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A comparison is made between existing theories for self-assembling systems and experimental phase
diagrams of complex systems made up of amphiphile/water/additives, with emphasis on phase
transitions by changes in concentration. Evidence for di�erent types of hexagonal (H) phases, in
systems with detergent and lipid amphiphiles, are reviewed. It is shown that characteristics of the H
phase and of the phase sequence (cubic phases with lipids and nematic phases with detergents) are
revealed through the exponent de�ning the variation of the hexagonal parameter with amphiphile
concentration. Emphasis is also given to results obtained in the ternary system sodium dodecyl
(lauryl) sulfate / water / decanol, which exhibits the phase sequence isotropic (I) - H - nematic
cylindrical (Nc) { [nematic biaxial (Nb)] - nematic discotic (Nd) - lamellar (L), with co-surfactant
addition. Existing theories for self-assembling systems of rigid and 
exible rods predict the phase
sequence I - (Nc) - H as a function of increased particle volume fraction �p, with a triple point
separating I - H and I - Nc - H phase sequences. Possible reasons for the non-trivial experimental
I - H - Nc inversion in phase sequence are discussed. A complex path through the phase diagram
is able to explain the experimental results in terms of changes in micellar growth and 
exibility
induced by the co-surfactant. The role of the surfactant parameter, that expresses the curvature of
the polar-apolar interfaces, explains much of the observed behavior, including the Nc { Nd transition
with increase in decanol / amphiphile molar ratio.

I Introduction

The complex polymor�sm of systems made of am-
phiphile / water / additives (salt and / or alcohol)
has been extensively investigated over the last decades
[1,2]. Such polymor�sm exists because the amphiphile
molecules in solution self-assembly into aggregates of
di�erent forms and symmetries, due to the tendency of
spontaneous formation of interfaces between polar and
apolar groups. The formation of the aggregates is con-
trolled by the surfactant parameter [3] po = v=al, with
v, a and l, being, respectively, the volume of the chain,
the polar head area at the interface (which depends
also on the amount of bound water) and the e�ective
length of the chain. Molecules with po = 1/3, 1/2 and
1 have tendency to form, respectively, spherical, cylin-
drical and planar micelles. In amphiphiles with a single
hydrocarbon chain (as detergents, with po � 1/3) the
interfaces may be closed and highly curved, with for-
mation of micelles (direct in the water rich side of the
phase diagram, inverted in the water poor side) and sep-
aration of hydrocarbon and water moieties. Micelles of
initially spheroidal shape (when formed at the critical
micellar concentration) may grow to cylindrical forms
with increase in amphiphile concentration, and conse-

quent decrease in po due to decrease of bound water.
Lamellar phases with planar interfaces or complex bi-
continuous phases, with minimal curvature interfaces,
may also occur in the intermediate zone of the phase
diagram. Amphiphiles with two hydrocarbon chains
(as phospholipids, with po � 1), instead, have ten-
dency of forming vesicles (closed membranes with wa-
ter inside and outside) due to their diÆculty in forming
highly curved interfaces. Such supra-molecular aggre-
gates may have or not long distance order, giving rise
to isotropic and liquid-crystalline phases, before reach-
ing crystalline phases. Changes in the micellar shape
and in the separating interfaces accompany or trigger
the phase transitions as a function of concentration and
temperature.

We shall here concentrate on amphiphiles with a
single carbon chain, and on phase transitions induced
by changes in concentration. The typical phase se-
quence with increasing amphiphile concentration is I
(isotropic) - H (hexagonal) - L (lamellar). Interme-
diate phases between H and L, with long-range posi-
tional order, may occur in binary systems. Alterna-
tively, complex cubic phases (Q) [4] may also appear,
that may be constituted either of micellar globules (in
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I-Q-H sequences) or of bicontinuous arrays (in H-Q-L
sequences). Ternary systems, with addition of a long
chain alcohol, may lead instead to nematic (N) domains
between H and L phases (or directly from I phase), with
uniaxial [5-7] (cylindrical Nc and discotic Nd) and biax-
ial [8] (Nb) phases having only long-range orientational
order. The role of alcohol in changing the aggregation
process, leading to islands of nematic phases in ternary
phase diagrams, is here discussed. The characteristics
of H phases seem also to depend on the particular phase
sequence where it appears. In this paper we shall re-
view the work we have made on such phases over the
last decade, with several collaborators.

