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The existence of the vector supersymmetry for three dimensional cohomological field theories
is discussed. The example of the three dimensional topological model of Baulieu-Grossman

[1] is considered in detail.

Introduction

Almost all known topological field theories (TFT)
[2], of both Schwartz and cohomological type, turn out
to be characterized by an additional invariance whose
generators possess a Lorentz index and give rise, to-
gether with the BRST generator, to a supersymmetric
algebra of the Wess-Zumino type.

This additional invariance, usually called vector su-
persymmetry, has been first detected in the case of the
three dimensional Chern-Simons theory [2, 3] and later
on has been extended to others TFT as, for instance,
the BF models in different space-time dimensions [4],
the bosonic string and its supersymmetric version [5],
the Ws—gravity [6] and the Witten’s topological eu-
clidean Yang-Mills theory in four dimensions [7].

The vector supersymmetry has been proven to be
an important tool in the characterization of the rele-
vant BRST cohomology classes as well as in the un-
derstanding of the ultraviolet finiteness properties of
TFT [2,4]. Tt is also worthwhile to mention here that,
recently, the existence of the vector susy has been re-
lated to the twisted version of extended supersymme-
tries, strengthening thus the deep relationship between
TFT and supersymmetric models [7].

The aim of this work 1s to investigate the presence of
the vector susy for the three dimensional TFT of the co-
homological type. As a prototype of this class of TFT
we shall consider in detail the model proposed by L.

Baulieu and B. Grossman [1] in order to describe topo-
logical invariants related to three dimensional magnetic
monopoles.

The work is organized as follows. In Sect.Il we
present the model and we discuss the existence of the
vector susy. Sect.Ill is devoted to the derivation of a
generalized Slavnov-Taylor identity which collects to-
gether both the BRST and the vector susy transforma-
tions. Finally, in Sect.IV we discuss the cohomology of
the generalized Slavnov-Taylor operator and we present

the renormalization of the model.

II. The action and its supersymmetric structure

The model proposed by L. Baulieu and B. Gross-
man is a three dimensional cohomological theory of the
Yang-Mills type. Following [1], the field content of the
model is given by the set (A, ¢, ¥y, Xu, &, 1, , ¢ ), Te-
spectively a gauge connection A,, a real scalar ¢, two
anticommuting vector fields (¢,,y,), two anticommut-
ing scalar fields (€, 7) as well as a pair of complex com-
muting scalars (¢, #). Moreover, introducing the usual
Faddeev-Popov ghosts (¢, €) and a pair of Lagrange
multipliers (B, b,) , for the BRST transformations we

have

sA, = Duyc+u,

_Du¢ —g{C, 1/)N} 3

o
=
=

Il
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s& = gld, ] —gle, &}, where D, is the covariant derivative, defined as

sp = E—gle, o],

6 = —gleo], Do = 0w Foldu 1 22)

sc = ¢—gc?, g being the gauge coupling constant with mass dimen-

5§ = n =0 sion 1/2. Notice that the BRST variation of the gauge
’ ’ connection A, is characterized, besides the usual pure

sc = B, sB=0,

gauge term (D,e), by an additional shift transforma-
sXp = bu, sby, =0 57 =0, tions (v,,) which is typical of the TFT of the cohomo-

logical type [2, 7]. The quantum numbers of all the
(2.1) fields are assigned as follows:

Table 1 _
0 Au w 1/);1 Xu Elm ¢ ¢ c|c B bu
dim. /2 {1/2 |1 1 1|1 1/2 1 1/2 1 3/2 1 3/2
gh. numb. | 0 0 1 -1 ]1]-112 -2 11 =110 0

(2.3)

As one can expect due the cohomological nature of the model, the classical invariant gauge fixed action can be

expressed as a pure BRST variation, namely

1
Siny = S/dSl’ tr (X“Du80+€pruFup+§Xubu
_ B
+c(0A + 5)+¢(Du1/’ +9l¢,0]) |,

(2.4)

where a Feynman like gauge-fixing condition has been adopted [1]. Expression (2.4) is easily worked out and yields

