 13911.7 13911.9 13911.7 13939.2 13910.7 13910.8
(023) 14075.9 14076.1 14075.9 ? 14075.0 14066.1
(400) 142235 14223.7 14223.4 14217.7 14222 .4 142211
(103) 14321.4 14321.6 143215 ? 14320.5 14318.8
(004) 14541.3 145415 14541.3 14526.0 14540.4 14536.8
(250) ? 14549.3 14549.2 14551.2 14548.3 ?
(151) 14630.4 14630.2 ? 14629 .4 14640.0
(180) ? 14778.4 14778.3 14788.8 14778.4 ?
(052) ? 14859.1 14858.9 14861.7 14858.3 ?
©81) ? 14932.8 14932.7 ? 14932.6 ?
(330) ? 15109.8 15109.6 15101.6 15108.6 15107.0
(231) 15122.5 15122.7 15122.5 ? 15121.5 15119.0




Brazilian Journal of Physics, vol. 28, no. 1, March, 1998

State wca FMTH CLC NpPd Present Obs.
(011 0) ? 15181.4 15181.4 15248 .4 15190.2 ?
212 15350.1 15350.3 15350.1 15344.8 15349.1 15344.4
311) 13355.2 15355.4 15355.2 ? 15354.2 15347.9
(132) ? 15377.2 15377.0 15365.6 15376.0 ?
(033) ? 15545.4 15545.3 ? 15544 2 ?
(410) 15744.1 15744.3 15744.0 15736.6 15742.9 15742.7
(260) ? 15809.4 15809.3 15819.7 15809.5 ?
(113) 15839.1 15839.3 15839.1 ? 15838.0 15832.7
(161) ? 15922.9 15922.7 ? 15922.4 ?
(190) ? 16023.8 16023.7 16031.6 16024.7 ?
(014) ? 16057.8 16057.6 16040.8 16056.5 ?
091 16108.3 16108.2 ? 16109.4 ?
(062) ? 16187.2 16187.0 16184.4 16186.4 ?
(340) ? 16525.6 16525.4 ? 16524.3 ?
(241) ? 16541.3 16541.1 ? 16540.1 ?
(012 0) ? 16654.4 16654.4 ? 16670.8 ?
(142) ? 16784.4 16784.2 ? 16783.2 ?
(321) 16823.8 16824.0 16823.8 ? 16822.8 16821.6
222 16826.0 16825.2 16826.0 ? 16825.1 16825.2
(302 16899.4 16899.7 16899.5 ? 16898.8 16898.4
(203) 16899.5 16899.7 16899.5 ? 16898.6 16898.8
(04 3) ? 16974.8 16974.6 ? 16973.6 ?
270) ? 17054.8 17054.7 ? 17055.7 ?
(171) ? 17156.9 17156.8 ? 17157.0 ?
(420) 17226.0 17226.3 17226.0 ? 17224.9 17227.7
(1100) 17312.3 17312.6 17312.4 ? 17316.5 17312.5
(123) ? 17320.5 17320.3 ? 17319.1 173125
(0101) ? 17375.0 17374.8 ? 17378.6 ?
(072) ? 17435.0 17434.8 ? 174345 ?
(500) 17460.8 17461.0 17457.1 ? 17460.0 17458.3
401) 17497.0 17497.2 17497.0 ? 17495.9 17495.5
(024) ? 17542.6 17542.4 ? 17541.3 ?
(104) ? 17754.6 17754.5 ? 17753.6 17748.0
(350) ? 17878.0 17878.8 ? 17876.8 ?
(251) ? 17903.3 17903.1 ? 17902.1 ?
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State wca FMTD cLe Npd Present Obs.
(152 ? 18119.8 18119.6 ? 18120.0 ?
(013 0) 7 18172.1 18172.3 ? 18194.7 ?
(280) ? 18257.5 18257.3 ? 18260.0 ?
(232 ? 18272.2 18272.0 ? 18273.1 ?
(111 0) ? 18684.8 18684.6 ? 18695.7 ?
(510 ? 18958.6 18958.4 ? 18957.7 ?
(034 ? 18996.1 18995.9 ? 18994.9 ?
(360) ? 19148.4 19148.2 ? 19147.8 ?
(114) ? 19250.9 19250.6 ? 19249.7 ?
(162) ? 19376.6 19376.4 ? 19377.1 ?
(290 ? 19493.2 19493.0 ? 19493.2 ?
242 ? ? 19664.8 ? 19664.8 ?
(082 ? 19695.6 19695.4 ? 18697.5 ?
a - Wei and Carrington - Ref. 30
b - Fernley, Miller and Tennyson - Ref. 27
¢- Choi and Light - Ref. 29
d- Soares Neto and Prudente - Ref. 5
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