Since the discovery of H phases, their structure has
been proposed [1] to consist of \in�nite" cylindrical mi-
celles with a two-dimensional positional order in the
plane perpendicular to the cylinder axes, based on the
fact that only (hk0) di�ractions were observed, without
de�ned values for the c parameter, together with the
indication of very long micelles by other techniques, as
NMR. During the last decade, however, we have gath-
ered evidence showing that in fact di�erent structures
exist, which seem to correlate with the speci�c phase
sequence. Information on such structures is given by
the exponent of the variation of the hexagonal param-
eter with concentration. Results obtained [9-13] with
detergent and lipid amphiphiles are here reviewed.

We focus also in this paper on the analysis of results
obtained [14-17] in the system sodium dodecyl (lauryl)
sulfate (SLS) / water / decanol (which is a good exam-
ple [18-20] of detergent behavior). The phase sequence
I - H - Nc { (Nb) - Nd - L, obtained with increase in the
decanol / amphiphile molar ratio (Md), is analyzed in
particular. The results are confronted with statistical
mechanical theories [21-23] of self-assembly that predict
instead the phase sequences I - Nc - H or I - Nd - L, de-
pending on the symmetry of the aggregates (cylinders
or discs, respectively). We consider also a recent result
[24] obtained through an approach based on bending en-
ergy considerations, which is able to account for shape
transformations at the Nc - Nd transition, with increase
of decanol content in systems with mixed micelles.

II Occupancy of the hexagonal

cell

As analyzed in our previous papers [9,11-13], for a sphe-
rocylinder (SC) of radius R and total length L in an
hexagonal cell with parameters a and c, the usual con-
dition of equal density at the microscopic and macro-
scopic levels implies that the static structure (averaged
in time) satis�es the relation

(L=c)SC = (2
p
3=�)cv(a=2R)

2(�)=(�� 1=3); (1)

where � = L=2R is the particle anisometry (equal to

one for spheres) and cv is the volume fraction of the
total amphiphile moiety. Note that in the case of mi-
celles the existence of bound water may make cv di�er-
ent than the particle volume fraction �p. For long SC
the cylinder (or rod) limit is obtained, and the factor
� /(� -1/3), that depends on the anisometry, becomes
1. This limit can be used in order to obtain L=c values
in the H phase, if micelles have large but unknown �
values [13].

Furthermore, in the case of micelles, as studied here,
care must be taken in the de�nition of the R and L val-
ues in Eq. (1). They may refer to \e�ective" radius
Reff and length Leff , of the \particle without water",
related to cv. To substitute �p for cv in Eq. (1) it would
be necessary to use Rtot and Ltot of the \particle", in-
cluding bound water. Alternatively, one can consider
the paraÆnic micelle and the values in Eq. (1) become
Rpar, Lpar and cvpar, where cvpar is referred to as the
paraÆnic volume fraction. Moreover the following re-
lationship is valid [13]:

(Re�=Rpar)
3 = (cv=cvpar)(�par�1=3)=(�e� � 1=3) (2)

For long micelles the di�erences between Le� , Lpar,
Ltot may be neglected, but not the di�erences between
the respective R values.

In these H phases no unique c value exists, because
of polydispersity of micellar length, a necessary condi-
tion for the occurrence of direct I-H phase transition
[21], but \average values" are meaningful. As we shall
see, the behavior of the H phase and of phase sequences
depends on the relations between a and c. In case of �-
nite micelles and uniform decrease in inter-particle dis-
tances in all three dimensions, the anisometry of the
particle exists also in the cell and one expects:

L=c = 2R=a (3a)

In case of \in�nite" micelles one expects instead:

L=c = 1 (3b)

The structure of the H phase, and particularly its
evolution with increased concentration, will depend on
which Eq. (3) is valid for the particular system, and
on the fact that L may be a constant within the range
of the H phase or may vary with concentration. When
Eq. (3a) applies and the L value is constant, it re-

sults a � c
�1=3
v . When Eq. (3b) applies, it results

a � c
�1=2
v . In the general case, if it is experimentally

observed a = A c�xv , the condition given by Eq. (3a)
leads [11] to an equation that expresses the variation of
the anisometry with concentration:

� = [3� 3Kc�(1�3x)v ]�1; (4)

where K = (2
p
3=�)(A=2R)

3
.
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For cylinders with constant radius, K is a constant.
For x= 1/3, the anisometry is also a constant, given by
Eq. (4). But if x < 1=3, Eq. (4) gives the form of mi-
cellar growth with concentration, under the condition

of Eq. (3a). The function Kc
�(1�3x)
v varies from 2/3

to 1 as � varies from 1 (sphere) to 1. However, as the
limit of in�nite cylinder approaches, Eq. (3a), and also
Eq. (4), are no longer valid, and the condition given by
Eq. (3b) is approached.

