" N
He »
«l .. -
u
Vol.65: €22220061, 2022 |h‘J|
https://doi.org/10.1590/1678-4324-2022220061

ISSN 1678-4324 Online Edition BABT

BRAZILIAN ARCHIVES OF
BIOLOGY AND TECHNOLOGY

Article - Engineering, Technology and Techniques

Linear AC Three-Phase OPF Model for Active
Distribution Networks with Unbalanced ZIP Loads

Rafael Silva Pinto*
https://orcid.org/0000-0002-0574-1444

Clodomiro Unsihuay-Vila*!
https://orcid.org/0000-0002-1639-7765

Thelma Solange Piazza Fernandes?
https://orcid.org/0000-0002-5167-1547

Antonio Rubens Baran Junior?
https://orcid.org/0000-0001-8085-0678

lUniversidade Federal do Parana (UFPR), Departamento de Engenharia Elétrica, Curitiba, Parana, Brasil.

Editor-in-Chief: Alexandre Rasi Aoki
Associate Editor: Alexandre Rasi Aoki

Received: 16-Mar-2022; Accepted: 23-May-2022.

*Correspondence: rafael.pinto@ufpr.br (R.S.P.).

HIGHLIGHTS

e An AC linear optimal power flow model for unbalanced ZIP loads.
¢ Model includes voltage regulators, distributed generation, and mutual impedance.
e Results show deviations lower than 0.6% for voltage magnitude compared to a non-linear model.

e Results show deviations lower than 3% for voltage angle compared to a non-linear model.

Abstract: Although nonlinear Alternating Current (AC) Optimal Power Flow (OPF) may provide more
accurate results compared to linearized OPF models, many ACOPF problems are complex and may require
high, sometimes infeasible, computational time. The linear Direct Current OPF (DCOPF) has been widely
used in power system analysis; however, it has limitations regarding reactive power analysis, and it may
cause significant error in distribution networks with a high R/X ratio of feeders. Moreover, most of the existing
formulations for the linear ACOPF do not consider mutual impedance for the lines and simplify the network
as a single-phase system, which does not significantly represent unbalanced loads. This paper proposes a
novel linear AC three-phase OPF formulation for unbalanced ZIP loads using current injection and
considering delta and wye loads. The formulation is extended to include shunt capacitors, voltage regulators,
and mutual impedance. The proposed methodology is illustrated using the IEEE 123-bus test system in case
studies including/not-including voltage regulators, distributed generation, high R/X ratio, and mutual
impedance. The results are very accurate compared with a nonlinear three-phase ACOPF model. The high
computational performance and the accuracy of the proposed model considering distributed generation and
high R/X ratio show its effectiveness in active distribution networks.

Keywords: Three-phase Power Flow; Unbalanced Load; Linear Optimal Power Flow; Power Flow Current
Formulation.
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INTRODUCTION

Optimal power flow (OPF) is an indispensable tool in power system operation and planning. The
nonlinear alternating current (AC) OPF model is a complex, nonlinear, and nonconvex optimization problem,
and it may require high computational effort. One of the most used linear models is the direct current (DC)
OPF, which has been formulated in the analysis, operation, and expansion planning of electric power
systems. The development of smart grids and active distribution networks (ADNS) leads to the attention of
advanced OPF tools for monitoring, planning, and controlling the network. The ADNs have larger resistance
to reactance (R/X) ratio as compared to the transmission networks; thus, the DCOPF is less accurate than
the ACOPF for these networks [1,2]. Moreover, the DCOPF does not provide information regarding the
reactive power flow and the voltage profile, and this information may play an important role in electric power
systems when it comes to modern ADN.

Although DCOPF has limitations, mainly in distribution systems, linear models are commonly desired,
because they require lower computational effort compared with nonlinear models. Besides, most recent
works have been using linear ACOPF models in complex formulations for microgrids and ADN [3,4].

