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A stochastic approach 
for the wind load effect 
on steel structures
Abstract

The Brazilian design load standard still provides a wind speed map developed in 
1977. Since then, new data have been collected and new charts have been proposed in 
literature. The literature not only alerts to changes in short-term wind gust patterns, 
but it also warns that the wind speed values are higher than observed in the past. Many 
researchers have suggested that these differences are correlated to climate change ef-
fects. Besides the geophysical and societal impacts of climate change, there is a general 
concern between designers on the impacts of higher wind speeds on structural design. 
This paper aims to analyze the wind speed as a stochastic variable and its influence 
on the design of steel structures when changes in wind speed occur. A stochastic ap-
proach is used to evaluate expected stress values for a steel beam-column example. A 
Monte Carlo analysis is performed on a forty-story steel frame to compare the impact 
of different wind speed scenarios and types of analysis. In the analyses, the wind speed 
is approached by a Gumbel distribution and future wind scenarios are generated for 
sensitiveness evaluation. The analytical and Monte Carlo analyses indicate that greater 
attention shall be given to the consequences of using an average wind speed value in-
stead of a probability distribution function.
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1. Introduction

All data or processes have a cer-
tain level of uncertainty. For example: 
material properties, loading scenarios, 
boundary conditions, geometry domain, 
etc., have smaller or larger uncertain-
ties which influence the quantities or 
functions of interest (Deb et al., 2001). 
The probability theory can be applied 
to understand and quantify how these 
uncertainties impact these quantities or 
functions. When probability models are 
coupled as parameters in the differen-
tial equations that represent a physical 
problem of interest, the complete model 
is ruled by a stochastic differential equa-
tion (Dorini et al., 2011). Some examples 
using the probability theory to study the 
safety level of steel structures can be 
found in Beck & Doria (2008) and Zhao 
et al. (2011). The first study evaluated 

the reliability of I-section steel columns 
designed according to the Brazilian stan-
dard for the design of steel buildings NBR 
8800 (ABNT, 2008). The second study 
evaluated the reliability associated to the 
use of a so-called Column Overdesign 
Factor (COF), which ensures a designer 
predefined preferable failure mode; this 
method is usually adopted in seismic 
structural design.

In this paper, however, the main 
focus is on the loading side, more spe-
cifically: wind load. Wind velocity and, 
hence wind load on structures, are sto-
chastic processes, which fluctuate both in 
time and space (Beck & Corrêa, 2013). 
Generally, structural design codes con-
sider the wind velocity randomness by 
defining a specific wind velocity value 
that is associated to a load factor; these 

values are determined based on a statis-
tical study of the historical database of 
wind velocities. 

Davenport (2002) named the steps 
to determine wind loading as a wind 
loading chain, which consists of assess-
ing and combining the effects of: wind 
velocity, terrain roughness, geometric 
shape of the building, overall structural 
response to the local wind pressures, and 
dynamic amplification. This traditional 
approach, however, leads one to assume 
that each variable is deterministic and 
independent (Davenport, 2002). The 
Brazilian design standard, NBR 6123 
(ABNT, 1988), recommends a similar 
approach. But the design chart of basic 
wind speeds of NBR 6123 (ABNT, 1988) 
is the one proposed by Padaratz (1977), 
which used the first database of maxi-
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mum wind speed collected between 1950 
and 1975 by Vieira Filho (1975). Since 
then, new wind speed records have been 
available and more stations have been 
built. It is worth mentioning that Santos 
(1989), Bautista (2002), Almeida (2010) 
and Beck & Corrêa (2013) presented 
new wind speeds studies and their charts 
are considerably different than the chart 
in the Brazilian standard NBR 6123 
(ABNT, 1988).

Recently, scientists have raised 
global awareness on climate change pat-
terns; the first IPCC (Intergovernmental 
Panel on Climate Change) report was 
published in 1990 and the last report 
was just released in 2014. All reports in-
dicate important changes in environment 
patterns such as: seasonal temperature, 
amount of precipitation, wind speed, 
social impacts, etc. The PBMC (Brazil-
ian Panel on Climate Change), funded 
by MCT and MMA (Ministry of Science 
and Technology and Ministry of Envi-
ronment, respectively), has published a 
compilation of climate change impacts 
in the territory of Brazil (PBMC/GT1, 
PBMC/GT2, PBMC/GT3, 2013). These 

studies lead one to conclude that not 
only new wind speed charts have to be 
used, but also a new approach to take in 
account the wind speed variability needs 
to be developed to provide a reliable basis 
for structural design standards.