The validity of Eq. (3) for a particular system can
be analyzed [11] through comparison of values L=c, ob-
tained from Eq. (1) under the hypothesis of long rods
(anisometry factor =1), and 2R=a, using an estimated
R value and the known a and cv values. If L=c < 2R=a;
there is indication of short rods, when the anisometry
factor of Eq. (1) (always<1) cannot be neglected. But
L=c > 2R=a indicates a breakdown of Eq. (3a).

It has been also theoretically shown, in statistical
mechanics treatment of self-assembly systems [21,22],
that the exponents 1/3 and 1/2 hold, respectively, for
�nite rigid rods and for long 
exible rods (with end-to-
end contact or with persistent length on the order of
c). We shall therefore refer to conditions L/c = 2R/a
and L=c = 1, Eq. (3), as characteristic of \�nite/rigid"
and \in�nite/
exible" rods, respectively. In the case of

exible objects Eq. (1) does not hold in strict sense,
but it is always possible to obtain an \apparent L=c
value" which satis�es Eq. (1) for rods.

III The H phase in di�erent sys-

tems

In the binary SLS/water system the interval of the ex-
plored cv values, within the H domain, was suÆciently
large and allowed us to unambiguously de�ne [9] a 1/3
behavior, typical of �nite rigid rods with constant ani-
sometry. A previous study [25] of the I-H phase transi-
tion had shown that the cylinder growth does not occur
within the I phase, but at the transition itself, a view
consistent with the statistical theories published later
[21]. A detailed structural study [13] with careful anal-
ysis of the electron density maps obtained from di�rac-
tion intensities con�rmed �nite, although long, rods in
the H phase of the binary SLS/water system.

Further studies in other amphiphile systems evi-
denced that the exponent depends on the particular
phase sequence, being 1/2 in a system with a neighbor-
ing cholesteric phase [10] and smaller than 1/3 when a
neighboring cubic phase is present in lipids [11,12]. For
OLPC (oleoyl-lyso-phosphatidil-choline) / water sys-
tem, with I { H { Qb (cubic bicontinuous) { L phase se-
quence, the growth of the lipid micelles, obtained from
Eq. (4), was clearly followed along the H domain [11],
with anisometry near 1 at the I - H transition up to 1
at the H { Qb transition. The structures of H and Q
phases of three lipids, OLPC, PaLPC (palmitoyl-lyso-

phosphatidyl-choline), with I - Qm (cubic micellar) { H
- L phase sequence, and DTAC (dodecyl-trimethyl am-
monium chloride), with I { Qm { H { Qb { L phase
sequence have been detailed analyzed [12]. Micellar
growth was veri�ed along the H phases of these three
lipids (exponent x < 1/3) and epitaxial relationships at
both Qm { H and H { Qb phase transitions could be
demonstrated [12]. Micelles are small after I { H tran-
sition, larger after Qm { H transition, \in�nite" before
H - L transition and have even L=c > 1 before H { Qb

transition.
A study of the I { Qm transition, that precedes the

Qm - H transition in PaLPC revealed [26,27] that mi-
celles remain spheroidal and do not grow to SC in the I
phase, due to the larger surfactant parameter, and also
how the micellar short-range order of the I phase trans-
forms into the micellar cubic order due to close packing
of the spheroidal micelles. For SLS micelles, a trans-
formation of spheroidal into SC polydisperse micelles
occurs [28] still in the I phase, due to the smaller sur-
factant parameter, preparing the I-H phase transition.
The role of the surfactant parameter in promoting ag-
gregate transformations will be further discussed later
on.

