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Abstract— In this work, a theoretical model for the transmittance in
a left-handed metamaterial of different geometries is presented. The
proposed unit cells are a combination of conducting wires of
rectangular cross-section with square-ring and hexagonal
resonators. In this new dielectric compound, dependence of
transmittance on the thickness of the resonators are analyzed for the
particular case of normal incidence in the GHz range. Itis found that
the transmittance for the hexagonal resonator shows a significant
increase compared to the square geometry resonator.
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I. INTRODUCTION
In 1968, The Russian physicist Victor Veselago proposed to consider the possibility of

materials with negative electric permittivity, ¢ , and magnetic permeability, « , leading to a negative
refractive index n = ,/gu [1]. Since then, the search for micro structures capable of generating negative

values for ¢ and u became a very active area of work since John Pendry and colleagues introduced in
1999, the open split-ring resonators (SRR) [2]. The electromagnetic properties of the SRR were deeply
analyzed in Refs. [3] and [4]. Its possible applications to communications have been studied by many
researchers in various areas, for example, in microwave filters [5] - [10], power dividers [11] - [14] and
antennas [15] - [22], and others several potential applications. Studies of the modes of propagation
of electromagnetic waves using metamaterials as waveguides have also been reported [23] - [31]. Now
well, making the first target materials had to wait until the early 2000s when a compound with negative
refractive index operating in a frequency band in the range of microwaves were demonstrated [32] -
[34].

This work deals with the electromagnetic response of a medium composed of unit cells which
are constructed by the combination of rectangular cross-sectional wires and SRRs with square or
hexagonal geometries. The transmittance of an electromagnetic wave in the range of microwaves with
normal incidence in a left-handed metamaterial is numerically analyzed. In Section II, the theoretical
model for the transmittance of an electromagnetic wave with normal incidence in left-handed

metamaterials is concisely presented. Section Il contains the results and a brief discussion of these.
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Il. THEORETICAL MODEL

A. Transmittance at an interface
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Fig 1. a) Incident wave whose E field is normal to the plane of incidence (TE polarization) and b) incident wave whose E
field is in the plane of incidence (TM polarization).

Fig. 1 shows the vectors of electric field and magnetic induction field for the TE (Fig. 1a) and
TM (Fig.1b) cases when an electromagnetic wave is incident on an interface separating two

media. For the case of normal incidence (0i = 0), it is known that the transmittance T is given by,
_ 4Tltni
 (nmy)? (1)
where n; and n; are the refractive index of the first and second medium, respectively. If n; = 1 and

n; = n, Eq. (1) reduces to,
4n

r= (n+1)2 (2)

B. Transmittance in a metamaterial.

The refractive index of a natural medium depends on the effective electric permittivity and magnetic
- L _ _E B

permeability, and is given by n = [e.rrlerr, Where eqpp = = and pesr = e with € and u the

electrical permittivity and magnetic permeability of the medium, respectively, and &, and u, the

electric permittivity and magnetic permeability of the vacuum. The basic idea of a metamaterial is that

this is constructed by doping a dielectric subtract with unitary cells formed by SRRs and thin wires, as

shown in Fig. 2a. The incident electromagnetic wave is polarized in such a way that, the magnetic
vector H oscillates perpendicular to the SRR plane and the electric field vector E oscillates parallel to
the wires. The electrical permittivity & (and therefore its electric properties) of the entire cubic cell is
provided by the thin wires, while the magnetic permeability u (and therefore its magnetic properties) is

provided by the resonators SRRs. If a lossless regime is assumed, which means that both, the thin wires
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and the SRRs of the cubic cell are made of excellent conductors, the magnetic permeability of a square

or hexagonal SRR as shown in Fig. 2a and b, is given by [35],

Fw?

Herr = 1= oz ©)

F is known as the filling factor and gives the number of rings inside the metamaterial unit cell. For the
resonators of square and hexagonal geometries it can be shown that the filling factor is given,
respectively, by,

_ b%t—(b-2n)%t

Fo=t (@)
omtL?
Frn = 2v3ayaya, ()

N 7
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Fig 2. a) Metamaterial cell made with rectangular cross section thin wires and open split-ring resonators SRR, a is the cell
length, s, w and | are the width, thickness and length of the wire, respectively. SRR of square geometry: b is the edge length
of the SRR, d it is the split-ring gap, h is the inner width, and t is the thickness. The maximum coupling of the fields E and H
are obtained with the polarization shown at the same figure. b) SRR of hexagonal geometry: L is the edge length, d is the
split-ring gap, h is the inner width, t is the thickness and D =L/(2tan(30°)) is the apothem.