The ADN takes advantage of modern technology and communication to manage proactively the access
to the distributed energy resources. It can coordinate intermittent distributed renewable generation units,
distributed energy storage devices, and include other technologies to achieve the most suitable and
economical operation [5]. Moreover, ADN generally has unbalanced ZIP loads. Therefore, in this context,
modern distribution networks became a three-phase complex system, in which the linear AC three-phase
OPF (L-3¢-ACOPF) formulation may be preferred, since it provides reactive power flow and voltage
magnitude information with high computational performance.

In the three-phase power system, a more general type of load is often described as ZIP load, which is
represented as a load with three distinct parts: a constant impedance portion (Z), a constant current portion
(I), and a constant power portion (P). Each of these portions responds differently to changes in the load
voltage. Therefore, single-phase representation does not significantly represent all types of loads, such as
unbalanced loads.

In order to calculate the linear AC power flow, many works have formulated the balance equations using
power injection in the nodes [6-9], some works have formulated them using current injection [10-14], few
works proposed solving them using symmetrical components [15] for the three-phase representation, and
some works have modeled them using the power injection with a decomposition technique [16,17] or
heuristics [18].

Table 1 presents a summary of works related to the linear AC power flow. Each work is described if its
formulation is based on power (P) or current (I) injection, if it uses single-phase (S) or three-phase (T)
representation of the system, if it is applied symmetrical components (SC) for the three-phase case, if it is
proposed a formulation for the load flow (LF) or the optimal power flow (OPF), if it is considered mutual
impedance between the lines (MI) for the three-phase formulation, if the problem is formulated as linear or
not (LP), if it is considered capacitors (CP), and voltage regulators (VR).

Most of the works in Table 1 formulate the load flow (LF) instead of the OPF [6-12,14,17]. In the load
flow calculation is obtained the voltage magnitudes and angles using specified\known load and generator
conditions. In the OPF there is an objective function, and the operational condition is found for the optimal
value of this objective function. Therefore, OPF calculation is more likely to be used in the operational or
expansion planning of the system.

Furthermore, the works that formulate linear power flow equations based on current injection do not
consider mutual impedance. And these works do not explicitly include capacitors and voltage regulators in
their formulation simultaneously, as well as they do not present the obtained results from this case study.

In this context, this paper proposes a new formulation for the L-3¢@-ACOPF with unbalanced ZIP loads
using current injection and considering delta and wye loads. The proposed model is also extended to
incorporate shunt capacitors, voltage regulators, and mutual impedances.

This model can be applied in three-phase OPF assessments on transmission or distribution networks. In
this paper we have applied it to active distribution networks, where unbalanced loads are frequent, distributed
generation is presented, and the R/X ratio is generally high; thus, a complex formulation is usually necessary.
Therefore, the proposed model may help to simplify the complexity of the OPF formulations for ADN’s.

The proposed formulation also may be extended to many other power system problems, such as static
and dynamic stability analysis, operation, expansion planning, and others. It provides effective and promising
results with high computational performance, it is easy to be implemented, and it is applied in many types of
unbalanced loads.
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Table 1. Summary of related works and the proposed work with formulation features. N denotes “no”, and Y “yes”

work P/l SIT SC  LFIOPF M LP CP WR
6] P T N LF N Y N N
[7] P T N LF Y Y Y N
8] P T N LF Y Y N N
[9] P S LF - Y N N
[10] I T LF N Y N N
[11] I T LF Y N N N
[12] | T N LF N N N N
[13] I S OPF N Y Y N
[14] | T N LF N Y Y Y
[15] | T Y OPF N Y N N
[16] P S OPF - Y N N
[17] P S LF - Y N
(18] P S OPF - Y N
[19] P T N OPF Y Y %
P';\c/’lggsefd | T N OPF Y Y Y Y

Contributions

This paper presents the following contributions, which can be observed in Table 1:

i. A simple and efficient model for calculating the L-3¢-ACOPF current injection-based for
unbalanced ZIP loads considering capacitors and voltage regulators;

ii. Using[10] as a reference, we propose its extension to the OPF, eye and delta loads, capacitors,
and voltage regulators;

iii.  Inclusion of mutual impedance in the formulation;

iv.  Application of (i) in an active distribution network with high distributed generation penetration
and a high R/X ratio;

v.  Comparisons of simulation results of our proposed L-3¢-ACOPF model with a nonlinear three-
phase ACOPF (NL-3¢-ACOPF) model.