The picture that emerges from these studies follows
a pattern. In the charged detergent SLS, micelles are
already small SC in the I phase, and grow at the I{
H transition, due to the \orientation induced growth"
mechanism [21], but have afterwards a constant size,
until distortion of the micellar unit induces phase tran-
sitions leading �nally to the L phase. In neutral lipids,
growth does not occur at the transition to the H phase,
but more slowly in the whole H range. In cases where
an \excess growth" occurs, revealed by the condition
L=c > 1 when Eq. (1) is used (probably related to
undulations of the micelle surface), the transition is to-
wards a bicontinuous cubic phase [11,12], while a H-L
transition is observed when the limit L=c = 1 is not
over-passed. It is not yet possible to conclude whether
these di�erences between charged detergents and neu-
tral lipids are due directly to the soft inter-micellar
Coulomb interaction or to di�erences in water binding.

The existence of a nematic (or cholesteric) domain
seems to correlate with a neighbor H phase with expo-
nent x = 1=2 (in�nite/
exible objects), what is intrigu-
ing, since the lyotropic nematic phases are expected to
correspond to small micelles [7], and a minimum rigid-
ity is also necessary for the N phases [23]. Thus, the
role of decanol in promoting the appearance of N phases
deserves particular attention.

IV The H phase neighbour to Nc

phase

Addition of decanol to several detergent / water sys-
tems leads to a nematic domain. We shall here con-
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centrate in the N domain of the ternary system SLS /
water / decanol [18-20]. The phase sequence depends
on concentration and temperature and may be I - Nc

or I - H - Nc [14-16]. Figure 1 shows the experimental
phase diagram.

The cv interval when the H phase is crossed in the
I-H-Nc sequence (lines A and B in Fig. 1) is too small
to allow the determination of the exponent x, obtained
in the binary system. However, a characterization can
be made by a direct comparison of the L=c value ob-
tained from Eq. (1), with known cv and Reff = 18.4�A
[9,13], and the 2Rtot=a value (a=2/

p
3 s�1), as per-

formed in refs. [15,16]. Rtot is the \particle" radius,
given by the sum of the extended dodecyl chain, 16.7�A,
and the polar head diameter, 4.6�A. The two values L=c
and 2Rtot/a give the best de�nition of the \cylindri-
cal particle" of the H phase in the directions c and a,
respectively.
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Figure 1. Ternary phase diagram of the system
SLS/water/decanol as a function of weight composition
from Quist et al [20], which includes the nematic domain
previously localized by Amaral et al [18,19] and the limits
of the hexagonal phase given by Ekwall [2], when the N do-
main was not known. Results for lines A [15] and B [16] are
presented in Fig. 2. The notation SDS is used for SLS in
ref.[2] and [20].

Figure 2 (given also in [16]) gives L=c and 2Rtot=a
values from three di�erent data sets [15,16,25], as a
function of the micellar cv, which includes both SLS
and decanol. The three data sets correspond to di�er-
ent SLS:water molar ratios (Mw), two in ternary sys-
tems, with Mw = 39.4 (line A of Fig. 1 [15]) and 45.2
(line B of Fig. 1 [16]), and one in the binary system
(Mw = 24.0 [25]). The �rst two points for Mw= 39.4
correspond to the H phase in coexistence with I phase.

It is evident from Fig. 2 that the condition L=c =
2Rtot=a is only attained in the H phase of the stud-
ied binary SLS/water system [25], in agreement with

a �c�1=3v behavior [9]. However L=c values are close

to 1 and much larger than 2Rtot=a in the H phases of
the ternary SLS/water/decanol system, for two di�er-
ent values of Mw [15,16]. It is seen that the addition
of decanol deeply changes the characteristics of the H
phase, which switches from particle �nite/rigid to parti-
cle in�nite/
exible behavior. The results for Mw=39.4
show even a tendency for increase in L=c and small de-
crease in 2Rtot=a with increase in decanol content.

Figure 2. (Appearing also in [16]): L=c (solid symbol) and
2Rtot=a (open symbols) values in the H phases as a function
of (SLS + decanol) volume concentration for three data sets,
corresponding to three di�erent values of the water: SLS
molar ratio. Squares correspond to the results [15] with
Mw= 39.4, circles to a ternary system with Mw= 45.2 [16]
and triangles to a binary system with Mw=24.0 [25]. L=c
values were obtained from Eq. (1), using cv andRe�=18.4�A.
Rtot and a are, respectively, the total particle radius (see
text for details) and the hexagonal cell parameter.