In Eq. (3), @ plays as the resonance frequency of the resonators and it has been calculated for the

[ d d
Wis =5 [ and w;, =c¢ /—3kwh (6)

where k is the dielectric constant of the surrounding environment and ¢ the speed of light in the free

resonators as [35],

space.
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The effective electrical permittivity of the wire with rectangular cross-sectional is determined by using

the Drude-Lorentz model and is given by [36],

2
@p

Eeff = 1- w2412 (7)

where the plasma frequency, w,, and the damping parameter, I, were obtained as,

2

wj = - (8)

[[ln +[l ol ]

goa “’P[[ln( )] +[ln(;)]2]5
= 2swalin(Z)+in(2)] ©)

The transmittance given by Eq. (2) is totally determined by the geometric parameters of the

metamaterial.

I1l. RESULTS AND DISCUSSION
To analyze the predictions obtained by the previous models, comparative graphs of the

permeability and permittivity, Egs. (3) and (7), and the refractive index and the transmittance given by
Eq. (2) for the metamaterial cells in Fig. 2a and b, are shown in Fig. 3. The dimension for the cells is
a =1.00 cm, and the parameter specifications of the wire and the resonators are; w =1.50 mm, s=2.10
mm, b =0.70 cm, d =0.890 um, h =1.50 mm, k =3.05,L=3 mmand c = 5,813 x107 Q'm (copper
conductivity). The reader should be aware that for the respective value of a, there are specifics values

for w,, w5, wpy, and the filling factors Fs and Fr.

Some important remarks are necessary. The metamaterial cell in our proposed model resonates at certain
specific frequencies for a value of the dielectric constant k (see Eg. (6)), and the behavior of the
metamaterials as left-handed materials (LHM), i.e., with a negative refractive index (see Egs. (3) and
(7)), is exhibited in a frequency narrow band in both geometries. It shows the possibility of building
antennas or sensors in the GHz range based on these unitary cells of metamaterials. In particular, recent
studies on plasmonic resonances in sub-terahertz fishnet metamaterial and antenna applications based
on hexagonal resonators have been reported [37] - [39]. Designs with rectangular or hexagonal
resonators can facilitate the experimental realization of these and other potential applications.
Nevertheless, widening the frequency interval for this is not a simple task and experimental work must
be done to compare with the theoretical predictions. Regarding applications such as absorbers or
waveguides, analysis of transmittance properties is important. This has to do not only with the coupling
between the incident electromagnetic waves and the unit cell of the metamaterial, but also with the
coupling between cells. A recent work, for example, has been reported where the effect on the

absorption performance of the multi-mode resonant coupling between unit cells of a metamaterial is
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investigated [40]. As shown in Table 1, the filling factors increase as the resonator thickness is increased
and, because the filling factor is greater for the hexagonal resonator than it is for the square resonator,
the hexagonal resonator shows a better transmittance compared to the latter. For both geometries it is
noticeable that the transmittance increases approximately linearly and then drops off abruptly. The
range of linearity is greater the smaller the thickness of the resonator. From the results, it seems to be
evident that, due to the non-homegeneity of the structure, the transmittance depends on the geometry
and parameters of the unit cell and the SRRs, however, an analysis must be done about the dependence
of the transmittance on the length and cell number of the structure. On the other hand, it is known that
transmission losses are practically impossible to avoid in a LHM, so that, a theoretical estimation of
losses should be an important problem to face. Finally, a particular polarization of the incident wave on
the cell must be considered to define the behavior of the metamaterial as an LHM, and in this case, the
magnetic field should be along the axis of the SSR and the electric field should be oriented along the
wires. However, the non-homogeneity of a structure could change the polarization of the electric field,
which must be considered in absorption calculations, for example. Therefore, more work should be
done about the influence of the anisotropy of these cells on the propagation properties of
electromagnetic waves in structures built with them. On the other hand, it can be seen in Fig. 3 that the
hexagonal geometry resonator has a slightly wider frequency range in the order of GHz where the

transmittance increases considerably compared to the square geometry resonator.
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Fig 3. The graphs show the behavior of electric permittivity, magnetic permeability, refractive index and dependence of
transmittance as a function of the frequency for different thicknesses t of the resonators shown in Fig 2.