METHODOLOGY

Basic Formulation

In order to illustrate all inbound and outbound currents in the power system,
Figure 1 presents the current flow in a generic node of a phase (adapted from [20]):

Figure 1. Generic bus of a phase with the current flow (adapted from [20])
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From
Figure 1, the following equations are defined:

;Ig—Z(ll—Ilshs)+ Z 11+11h Zld_o 1)

leﬂn(r) deQD
Vn(r) = Vn(s) -1 2
I, =-W",/2 ®3)

15,1 = I, .

nlg| < [Sg] (4)

Where n is a node in the power system. Iy, Iy, I;, and [, represent the current provided by the
generator, the current consumed by the load, the current that flows through the lines, and the current provided
by the shunt admittance, respectively. The sets 0§, ﬂfl(s), ﬂfl(r), and 22 represent the following components
connected to node n: generators, sending end of lines, receiving end of lines, and loads, respectively. Vs,
and V,,.y are the voltage in the sending end of lines and receiving end of the line, respectively. Z is the line
impedance and ﬁsh is its shunt admittance. S, is the apparent power generated in the generator unit g and
$max js the maximum power in generator g.

Equations (1) to (4) use complex numbers and their variables are in rectangular form. Equation (1)
denotes Kirchhoff's current law in any node n. The voltage drop in the line is represented in (2). Equation (3)
represents the current in the shunt admittance in the line. And the apparent power limit in the generator is
presented in (4).

Figure 2 is presented a generic delta and grounded wye loads. The phase impedances are represented
by the index dz. And I, denotes the current that flows through the impedance z,,.

a_. 9
b ¢ ¢
C L
Idll [] Zdz
Zdz
ﬁ e
Idz

(a) (b)

Figure 2. Delta (a) and Grounded Wye (b) load representation

Considering V,, as the voltage over the impedance z,,, the current I, is calculated by (adapted from
[10)):
. Sa
laz = Q75— Z + .u'lIdZ + dp v 2 (5)
dz dz
where [i,, fi;, and fIp are known binary variables. fi, is 1 if the load has constant impedance; 0 otherwise.
i; is 1 if the load requires constant current; O otherwise. fip is 1 if the load consumes constant power; O
otherwise.

Linear Approximations

Equation (4) and the third term in (5) are nonlinear due to the term 1/V. In [10] is presented the following
linearization by neglecting high order terms in its Taylor series. If V =1 — AV, the following linearization is
defined:
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1

Vo 1-AV

The error provided by the linearization in (6) is considerably small within voltage limits close to 1 pu.

Figure 3 shows the comparison between the expected value (1/V) and the proposed linearization (2-V), as
well as the error provided by this approximation.

~1+AV=2-V (6)

1/V -—-2-V error

1,8 0,30
1,6 ° 0,25 -
S~
14 == 0,20 g
= T~a =
~ 1,2 3. 0,15 S
. - o
1,0 ~~ 0,10 o
S~ ]

0,8 << 0,05

~ -~
0,6 =< 0,00
0,6 0,7 0,8 0,9 1,0 1,1 1,2 1,3 1,4
V (pu)

Figure 3. Comparison for the linear approximation 1/V = 2-V

Thus, this work proposes an extension of the linearization presented in [10], which provides small errors
for voltage limits near 1 pu. The proposed work includes the formulation of OPF, eye and delta load,
capacitors, voltage regulators, and mutual impedance in the model presented in [10].