It should be noted that the Reff value used to cal-
culate L=c was obtained in the binary system [9,13]. In
order to further demonstrate the result in the ternary
system, analysis of the electron density maps in the
ternary system were also performed [16]. The maps of
the ternary system [16] looked very similar to the maps
[13] of the binary system regarding the micellar object.
Only the fraction occupied by the micelle in the hexag-
onal cell changes, according to di�erent cv and a values
of the phases. The ternary system has a hexagonal cell
with considerably more water in the hexagonal plane.

A consistent interpretation of the cylindrical struc-
ture is obtained [13] by estimating Reff from the elec-
tron density maps using as a criterion the largest dis-
tance of the continuous contour from the micellar cen-
ter. Results show [16] that, in fact, Reff is slightly
smaller in the ternary system. The average value is
about 4% smaller than the value obtained in the bi-
nary system. The Rpar values however are within 1%
the same as in the binary system. This indicates that
the presence of decanol changes only slightly the micel-
lar radius, and that the change in Reff occurs in the
polar shell, since decanol decreases its electron density.
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As far as the L=c values are concerned, they are equal
to 1, within the evaluated uncertainties. It means that
such ternary H phases are built up of in�nite/
exible
cylinders in hexagonal array.

In order to clarify the role of decanol, we analyze
available theories of self-assembly and confront experi-
mental and theoretical phase diagrams.

V Phase diagrams and theories

of self-assembly

The theories of self-assembly predict the sequence I -
(Nc) - H, as a function of increased particle volume
fraction �p, for cases of �nite hard rods [21], persis-
tent 
exible rods [22] and wormlike micelles [23]. All
these theories present phase diagrams as a function of
�p with the same topology, seen in Fig. 3. There is a
triple point that separates I-H and I-N-H phase tran-
sitions. In the case of �nite rigid objects, the phase
diagram [21] is a function of the association free energy
�, which de�nes the particle length. In the case of 
ex-
ible long rods, the phase diagram [22,23] is a function
of the ratio persistent length / micelle diameter (P/D)
with the axial ratio (L/D) as parameter (D=2R). The
direct I-H transition is expected in the limits of small
rigid objects or very 
exible long objects in I phase. In
the former an increase in micellar length is expected at
I - H transition [21].

The expected theoretical phase sequence I-Nc-H ap-
pears in the experimental phase diagram of the ternary
system SLS/water/decanol, shown in Fig. 1, only for
about 4 wt% of decanol and between 24.5 and 27 wt% of
SLS. This means that only for those concentrations the
micelles are in the correct range of length and rigidity
to induce the appearance of the Nc phase with increase
in SLS content.

Inverted phase sequence I{H{Nc occur, however,
by increasing decanol content, upon SLS concentration
larger than 26 wt%. Such inversion must be due, there-
fore, to a speci�c e�ect of decanol, which possibly af-
fects the growth and 
exibility of the mixed micelles in
a non-trivial way. The inversion occurs in the context of
the complete sequence I - H - Nc- Nd - L, which appears
only with increase in decanol content. We shall not dis-
cuss now two small biaxial islands [29], not shown in
Fig. 1 because they do not appear along the A and B
lines, here analyzed in detail.

A better understanding of the decanol e�ect on mi-
cellar structure and phase transitions was recently ob-
tained through the study of the phase sequence I - H -
Nc by investigating the ternary system varying Md for
�xed values of the water: SLS molar ratio (Mw). It
was shown [14,15] that the inverted sequence appears
already for Mw = 45.2 (line A of �gure 1). For such
high water content the H domain exists only for a very
narrow interval, Md � 0:195. So, the line A contains

in fact the H phase in the sequence I-H-Nc and passes
very near the triple point. The H phase's features over
a larger range ofMd values, by investigating samples at
Mw = 39.4 (line B of Fig. 2), was also performed [16]
following the sequence I-H-Nc.