TABLE I. FILLING FACTOR DEPENDING ON THE THICKNESS OF THE RESONATORS

Filling factor for the resonators of Filling factor for the
resonators of hexagonal

Thickness of the

resonator square geometry
t(mm) Fs geometry
Fn
1.0 0.0330 0.0735
15 0.0495 0.1102
2.0 0.0660 0.1469
25 0.0825 0.1836
3.0 0.0990 0.2204

IV. CONCLUSIONS
A theoretical model has been presented for the transmittance in left-handed metamaterials of different

geometries, rectangular and hexagonal. The behavior of the transmittance of the metamaterials
depending on the thickness of the resonator has been analyzed. It was found that the hexagonal resonator
shows a better transmittance compared to the square resonator. The metamaterial of the proposed
theoretical model behaves as a left-handed metamaterial in the frequency range considered where the
refractive index takes negative values. The proposed theoretical model can be implemented and applied
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in antennas or sensors in the GHz range where the thickness of the metamaterial is the influencing factor

for device resonance.

[1]
(2]
(3]

(4]

(5]
(6]

(7]

(8]

[°]
[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

REFERENCES

V. G. Veselago, “The Electrodynamic of Substances with Simultaneous Negative Values of e and p,” Sov. Phys.
Uspekhi, vol. 10, no. 4, pp. 509-514, 1968.

J. B. Pendry, A. J. Holden, D. J. Robbins, and W. J. Stewart, “Magnetism from conductors and enhanced nonlinear
phenomena,” IEEE Trans. Microw. Theory Tech., vol. 47, no. 11, pp. 2075-2084, 1999, doi: 10.1109/22.798002.

R. Marqués, F. Mesa, J. Martel, and F. Medina, “Comparative Analysis of Edge- and Broadside-Coupled Split Ring
Resonators for Metamaterial Design - Theory and Experiments,” IEEE Trans. Antennas Propag., vol. 51, no. 10 I,
pp. 2572-2581, 2003, doi: 10.1109/TAP.2003.817562.

R. Marqués, F. Medina, and R. Rafii-El-Idrissi, “Role of bianisotropy in negative, permeability and left-handed
metamaterials,” Phys. Rev. B - Condens. Matter Mater. Phys., vol. 65, no. 14, pp. 1444401-1444406, 2002, doi:
10.1103/physrevh.65.144440.

F. Martin, J. Bonache, F. Falcone, M. Sorolla, and R. Marqués, “Split ring resonator-based left-handed coplanar
waveguide,” Appl. Phys. Lett., vol. 83, no. 22, pp. 4652—4654, 2003, doi: 10.1063/1.1631392.

F.Falcone, T. Lopetegi, J. D. Baena, R. Marqués, F. Martin, and M. Sorolla, “Effective negative-¢ stopband microstrip
lines based on complementary split ring resonators,” IEEE Microw. Wirel. Components Lett., vol. 14, no. 6, pp. 280—
282, 2004, doi: 10.1109/LMWC.2004.828029.

F. R. Yang, K. P. Ma, M. Yongxi Qian, and T. Itoh, “A uniplanar compact photonic-bandgap (UC-PBG) structure
and its applications for microwave circuits,” IEEE Trans. Microw. Theory Tech., vol. 47, no. 8, pp. 1509-1514, 1999,
doi: 10.1109/22.780402.

L. Wuand Y. S. Lin, “Flexible terahertz metamaterial filter with high transmission intensity and large tuning range
for optical communication application,” Phys. E Low-Dimensional Syst. Nanostructures, vol. 146, no. May 2022, p.
115563, 2023, doi: 10.1016/j.physe.2022.115563.

X. Hengbo, “Design, simulation, and measurement of a multiband tunable metamaterial filter,” Opt. Mater. (Amst).,
vol. 127, no. February, p. 112253, 2022, doi: 10.1016/j.optmat.2022.112253.

Z. Ren et al., “Transmission reflection selective ultranarrow-band metamaterial filter based on electromagnetically
induced transparency structure,” Opt. Commun., vol. 497, no. March, p. 127159, 2021, doi:
10.1016/j.optcom.2021.127159.

M. Gil et al., “Electrically Small Resonators for Metamaterial and Microwave Circuit Design,” Passiv. Microw.
Components Antennas, no. April, 2010, doi: 10.5772/9409.

M. A. Antoniades and G. V. Eleftheriades, “A broadband series power divider using zero-degree metamaterial phase-
shifting lines,” IEEE Microw. Wirel. Components Lett., vol. 15, no. 11, pp. 808-810, 2005, doi:
10.1109/LMWC.2005.859007.

C. H. Tseng and C. L. Chang, “A broadband quadrature power splitter using metamaterial transmission line,” IEEE
Microw. Wirel. Components Lett., vol. 18, no. 1, pp. 25-27, 2008, doi: 10.1109/LMWC.2007.911981.