Linear AC Three-Phase Optimal Power Flow

From the basic formulation and the linear approximation presented in this work, the proposed L-3¢-
ACOPF for unbalanced ZIP loads is defined as:

min z z CS Re(I5) @)

ae0h geql
subject to:
P EDMCELS
ge0f; lEQn(S)
vn,Va (8)
+ Z (1 +18, ) - z I§=0
lennm deag
— _ypya
Il‘;hn(l) = -V Yl?hn(z)/z va, VI, n():{s,1} (10)
Vi
Iy, = 7 E+ fily, + 0pSa,(2 — Vi) vd,vdzed (12)
Zdz
1% =1, Va,¥d € QPY,Vdz e O, (12)
V=V, Va,vd e QPY,vdz e QZ_’,; (13)
1§ = laz = lag, Va,vd € 0%, Vdz € 03, (14)
VE = Vg = Vg, Va,Vd € P, Vdz € Q) (15)
Re(7o7™) < Re(®) < Re(P“™™)  va,vn (16)
Im(Pemin) < Im() < Im(Pemar) va, ¥n (17)
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—Re(I™%) < Re(I%) < Re(I}™*) Va,Vvl (18)
—Im(I[""*) < Im(I) < Im(I7™) Va,Vvl (19)
Re(I¢) < Re (S5™ (2 - V&) Va,Vg e Qb (20)
Im(1g) < Im (S5 (2 = Vi) Va,Vg e Qb (21)

Vitres = COS (2?” (a - 1)) + j sin (2?” (a— 1)) Va (22)

Where a:{1,2,3} represents phases a, b, and c; dz denotes the impedances in load d; Sets Q#, Q, and
Q¢ represent all phases, all loads, and all generators in the system, respectively; Sets QPr and QP2 are all
wye loads and all delta loads, respectively; Sets QZL and QZ’AQ are impedances dz from load d connected to
phase a for wye and delta loads, respectively. dz. is the impedance connected to phase a along with dz, for
a delta load; operators Re and Im denote the real and the imaginary part of a complex number, respectively;
pamax gnd yemin gre the maximum and minimum voltages in the buses of phase a, respectively; [[*™* is
the maximum current in the line [ in phase a.

All equations from (7) to (22) use complex numbers and the variables are in rectangular forms.

Equation (7) is the objective function of the problem, which seeks to minimize the total generation cost.

Constraint (8) denotes the Kirchhoff's current law in all nodes and all phases. The voltage drop and the
shunt current in the lines, for all phases, are defined in (9) and (10), where s denotes “send” and r “receive”,
with the current direction in the lines as reference.

The current that flows in each impedance dz of a load d is defined in (11). In this context, load d is
formulated as a set of impedances dz.

Constraints (12) to (15) relate the current and voltage of the impedances dz with the current and voltage
in the lines and buses of the system, these constraints depend on the load’s type.

Constraints (16) and (17) define the limits for the voltage in the buses. The current in the lines and the
power generation limits are defined from (18) to (21). This approach is similar to the power limits defined in
the optimal power flow using power injection, in [13] is used the same method and it is proposed how to
calculate the limits for Re(V,*) and Im(;%).

Lastly, constraint (22) sets the voltage and the angle in the reference bus for all phases.

This formulation does not directly provide the power flow through the lines, but the voltage in the buses,
its angles, and the current in the lines. Then, the power flow through the lines may be easily calculated by
the nonlinear equation using the output values from the proposed formulation:

Py = Vg, — ViV g1c0505 — ViVy.bysinb, (23)

Qsr = _Vsz (b + blsh) + VsVybycosbs, — VsV, g;sinbs, (24)

Where P, and Q,, are the active power and reactive power in the line; g; and b; denote the conductance
and susceptance of the line; 6, is the difference in the angle between buses s and r.