The results discussed in the previous section 3 con-
�rm a \crossover" from the �nite/rigid model [21] to the
in�nite/
exible model [22,23] for the H phase with an
increase in the decanol content. This e�ect is probably
due essentially to micellar growth with decanol addi-
tion. Such growth occurs in a slighter form (anisome-
tries increasing from 2.4 to 3) in I phase [30] but must
be greatly enhanced by coupling with orientational and
positional order in the H phase [21-23].
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Figure 3. Theoretical phase diagrams for rods, taken from
[21]. The complex path proposed in this work (and de-
scribed in the text) corresponds to the curve drawn here
around the triple point, allowing for the observed phase se-
quence I - H (columnar) - Nc.

In the binary system micelles are short in I phase
and longer in H phase, growing considerably in the I-H
coexistence range [13,25]. From X-ray results [13] the
estimated length in phase H gives L/D in the range 6-

16. The behavior a � c
�1=3
v assures [9] that micelles

are in the �nite rigid regime, and therefore must have
a large persistence length, or P � L. No nematic phase
exists in the binary system, so the system is above the
triple point at the I-H transition.

The theories of self-assembly that predict I - (N) - H
phase transitions [21-23] are neither speci�c for ternary
systems, nor deal with the speci�c role of decanol. How-
ever, the e�ect of decanol might be deduced through
comparison of the experimental phase diagram of Fig.
1 with the theoretical predictions, shown in Fig. 3. The
�rst point to emphasize is that decanol brings I - H tran-
sition to values of SLS concentration much smaller than
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without decanol. In the binary system I - H direct tran-
sition occurs [25] for 40 wt% of SLS, while it can occur
for less than 26 wt% for about 3.5wt% of decanol (see
Fig. 1). This shows that the particle volume fraction
�p, which de�nes the transition point, is neither pro-
portional to the SLS nor to the total amphiphile (SLS
+ decanol) weight concentration, and must greatly in-
crease with decanol addition.

Let us �rst compare the experimental phase dia-
gram with the phase diagram for rigid rod [21]. From
the position of the triple point we conclude that the
decanol content plays the role of the association free
energy �. A slight decrease in decanol (from 4 wt%
to 3.7 wt%) promotes a change from I-N-H to I-H be-
havior. It shows that increase in decanol should have
the same e�ect of an increase in the absolute value of
� (or alternatively a decrease in temperature). This is
consistent with the e�ect of micellar growth with de-
canol addition mentioned before. From the theoretical
phase diagram for rigid rods the H-N line can only be
crossed through a decrease in particle volume fraction
�p. The H-Nc transition is experimentally obtained
with increase in cv and cvpar (since Md increases at
constant Mw), but this does not mean necessarily an
increase in �p. With the constant Rtot value used in
Fig. 2, �p shows a slight increase with Md. But if we
allow for a small decrease in Rtot, as indicated in the
structural analysis that gave a decrease of 4% in Reff ,
�p can actually decrease as Md increases. It is thus
possible that, due to a combined e�ect of marked par-
ticle growth and small decrease in polar head size, �p
decreases within the H domain, inducing the H - Nc

transition. The particle volume fraction in the hexago-
nal plane is clearly much smaller in the ternary than in
the binary system, while the fraction in the 
uid direc-
tion increases in the ternary system. So, decanol has
the e�ect of initially increase �p, due to micellar growth
and increase in micellar length, but in excess produces
a small decrease in �p, due to its e�ect in decrease the
micelle diameter.

To complete the picture it is necessary to take into
acount that the nearby nematic phase Nc is made up
of small micelles [31], while micelles are long in the H
phase. This can be rationalized only admitting that mi-
celles must become shorter at the H { Nc transition and,
conversely, that a large increase in micellar length must
occur at the Nc- H transition. Such fact is qualitatively
understandable, since micellar growth is triggered by
both orientational and positional order [21-23]. What
experimental results show is that, since anisometries
are nearly equal in the I phase (� � 3) before the I -
H transition [14,30] and in the Nc phase after the H
- Nc transition [31], growth occurs much more due to
positional ordering than due to orientational ordering.
Enhancement of growth in the H phase, as compared
to the N phase, arises theoretically [23] from details of
polydispersity and intermicellar interactions.