M. Danaeian, “Ultra-Compact Dual-Band Half-Mode substrate integrated waveguide filter and filtering power divider
based on metamaterial concept,” AEU - Int. J. Electron. Commun., vol. 139, p. 153924, 2021, doi:
10.1016/j.aeue.2021.153924.

D. Vrba and M. Polivka, “Improvement of the radiation efficiency of the metamaterial zero-order resonator antenna,”
Proc. 14th Conf. Microw. Tech. Com. 2008, no. May, 2008, doi: 10.1109/COMITE.2008.4569935.

Y. Lee and Hao,Yang, “Characterization of microstrip patch antennas on metamaterial substrates loaded with
complementary split-ring resonators,” Microw. Opt. Technol. Lett., vol. 50, no. 8, pp. 2131-2135, 2008, doi:
10.1002/mop.

R. W. Ziolkowski and A. D. Kipple, “Application of Double Negative Materials to Increase the Power Radiated by
Electrically Small Antennas,” IEEE Trans. Antennas Propag., vol. 54, no. 2, p. 766, 2006, doi:
10.1109/TAP.2005.863160.

S. N. Burokur, M. Latrach, and S. Toutain, “Theoretical investigation of a circular patch antenna in the presence of a
left-handed medium,” IEEE Antennas Wirel. Propag. Lett, vol. 4, no. 1, pp. 183-186, 2005, doi:
10.1109/LAWP.2005.850797.

A. S. Dixit and S. Kumar, “Performance enhancement of antipodal Vivaldi antenna array using metamaterial for 38
GHz band of 5G applications,” Opt. Mater. (Amst)., vol. 133, no. June, p. 112811, 2022, doi:
10.1016/j.optmat.2022.112811.

L. Liu, T. Liu, Y. Zheng, L. F. Chernogor, Z. jun Jin, and Z. Sun, “Archimedean spiral antenna based on metamaterial
structure with wideband circular polarization,” AEU - Int. J. Electron. Commun., vol. 152, no. May, p. 154257, 2022,
doi: 10.1016/j.aeue.2022.154257.

Saktioto et al., “Improvement of low-profile microstrip antenna performance by hexagonal-shaped SRR structure
with DNG metamaterial characteristic as UWB application,” Alexandria Eng. J., vol. 61, no. 6, pp. 4241-4252, 2022,
doi: 10.1016/j.aej.2021.09.048.

M. Esfandiyari, A. Lalbakhsh, S. Jarchi, M. Ghaffari-Miab, H. N. Mahtaj, and R. B. V. B. Simorangkir, “Tunable
terahertz filter/antenna-sensor using graphene-based metamaterials,” Mater. Des., vol. 220, p. 110855, 2022, doi:
10.1016/j.matdes.2022.110855.

Brazilian Microwave and Optoelectronics Society-SBMO received 16 Dec 2022; for review 6 Jan 2023; accepted 14 Mar 2023
Brazilian Society of Electromagnetism-SBMag © 2023 SBMO/SBMag ISSN 2179-1074



Journal of Microwaves, Optoelectronics and Electromagnetic Applications, Vol. 22, No. 2, June 2023
DOI: http://dx.doi.org/10.1590/2179-10742023v22i2270469 297

[23]

[24]

[25]

[26]

[27]

[28]

[29]
[30]

[31]

[32]
[33]
[34]

[35]

[36]

[37]

[38]

[39]

[40]

K. Halterman, J. Elson, and P. Overfelt, “Characteristics of bound modes in coupled dielectric waveguides containing
negative index media,” Opt. Express, vol. 11, no. 6, p. 521, 2003, doi: 10.1364/0e.11.000521.

G. D’Aguanno, N. Mattiucci, M. Scalora, and M. J. Bloemer, “TE and TM guided modes in an air waveguide with
negative-index-material cladding,” Phys. Rev. E - Stat. Nonlinear, Soft Matter Phys., vol. 71, no. 4, pp. 1-7, 2005,
doi: 10.1103/PhysRevE.71.046603.

J. He and S. He, “Slow propagation of electromagnetic waves in a dielectric slab waveguide with a left-handed
material substrate,” IEEE Microw. Wirel. Components Lett.,, vol. 16, no. 2, pp. 96-98, 2006, doi:
10.1109/LMWC.2005.863190.