Siny = tr/d?’x (6" Dy — X" D&+ gx* [e, Dypp]l — gx* [V, ¢]
1
+ef b Fy, + get Py e, Fupl — 26"y [e, By p] + 51)“[)”
B
=20 Xu Dty + B(OA + ) = 0" Dye — 20

+n(Duv* + g [, ¢]) — D" Dy — g¢ {c, D", }
96 {" ut — g7 {c €, 0]} — 90 {6, + 970 [[¢, ] ¢ ])

(2.5)
Let us also notice that the term
3 I urv bubﬂ
tr | d°z (0" Dy + "V, Fy + 5 , (2.6)
is equivalent to a standard Yang-Mills action
3 1 I %
—tr | d°z §D oD+ F, I , (2.7)

upon elimination of the Lagrange multiplier 6#. In order to detect the supersymmetric structure of the classical

action (2.4), (2.5) we introduce the following vector type operator 6, with negative ghost number, defined as
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b
bu = —u,
bud, = 0,
buthy = Fuy,
bup = 0,
oué = Dup,
by = o,
by = 0,
6uB = 0,e,
éuc = 0,
Suby = Ouxv,
buxy = 0

(2.8)

The operator ¢, acts nonlinearly on the fields and gives rise, together with the BRST operator s, to the following

anticommutation relations

{Saéu} = au )
{6u’ o} =

(2.9)

We see therefore that the algebra between s and 6, closes on the space-time translations, allowing thus for a
supersymimetric interpretation.
Having identified the supersymmetric structure we were looking for, let us now check if the ¢, —transformations

of eq. (2.8) leave the action (2.4) invariant. After a little algebra we easily obtain

8, Siny = 50, , (2.10)

with

_ 1 1
O, = —tr/d?’x <</>(D”FW +9[Dup, ¢]) — ixvauxy - 556;@) , (2.11)

showing thus that the vector transformations (2.8) do not actually correspond to an exact symmetry of the action
Sinv. However, since the breaking term appearing on the right hand side of eq. (2.10) is a pure BRST variation

and since

8,0, =0, (2.12)

we can use a very useful trick in order to turn 6, an exact symmetry of a suitable modified action. Following indeed
a well known procedure [4, 7], we first collect all the generators entering the algebra (2.9) into a unique generalized
nilpotent operator Q.

Introducing then two constant ghosts (e#,9"), associated respectively to the vector generators §, and to the

space-time translations d,,
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Table2
ek s
dim. 0| -1/2
gh. numb. | 2 1
(2.13)
it 1s easily verified that the generalized operator @ defined as
Q=s+¢e", +0"0 —eui (2.14)
- # # avr ’
turns out to be nilpotent,
Q’=0. (2.15)

From eq. (2.14) it is apparent that the operator @ collects together all the generators entering the relations (2.9).

Acting now with Q on the classical invariant action S;,,, we get

Q va = S(EVO,,) . (216)

Recalling now that the breaking term O, is left invariant by §,, ( i.e. 6,0, = 0), we can rewrite the right-hand
side of eq. (2.16) as

QSiny = (5 +eto, + 040, — 5“6%) "0, = Q("0,) , (2.17)

i.€.

to built up the Slavnov-Taylor identity and to discuss
Q (Siny —€70,) =0, (2.18) the quantum properties of the model. This will be the

which means that the modified action task of the next Section.