The non-trivial I-H-Nc sequence in the SLS ternary
system with increase in Md may be therefore under-
stood on basis of a complex path through the theoret-
ical phase diagram for rigid rods [21]. I - H transition
occurs above the triple point, for small lengths and large
volume fraction in I phase, with large increase in mi-
cellar length at I - H coexistence. Along the H phase
increase in Md corresponds to further micellar growth,
arriving to the \in�nite end-to-end" limit. This path
goes, therefore, around the triple point (which corre-
sponds to � � 3 for �p � 0:45), with an increase in size
and decrease in �p. H - Nc transition occurs below the
triple point with a marked decrease in micellar length
at the H - Nc coexistence.
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Figure 4. Theoretical phase diagram for 
exible rods taken
from [22]. Ordenate P/D (see text) in log scale as a func-
tion of volume fraction V. The complex path proposed in
this work (and described in the text) corresponds to the
curve drawn here around the triple point, allowing for the
observed phase sequence I - H (columnar) - Nc.

Let us now compare the experimental phase dia-
gram also with the predictions for 
exible rods [22,23],
since results showed that the H phase is in the \in�-
nite/
exible" limit. It has been shown that the exis-
tence of the N phase requires a certain rigidity of semi-

exible micelles. Comparison of the triple point of Fig.
1 with the theoretical phase diagram (Fig. 4) shows
that increase in decanol content must induce an increase
in the P/D ratio of a long 
exible rod. That means that
increase in decanol should increase rod rigidity, and
not promote 
exibility. The micelles in the H phase
of the binary system are quite rigid, since they have
rigid behavior and are long (L/D � 10). Therefore
they have P � L. Increase in rigidity can be obtained
either by increase in P/D or decrease in L/D. Since
decanol promotes miceller growth (increase in L/D), it
must promote also marked increase in P/D in order
to allow the H - Nc transition within the theoretical
framework of 
exible rods. Increase in rigidity of rod
like micelles with decanol addition can be understood
within the framework of the elastic bending energy of
mixed micelles [24]. The surfactant parameter of de-
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canol (po � 1), responsible for its bending energy at
the micellar polar / apolar interface, is considerably
larger than that of SLS (po � 1=3), and the param-
eter of the mixed region will be also correspondingly
larger [24]. Thus decanol promotes rigidity in rod like
micelles, even if may eventually promote 
exibility in
planar membranes, due to the planar symmetry com-
bined with decrease in charge of polar surfaces.

The direct I - H transition occurs above the triple
point (which occurs for P/D �13 for long 
exible rods
[22,23]). Increase in Md corresponds again to a path
\turning around the triple point", with increase in L/D
and P/D. The transition line H-Nc is crossed also with
a decrease in �p, combined with increase in P/D. It
should be remarked that, in one of the theoretical phase
diagrams [22], it is possible a slightly re-entrant behav-
ior (for L/D �25), which allows to cross the H - N
line at �xed �p, but with a very large increase in P/D
(of about 3 orders of magnitude). However a decrease
in �p seems more plausible. Moreover, as the in�nite
limit is being approached, the occupancy in the hexag-
onal plane, given by 2R=a, which is clearly decreasing
with Md, plays the role of �p.

In conclusion, the experimental facts can be ex-
plained within the framework of the theoretical phase
diagrams for self-assembly systems, but with a rather
complex path unifying both phase diagrams. The \in-
�nite/
exible" limit behavior observed for the H phase
of the ternary system cannot in fact be ascribed nei-
ther to \in�nite" nor \
exible" micelles, since decanol
promotes growth, but not 
exibility. There must be
therefore a limit on the validity of. Eq. (3a), possibly
related to a minimum value of 2R/a that is consistent
with partition of water in the three dimensions. Bellow
such limit, Eq. (3b) holds. Thus the \in�nite/
exible"
limit is reached in the ternary system because decanol
is unable to form micelles on its own, being forced to
enter on the SLS micelles, causing micellar growth and
decrease in 2R=a. The real ternary system crosses the
I { H line within the \�nite/hard" framework, then mi-
cellar growth with increase in Md induces a passage to
the \in�nite" framework, which together with decrease
in �p induces �nally the crossing of the H { Nc line,
and this transition is again within the framework of
the \�nite/hard" limit.

VI The Nc � (Nb) � Nd phase se-

quence

This sequence has not been worked out yet theoret-
ically within the framework of self-assembly theories,
which consider the micelle symmetry as a priori de-
�ned, and exist up to now only for the I { Nc { H and I
{ Nd { L sequences, that refer respectively to rods and
discs. It is out of the scope of the present paper to re-
view all other theoretical statistical approaches, which

do not take self-assembly into account, and also do not
account for the neighboring H and L phases with posi-
tional order, as well as the extensive work done by other
groups in the second order phase transitions with tem-
perature that occur in a particular system (potassium
laurate/water/decanol).