B. R. Lavoie, P. M. Leung, and B. C. Sanders, “Low-loss surface modes and lossy hybrid modes in metamaterial
waveguides,” Photonics Nanostructures - Fundam. Appl., vol. 10, no. 4, pp. 602-614, 2012, doi:
10.1016/j.photonics.2012.05.010.

E. Awad, “A novel metamaterial gain-waveguide nanolaser,” Opt. Laser Technol., vol. 142, no. April, p. 107202,
2021, doi: 10.1016/j.optlastec.2021.107202.

Y. Wang, J. Li, M. Wang, S. Zhang, Y. Liu, and H. Ye, “Waveguide-integrated digital metamaterials for wavelength,
mode and polarization demultiplexing,” Opt. Mater. (Amst)., vol. 122, no. PB, p. 111770, 2021, doi:
10.1016/j.optmat.2021.111770.

J. Caetano da Silva and V. F. Rodriguez-Esquerre, “Metamaterial waveguides as integrated optics sensor,” Optik
(Stuttg)., vol. 212, no. December 2019, p. 164756, 2020, doi: 10.1016/j.ijle0.2020.164756.

Z. He et al., “Fast light propagating waveguide composed of heterogeneous metamaterials,” Optik (Stuttg)., vol. 262,
no. January, p. 169326, 2022, doi: 10.1016/j.ijle0.2022.169326.

R. Fernandez de Cabo, J. Vilas, P. Cheben, A. V. Velasco, and D. Gonzalez-Andrade, “Experimental characterization
of an ultra-broadband dual-mode symmetric Y—junction based on metamaterial waveguides,” Opt. Laser Technol.,
vol. 157, no. September 2022, 2023, doi: 10.1016/j.optlastec.2022.108742.

D. R. Smith, Padilla Willie J., D. C. Vier, S. C. Nemat-Nasser, and S. Schultz, “Composite Medium with
Simultaneously Negative Permeability and Permittivity,” Phys. Rev. Lett., vol. 84, no. 18, pp. 4184-4187, 2000.

G. A. Kraftmakher and V. S. Butylkin, “A composite medium with simultaneously negative permittivity and
permeability,” Tech. Phys. Lett., vol. 29, no. 3, pp. 230-232, 2003, doi: 10.1134/1.1565642.

S. Qiang and L. Fang, “Experimental study of composite medium with simultaneously negative permeability and
permittivity,” Sci. China Ser. G Phys. Astron., vol. 47, no. 1, pp. 64-78, 2004.

H. Lorduy G., L. M. Castellanos, J. M. Jiménez, and J. Restrepo P., “Selected frequencies to obtain transmission
coefficients invariant under deformation on LHM materials: an application to the sensors design,” J. Electromagn.
Waves Appl., vol. 31, no. 16, pp. 1739-1745, 2017, doi: 10.1080/09205071.2017.1363671.

H. Lorduy G and L. M. Castellanos, “Negative electrical permittivity in metamaterials for a wire of rectangular cross-
sectional: an application to antennas design,” J. Electromagn. Waves Appl., vol. 34, no. 14, pp. 1842-1848, 2020,
doi: 10.1080/09205071.2020.1791739.

Y. Yiksek, S. Mahircan Demir, and C. Sabah, “Plasmonic resonances in sub-terahertz fishnet metamaterial based on
complementary hexagonal resonator,” Optik (Stuttg)., vol. 178, no. June 2018, pp. 1062-1070, 2019, doi:
10.1016/j.ijle0.2018.10.070.

M. Singh, N. Kumar, P. Kala, and S. Dwari, “A compact short ended dual band metamaterial antenna loaded with
hexagonal ring resonators,” AEU - Int. J. Electron. Commun., vol. 135, no. August 2020, p. 153731, 2021, doi:
10.1016/j.aeue.2021.153731.

M. Bellal Hossain, M. Rashed Igbal Faruque, A. S. Alshammari, and M. Tariqul Islam, “Wide bandwidth enriched
symmetric hexagonal split ring resonator based triple band negative permittivity metamaterial for satellite and Wi-Fi
applications,” Results Phys., vol. 37, no. March, p. 105511, 2022, doi: 10.1016/j.rinp.2022.105511.

M. Zhong, “Measurement and verification of a multi-band terahertz metamaterial absorber based on multiple coupling
effects,” Infrared Phys. Technol., p. 104506, 2022, doi: 10.1016/j.infrared.2022.104506.

Brazilian Microwave and Optoelectronics Society-SBMO received 16 Dec 2022; for review 6 Jan 2023; accepted 14 Mar 2023
Brazilian Society of Electromagnetism-SBMag © 2023 SBMO/SBMag ISSN 2179-1074