Extension to Shunt Capacitor and Voltage Regulator

One of the greatest disadvantages in linear OPF models based on power injection is that the capacitors
are typically modeled as a constant power load. On the other hand, using current injection, the capacitor may
be modeled as a constant impedance load.

Thus, shunt capacitors are included in the proposed formulation as a constant impedance load. And the
additional load current 14, is:

laz = Vg ByF Vdz in the shunt capacitor (25)

Where B;.? are the phase susceptance of the shunt capacitor.
This approach is more precise than formulations that model the capacitor as a constant power injection.
Furthermore, voltage regulators may be incorporated in constraints (8) and (9) as follows:
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Y- 3 (o) Y ()< Y -0 vave n

geas leqk leqk deql

n(r)

n(r) Qv n(s) -2 I vn,Va (27)

n(s)

Where ¢ is a complex number that represents the voltage regulator in the line . |{;| is equal to the tap-
changer and the angle 4, is the phase shifting.

Extension to Mutual Impedance

The effects of mutual impedance in AC three-phase transmission and distribution lines are widely known
and may considerably impact the OPF calculation if not formulated properly.

In [8] is presented the formulation of mutual impedance for the L-3¢-ACOPF based on power injection,
where the power flow equations are extended to the mutual impedance, introducing a power flow through
lines connecting the phases. The same approach is used in this work, but for the OPF formulation based on
the current injection. Thus, the mutual impedance may be incorporated in constraints (8) and (9) as follows:

« (16— 12%) @I - «_
Z’ Z lshs + Z (1 +Ilhr Z =0 v vevg (28

gea§ leqk leqk deql

n(s) n(r)

Vi = Vh =8P P vn,Va, VB (29)

Where a and g represent all phases in the system. I“B is the current in line [ if a=F and the current in
the mutual impedance if a#f. ““Bls the impedance in line [ if a=£ and the mutual impedance if a#f.

CASE STUDY, RESULTS AND DISCUSSIONS

The proposed methodology is illustrated using the IEEE 123-bus test system [21], which includes
unbalanced loads, capacitors, and voltage regulators.

The test system is illustrated in different scenarios. Firstly, it is performed a case study including the
shunt capacitors and neglecting the voltage regulators. Afterward, a second case including the voltage
regulators is presented. Then, a new case including distributed generation is examined. And a case
considering a high R/X ratio is performed. Finally, a case including mutual impedance is discussed.

All simulations are compared to the results obtained using a nonlinear 3¢-ACOPF presented in [19]. This
comparison aims to present the effectiveness of the proposed model and highlight its accuracy.

The numerical experiments for the proposed model are carried out using Gurobi in Python, in a computer
with 4 cores and 8GB of RAM memory.

Results Neglecting Voltage Regulators

In this case study, the proposed methodology is applied in the IEEE 123-bus test system, neglecting
voltage regulators. Figure 4 presents the results for voltage magnitude and the active power flow provided
by the proposed methodology, as well as the results presented in the nonlinear model in [19]. The processing
time was 0.009 seconds for the proposed linear model and 1.15 seconds for the nonlinear model.

Figure 4 shows accurate results. The comparison of the nonlinear model with the linear model is
important because some linear approximations may provide significant errors. Furthermore, the expected
real values of the variables are closer to the results obtained using the nonlinear model.

The absolute values presented in Figure 4 are not sufficient to quantify the accuracy of the proposed
model. Thus, Table 2 presents the MAE (Mean Absolute Error) and the MAPE (Mean Absolute Percentage
Error) of voltage magnitude, voltage angle, active power flow, and reactive power flow for the case study.

The errors presented in Table 2 are very small, the highest MAPE is in the reactive power flow and its
value is 0.107%. The variables most likely to be analyzed are the voltage magnitude and voltage angle
because they are the variables used in the power flow calculation in (23) and (24), these variables have
MAPE of 0.009% and 0.062%, which is enormously small.