Sinv = Sinv — "0y III. The Slavnov-Taylor identity

is left invariant by the generalized operator Q. In other

words, the properties (2.10) and (2.12) allow to suitably In order to obtain the Slavnov-Taylor identity we
modify the initial action (2.4) so that the generalized introduce, following a standard procedure [8], a set of
operator @ becomes an exact symmetry, while collect- antifields (A’;, U, ", 07, ¢*) coupled to the nonlin-

ing together both operators (s,4,). We are now ready ear Q-transformations of the fields (A,, ¥, €, ¢, ¢, ¢),

Sext = tr/ dPx (A QA + ™ Qe + E7QE + " Qp + ¢"Qd + " Qc) . (3.19)

Defining then the complete action X as

Y= §inv + Sext ) (320)

for the classical Slavnov-Taylor identity we get

S(Z)=0, (3.21)

with
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ST = tr/d?’x 2 ORI P R B L R
B SA*H 6A, T SYrE S, | 8EF 6E T ot bp | 89”8

6% 6% — 0% — 6%
— Wo,¢0)—= Y0, o, n)—
5o 5o T ¢>)6¢+(6 o+ 0" 0m) 5
v = 0% v = v 0% v >
+(B+9Y 6yc)E+(e 8,2+ 979, B) 5B + (b, +7 &/X“)éxu
6% oy
v v =) e Z=
+ (€"0uxpu +070,b,) 6bu) S
(3.22)
Furthermore, introducing the so called linearized operator By, [8] defined as
SR PO SR SN SURNE. S
BT W O GAn§A, T A, A T Syrh S, | b, 6UnE | 567 6€
6 T8 58 Db 038
8 8E*  bp* by bp bpr T bo*op b bo*
6 66X 6 A v T e )
(SC*%—F%(SC* +(77+79 &/qj))g—l—(({ O+ 90 61/77)677
v = 6 v — v 6 v (S
+(B+9Y 6yc)%+(e 9,2+ 970, B) 5B + (b, +7 &/X“)éxu
) d
v v _ _ M
+(" Opxp + 0 avbu)ébu) 2 T
(3.23)
one has
BxBs =0. (3.24)

The relevance of the nilpotent operator By i1s due to the fact the possible invariant counterterms and anomalies
which may affect the Slavnov-Taylor at the quantum level can be identified as cohomology classes of the operator
By, with ghost-number 0 and 1, respectively [8]. Let us turn therefore to the study of the cohomology of By.. To

this purpose we introduce the filtering operator [8]

NIEN?—i—ﬁN— ; (325)

which counts the number of global constant ghosts. Accordingly, the linearized operator By decomposes as

Bs = b+ "W, + 0*P, | (3.26)

P, being the Ward operator corresponding to the space-time translations. From the nilpotency condition (3.24)
the operators b, W,, P, are seen to obey the following relations

b2 =0 , (3.27)
{b’ Wu} = PN ) (3.28)

{Wua WV} =0, [Pupu] =0. (329)
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Observe that, as a consequence of the algebraic relations (2.9), the anticommutator between the operator b and W,

closes on the space-time translations. Let us also give, for further use, the explicit expression of the two operators

b, W,, namely
bA = s /\:(Au,d)u,f, o, b, ¢, ¢ 1, E B, Xuabu) ,
b, = —eu, be, =0,
(3.30)
and
bA, = gl b+ 948 xut + 97 [ps {xus e} + 260, D7 (0 4+ g {x", c})
+2920p {U"X"} = 0uB — g {c, 9T} — g {sbu, 0} + 9 [0, Dy9)]
=9 [Dud0] + 9" {vu, [0, } =g [o,v1] — g {e, AL}
W)Z = gle.Xul+ 26, D" X" = 0y + Dyun—g [Dug’ C] -9 [Duc,ﬂ
+2g [, 0] — AL +g [V, ],
be" = —D'yu—glenl+g e [0,c]] -2 (6 0] —g{e. €} —¢",
be* = —DMby—g{D"xu,c} = g {x*, Duc} + g {& n} + ¢ {¢, [c. 6]}
~29° [¢, [p, d]] — g {e, o™y — g X" ¥} — 98,677,
bo* = —D*6+¢%[p, [, 0]l + D'+ ¢ —gle, 6" +glp €7,
bet = =g [D"o,xul = 9" [Fup, Xl — 9 [D* 0y, 6]
—g? [[6,¢], 0] + D" A}, + D*9e+ g e, ]+ g [0, 4]
9l +ygle, @1+ 910,071,
(3.31)
and
WA = 6,4 A= (Au, ¥, & 9, 0,0, ¢, 10, & B, Xy, by)
Wye, = 0, Wy, =0,
WA, = g [5, F;w] - DuDva‘i' 6NVD2$+ i [30’ [30’5”
=Dty + 6 D7y + gbuy [, ]+ S
Wy, = bue”
Wy = 0,
W™ = =2¢[Dup.é] — D&,
Wue™ = 0,
Wyet = 0.
(3.32)
IV. BRST Cohomology and Renormalizability BRST cohomology stating that the cohomology of the