However, the Nc- Nd transition has been shown ex-
perimentally [19,24] to be a function of decanol:SLS
molar ratio (Md) in systems with three di�erent am-
phiphiles, occurring always around similar Md val-
ues. Furthermore, it was shown [32] that the system
SLS/water/decanol has a �rst order phase Nc- Nd tran-
sition at such Md value. Two small biaxial islands have
been later discovered [29], evidencing also �rst order
transitions and even the existence of two di�erent bi-
axial phases (Nb+ and Nb�), strongly indicating micel-
lar shape transformations. Clearly, Nc-Nd direct phase
transitions exist, and phase Nb does not occur neces-
sarily in between.

We have developed an elastic bending theory for a
\single micelle", based on the surfactant parameter po,
which is able to account for shape transformations. It
has been shown [28] that a form transformation from
prolate spheroids to spherocylinders (SC) occurs, as
the micellar anisotropy increases (for � > 1:8), due
to the bending energy of the polar/apolar interface.
Such transformation is a pre-requisite for I - H tran-
sition, since the SC form allows polydisperse grow. It
has also been shown [33] that it is energetically favored
in SC mixed micelles that decanol stays in the body of
the cylinder, leaving unmixed amphiphile in the hemi-
spherical caps. The tendency of decanol to localize in
the body of SC micelles occurs in order to decrease
the electrostatic interaction between amphiphile polar
heads, and is responsible for micellar growth with de-
canol addition. The shorter micelles in the Nc phase
will have a larger decanol mole fraction in the body
of the SC (here named y) than in the H phase, but
still without decanol in the hemispherical caps. Only
with further decanol increase, at the Nc-Nd transition,
the decanol of the cylindrical body imposes a marked
change in micellar form (from SC to platelet), as exten-
sively studied by Amaral et al [24]. A synthesis of the
obtained results is shown in table 1. The experimental
Md value and the known SC anisometry �, at the Nc

{ Nd transition, give an \experimental" y, which can
be compared to the predictions of the elastic bending
model.

Table 1 shows a constant y value for the three am-
phiphiles. Note that theMw values at the transition for
the three amphiphiles are rather di�erent [19], due to
di�erent micellar sizes and water binding. The elastic
bending theory, for a single mixed micelle, correctly pre-
dicts [24] a transformation at this y value for expected
po values of amphiphile and cosurfactant, without en-
tering in the details of the intermediate forms between
SC and discs, neither in the intermicellar interactions.
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This form transformation, besides coinciding with Nc

{ Nd transitions, occurs also in the I phase, as studied
by detailed analysis [17] of curves of small angle X-ray
scattering in the SLS/water/decanol system.

Table I. Experimental Md values (decanol/amphiphile
molecular ratio), estimated anisometries � of the SC
and related y values (decanol/amphiphile ratios in the
body of the SC), at the Nc-Nd transition, taken from
[24]. SDS, KL and SLS are, respectively, the am-
phiphiles sodium decyl sulfate, potassium laurate and
sodium dodecyl sulfate.

SDS KL SLS
Md 0.30 � 0.03 0.38 � 0.02 0.38 � 0.01
� 2.3 � 0.3 3.0 � 0.3 3.0 � 0.3
y 0.65 � 0.03 0.64 � 0.03 0.64 � 0.03

This idea of shape transformation at the Nc - (Nb)
- Nd phase sequence inspired a proposal of considering
the statistical mechanics of polydisperse uniaxial forms,
which was worked out by Henriques & Henriques [34],
leading to a phase diagram with the typical topology
of the I { N transitions, including the two uniaxial and
one biaxial phases. Phase transitions with temperature
are in this model correlated with di�erent populations
of the two uniaxial forms.

To sum up, the sequence I - H - Nc - Nd - L can
be understood by a \superposition" of theories of self-
assembly (which consider the micelle symmetry as a
priori de�ned) with an elastic bending theory for a \sin-
gle micelle" (which accounts for shape transformation).
It remains to be worked out an extension of such elastic
theory to a statistical ensemble of micelles.
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