In addition, the processing time of the linear model was 0.8% of the nonlinear model, more than a
hundred times less in terms of processing time. This comparison is an illustration of the advantages of using
the proposed model; however, it is expected that linear models perform much faster than nonlinear models.
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Figure 4. Results from the nonlinear model and the proposed linear model in the 123-bus test system, neglecting voltage

regulators

Table 2. MAE and MAPE between linear and nonlinear models for the test system, neglecting voltage regulators.

MAE MAPE (%)
Voltage magnitude (V) 8.9E-05 0.009
Voltage angle (0) 1.1E-05 0.062
Active power flow (P;) 1.9E-06 0.007
Reactive power flow (Q,) 1.3E-05 0.107

Results Including Voltage Regulators

In the original IEEE 123-bus test system, there are voltage regulators placed on it.
Figure 5 and Table 3 present the results using the proposed model, including these components. The
processing time was 0.011 seconds for the proposed model and 1.16 seconds for the nonlinear model.
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Figure 5. Results from the nonlinear model and the proposed linear model in the 123-bus test system, considering

voltage regulators

From

Figure 5, we observe small errors even if voltage regulators are considered. Compared to Figure 4, we
note the voltage increasement in some buses, such as 22, 25, and 62, for both models linear and nonlinear.
The highest MAPE in this case study is 1.36%, and it occurs for the voltage angle. It remains a small

error for a linear model.
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Table 3. MAE and MAPE between linear and nonlinear models for the test system, considering voltage regulators

MAE MAPE (%)
Voltage magnitude (V) 6.1E-04 0.061
Voltage angle (0) 2.2E-04 1.360
Active power flow (P;) 1.2E-04 0.204
Reactive power flow (Q;) 7.6E-05 0.262

Even though the results in Table 3 provide small errors, those errors are higher than the results presented
in Table 2. In other words, including voltage regulators in the formulation increases the error comparing the
proposed linear model with the nonlinear model; however, the error remains small.

Higher errors after including voltage regulators are expected, since the only linear approximation in this
paper, presented in (6), is based on low variations in the voltage magnitude. And the voltage regulators
provide additional variation in voltages, which amplifies the error.

Results Including DG

The ADNs are commonly studied in many works due to the integration of distributed energy resources,
such as distributed generation (DG). In this case study, it is evaluated the accuracy of the proposed model
in a scenario with high penetration of distributed generation. It is considered 12 solar generators placed in
the IEEE 123-bus test system, placed on buses 10, 20, 30, 40, ..., 110, 120. Each generator has 10 kW of
power generation capacity, and each DG unit has a constant power factor equal to 1.

Figure 6. presents the voltage magnitude and active power flow through the lines for the case study using
the linear and the nonlinear model. The processing time was 0.047 seconds for the proposed model and 1.38
seconds for the nonlinear model.
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Figure 6. Results from the nonlinear model and the proposed linear model in the 123-bus test system, considering
voltage regulators and DG

We note a small deviation in phase c of the voltage magnitude after the voltage regulator (bus 62). This
shows that the error in the linearization was amplified after the placement of the distributed generation.

In addition, the absolute values in the power flow through the lines are lower than the cases that do not
include DG, because the unit generators can supply the load demand and it is required less power from the
grid.

The deviations remain small; however, the analysis of the MAE and MAPE for this case study is
necessary and it is presented in Table .

The highest value for the MAPE is 1.29% for the voltage angle. The MAPE value for the voltage
magnitude and power flow in the lines is also small, lower than 0.3%.

From these results, it can be concluded that the proposed model can be applied in cases having high
penetration of DG, which is the case in ADNs. Also, this model may provide significant computational
performance for models developed for the challenges in the ADN.
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Table 4. MAE and MAPE between linear and nonlinear models for the test system, considering voltage regulators and

distributed generation

MAE MAPE (%)
Voltage magnitude (V) 5.8E-04 0.058
Voltage angle (0) 1.8E-04 1.290
Active power flow (P;) 9.9E-05 0.201
Reactive power flow (Q;) 7.2E-05 0.244

Results for High R/X ratio

Distribution power systems may have high values of R/X ratio and this can prevent the use of some linear

models, mainly in the ADN.