complete operator By 1s isomorphic to a subspace of the

We face now the problem of characterizing the coho- cohomology of the operator b [8]. To compute the co-

mology of the linearized operator By. To this purpose homology of & we introduce a second filtering operator

let us first compute the cohomology of the operator b, Ny

whose relevance relies on a very general theorem on the
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_ 3 i * 6
Ny = Zk/dl(/\é/\—i—A )
A = (Aua,l/)uaga SDa ¢a$a C, 77a aBa Xuabu>a
A* = (AZa,l/)Zag*agp*ad)*aC*)a

(4.33)

according to the which the operator b decomposes as

b="0by+ by +bs, (4.34)
with

bop = &, bot =0,

boc = ¢, b =0,

bo¢ = 1, bon =0

boe = B, byB=10 ,
boxy = bu, bob, =0
boAy = duc +1y,
boby = —0ud
boAT = 26,,0"b — 0,B
bovy, = —AL+2e4,,0"X" — 0T+ dun
bol* = =0.x* — ",

bop™ = —0ub"

bod* —325-1-3”1/)*“ et

boc* = OFAL+0°C .

(4.35)

Making then the following linear changes of variables

Uy o Gy = Y+ e

A e AN = = (A = 2,0"X" + 0,7)
UL U= — 040

P = P = (P +0"x)

(A — E*:c*—I—@“d)Z—@ZE,

(4.36)

it 1s easily verified that by—transformations of all the
fields, ghosts and antifields can be cast in the form of
BRST doublets (u,v) [8]; i.e.

bov =0 ;

bou = v

(4.37)

with
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(@’C’E’E’X’Aﬁ,l//)\*’g*’¢*) bl
(€’¢’U’B’b’¢’A*’$*’/c\*) 3

(4.38)

It is known that the doublets do not contribute to the
BRST cohomology [8], meaning that the cohomology of
by 1s empty. Therefore the cohomology of the operator b
in egs. (3.30), (3.31) vanishes as well, implying in turn
that the cohomology of the complete operator By, of eq.
(3.23) is empty too. From this result we infer that the
Slavnov-Taylor (3.21) identity is anomaly free and that
the possible invariant counterterms which can be freely
added to the classical action X of eq. (3.20) can be al-
ways written as pure By —variations. As expected, this
means that the quantum corrections will preserve the

topological character of the Baulieu-Grossman model.
V.Conclusion

The existence of the vector supersymmmetry for the
three dimensional cohomological field theory proposed
by Baulieu-Grossman [1] has been investigated. We
have been able to show that the model is anomaly free
and that the quantum corrections preserve its topo-
logical character. Let us also notice that the model
of Baulieu-Grossman has the same field content of the
N = 4 supersymmetric twisted three dimensional Yang-
Mills theory [9]. This property suggests a deeper rela-
tionship between N = 4 three-dimensional Yang-Mills
and topological theories of the cohomological type. As
in the case of the Witten’s four dimensional topological
Yang-Mills [7], this could provide a conventional field
theory framework for the so called equivariant cohomol-
ogy proposed by [10] in order to identify the topological
observables of the theory. This aspect as wall as the
relationship of the Baulieu-Grossman model with the
Witten’s topological Yang-Mills through dimensional

reduction are under investigation.
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