To understand the behavior and results of the proposed model in cases with a high R/X ratio, for this

case study, the resistances of all lines of the IEEE 123-bus test system were multiplied by 10, and its
reactances were divided by 10. Therefore, the R/X ratio was increased by 100.

Figure 6 presents the simulation results for the case study. It shows the voltage magnitude and active
power flow for the nonlinear and the proposed linear model. The processing time was 0.034 seconds for the
proposed model and 1.72 seconds for the nonlinear model.
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Figure 6. Results from the nonlinear model and the proposed linear model in the 123-bus test system, considering
voltage regulators and high R/X ratio

From

Figure 6, it can be observed an error higher than in the previous case studies. The error may seem to
occur after the bus 62, where the voltage regulator is placed. However, the error starts near the bus 55,
where the voltage levels are close to 0.85 pu. The error is evident at bus 60, and it remains after bus 62.
Thus, we conclude that the only factor that increases the error is high deviations from 1pu in the voltage
magnitude.

To correctly evaluate the error in a high R/X ratio, it was created a new case study, only dividing X
(reactance of the lines) by 100 and keeping R (resistance of the lines) equal to its original value.

Table 5 and Table 6 present the MAE and MAPE values for high values of the R/X ratio, first for the case
having the value of R multiplied by 10, and second for the case keeping the original value of R.

Table 5. MAE and MAPE between linear and nonlinear models for the test system, considering voltage regulators and
high R/X ratio (using 10 times R)

MAE MAPE (%)
Voltage magnitude (V) 6.4E-03 0.639
Voltage angle () 1.7E-03 2911
Active power flow (P;) 7.0E-04 1.986
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Reactive power flow (Q;) 1.7E-04 1.007

Table 6. MAE and MAPE between linear and nonlinear models for the test system, considering voltage regulators and
high R/X ratio (keeping R)

MAE MAPE (%)
Voltage magnitude (V) 3.9E-04 0.039
Voltage angle (8) 9.7E-04 0.383
Active power flow (P;) 6.6E-04 1.221
Reactive power flow (Q;) 6.9E-05 0.278

We observe that high values for the R/X ratio do not significantly increase the error; however high values
of R (resistance) in the lines may provide significant errors in the proposed formulation.

For the case using 10 times R, the error for the voltage magnitude is 0.639%, which is more than 10
times the error in the other study cases, but still acceptable for a linear model.

Results Considering Mutual Impedance

Many linear models for the L-3¢-OPF do not consider mutual impedance, which may considerably
increase the expected error.

To illustrate the inclusion of mutual impedance in the proposed formulation, presented in (28) and (29),

Figure 7 shows the comparison of the results for the nonlinear model and the linear proposed model
considering mutual impedance. The processing time was 0.055 seconds for the prosed model and 1.29
seconds for the nonlinear model.

From

Figure 7, we observe an increase in the error, compared with the other case studies presented. That
occurs because the inclusion of mutual impedance may increase the voltage difference from one bus to
another. Examples are the buses 22-37, in

Figure 7, the difference in the voltage from one bus to another is up to 200% higher than the values
observed in

Figure 5.

Table 7 presents the MAE and MAPE values for this case study and we note the increase in the error
compared to the other case studies.
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Figure 7. Results from the nonlinear model and the proposed linear model in the 123-bus test system, considering
voltage regulators and mutual impedance

Table 7. MAE and MAPE between linear and nonlinear models for the test system, considering voltage regulators and
mutual impedance

MAE MAPE (%)
Voltage magnitude (V) 3.1E-03 0.315
Voltage angle (0) 2.6E-04 0.941
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Active power flow (P;) 3.4E-04 2.667
Reactive power flow (Q;) 1.5E-04 2.645

The errors from this case study, in Table 7, are acceptable for a linear model. The highest error is for the
active power flow, which is 2.667%. The errors in the voltage magnitude and voltage angle are lower than
1%.

The errors are higher than in the first and second case studies because it is accumulated the error
provided by the inclusion of voltage regulators and the mutual impedance, which increase the variation in the
voltage levels, consequently, the error. These results show the accuracy of the proposed linear model, even
considering voltage regulators, capacitors, and mutual impedance.

Comparison with other models

The proposed model in this work has provided errors of 8.9E-05 (0.009%) and 1.1E-05 (0.062%) for the
voltage magnitude and voltage angle when using the 123-bus test system, respectively. In contrast, the model
proposed in [13] shows an error of 4.2E-04 for the voltage magnitude and 5.0E-02 for the voltage angle. In
[16], the authors show an error of 1.5% for the voltage magnitude in their proposed linear model.

Traditional linear DCOPF models neglect reactive power flow and voltage magnitude, while the proposed
model includes these aspects that are important for active distribution network planning and analysis. The
maximum error between the proposed model and the linear DCOPF presented in [22] is 0.081% for the
voltage angle and 0.035% for the active power flow using the 123-bus test system.

On the other hand, traditional nonlinear ACOPF models consider the reactive power flow and voltage
magnitude but require specific methods to solve nonlinear problems, which are expensive in computational
manners. In contrast, our model uses only linear equations and provided a maximum error of 0.062% for the
voltage angle and 0.007% compared to the work presented in [19], which proposes an ACOPF model for
three-phase power systems. Therefore, the model proposed in this work is simple and fast enough to be
incorporated in complex models to study active distribution networks and microgrids, while it provides small
errors compared to more complex models.

CONCLUSION

This paper presented a new formulation for the linear AC three-phase optimal power flow for unbalanced
ZIP loads. The proposed methodology has the potential to be applied in many power system problems, such
as static and dynamic analysis, simulations, and optimization of operation and expansion planning in
transmission or distribution systems levels.

The formulation is based on the current injection equations and uses only one linearization in its
equations, which shows small errors. The methodology is easy to be implemented and provides high
computational performance.

The IEEE-123 bus test system was used to illustrate the methodology in five case studies: firstly,
neglecting voltage regulators; secondly, including the voltage regulators; thirdly, including distributed
generation; posteriorly, using high R/X ratio; finally, including mutual impedance in the formulation.

The proposed linear model was demonstrated to be valid and accurate, providing low deviations from
the expected results. Results were compared with a nonlinear model used as a reference/baseline. The
simulations provided a mean percentage error (MAPE) for the voltage magnitude of 0.009% in the first case
study, 0.061% in the second case, 0.058% in the third case, 0.639% in the fourth case, and 0.315% in the
fifth case study.

The proposed model is also recommended to be applied in active distribution network problems because
it has provided small errors in cases with high penetration of distributed generation and cases with a high
R/X ratio. For all case studies, the processing time was lower than 0.06 seconds using the IEEE-123 bus test
system.

The results show that the presented model provides high accuracy even in a high R/X ratio if the R
(resistance of the lines) is not too high. For high values of R, the voltage drop provides a high deviation of
the voltage from 1 pu, and linearization errors are increased. Besides, any component that may increase the
voltage drop is likely to increase the error as well, since the proposed linearization considers the voltage in
the buses close to 1 pu.

This is one of the few works that present a comparison of reactive power in the lines between linear OPF
and nonlinear OPF models. That provided a MAPE lower than 0.107% in the first case study, 0.262% in the
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second case, 0.244% in the third case, lower than 1.007% in the fourth case, and lower than 2.645% in the
fifth case study.

Future works may include energy storage systems, apply the formulation in the expansion planning of
active distribution systems and microgrids, and incorporate uncertainties in the formulation.
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