An alternative for taking into ac-
count the wind load variability is to 
consider the wind load as a stochastic 
variable adopted into the static or dy-
namic differential equations that governs 
a structural problem. The results of these 
equations are statistical moments (mean, 
standard deviation, etc.) and/or prob-
ability density function (pdf) of stress 
and displacement. That way, in a given 
scenario, non-deterministic variables 
are transformed into a probability func-
tion that describes stresses and strain in 
a structure. According to Dorini et al. 
(2011), two methods are available to solve 
stochastic differential equations: 

(i) the most formal method, which 
uses functional analysis to study the gov-
erning equation of a given problem with 
non-deterministic variables, and 

(ii) one which uses numerical meth-
ods or mathematical techniques, such as 

Monte Carlo, to statistically understand 
the problem. Others techniques, based 
for example on Galerkin method, are 
discussed and presented in Ghanem 
(1999), Deb et al. (2001), Babuška et al. 
(2004), Wan & Karniadakis (2006), Ma 
& Zabaras (2008) and Azevedo (2009).

The purpose of this paper is to ana-
lyze, through a simple example, the im-
pact of the wind load – non-deterministic 
variable – on the static equilibrium equa-
tions of a beam-column and to determine 
if the same conclusions can be expanded 
to the analysis of typical steel-frame build-
ings. Based on the functional analysis 
method presented in Dorini et al. (2011), 
analytical solutions for equilibrium of a 
beam-column in the straight and deflected 
shape were obtained; expected values in 
both analyses were compared with the 
classical deterministic procedure. Prob-
ability density function stress curves are 
also generated for different wind speed 
scenarios. A Monte Carlo analysis of 
a typical high-rise steel-frame building 
was performed; different types of struc-
tural analysis procedures were adopted to 
verify the consistency of the conclusions.

2. Methods

Herein, the wind load is consid-
ered as a stochastic variable governed 
by a given probability density func-
tion, which is followed by examples 
that evaluate the stress probability 

function of a beam-column – equilib-
rium in the original (perfectly straight) 
and deflected shape. A comparison be-
tween expected stress value and stress 
obtained from mean wind speed value 

for a given artificial future scenarios is 
also presented. The stochastic analysis 
is performed for the beam-column 
example depicted in Figure 1.

Figure 1
Typical steel beam-column: W 200 x 35.9.
a) Beam-column in perfectly straight shape.
b) Beam-column in deflected shape
due to the bending moment (wind load).

(a) (b)

Wind load as a stochastic variable
The wind load (pressure) is pro-

portional to its velocity. As the wind 
speed is a random variable, the load will 
also be a random variable, then:



139

Thiago Dias dos Santos et al.

REM: R. Esc. Minas, Ouro Preto, 69(2), 137-145, apr. jun. | 2016

(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

(9)

where � depends on the structural ge-
ometry (deterministic variable) and ω is 

a random event. The wind velocity can 
be modeled using a Gumbel cumulative 

distribution function:

where 𝑢 is the location parameter and 
α is a scale parameter. Deriving Eq. 

2 with respect to 𝑣, probability den-
sity function (pdf) is obtained. The 

expectation operator (mean) E [ ∙ ] is 
defined as:

where C'𝑣 (𝑣) is the wind speed pdf. 
For Gumbel distribution E [𝑣]=𝑢 + γα, 

where γ is the Euler-Mascheroni con-
stant (≈0.5772).

Equilibrium in the original (perfectly straight) shape
The maximum column stress 

(design value) in Figure 1 occurs at 
the column mid-height. It is assumed 

that superposition can be used. Then, 
the total stress is the sum of two 
parts: stresses caused by the wind 

load and stresses caused by the verti-
cal force, which can be written in the 
general form:

where σT,s (ω) is the random total stress, 
bs is the bending moment and c(P) the 
normal stress from the vertical (deter-

ministic) force P. The subscript s will 
be used herein when the variable is 
associated to the column in a perfectly 

straight shape, Figure 1(a). Thus, the 
cumulative distribution function for 
σT,s (ω) is:

for bs>0, q-c(P)≥0 and for some real-
ization q of the total stress. As shown 

in Eq. 5, the total stress function also 
follows a Gumbel distribution.

Equilibrium in the deflected shape
Herein, we solve the second order elastic equation considering the bending moment produced by the vertical force:

where 𝑦(𝑥,ω) is the lateral deflection. 
Solving this equation for a random 
event ω, we have the expression for 

the bending moment, which is non-
linear in respect to the vertical force 
P. We can also use the superposition 

of axial and bending axis stresses to 
get the maximum stress:

The subscript � will be used herein 
when the variable is associated to the 

column in a deflected shape, Figure 1(b). 
The cumulative distribution function 

for σT,� (ω) is obtained through the same 
approach of Eq. 5:

for b�(P)>0, which b� (P) is non-linear in 
respect to the vertical force P, q-c(P)≥0 and 

for some realization q of the total stress. 
Note that equilibrium in the deflected 

shape also leads to a total stress function, 
which follows a Gumbel distribution.

Stress values comparison
The difference between the expected 

stress value based on stress probability 
density function (E [σT,𝑖 ]) and the stress 
value calculated with expected basic wind 

speed (σ ̅T,𝑖 ) is evaluated in this section. 
The equations for comparison are:
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where the index 𝑖 is either s (perfectly 
straight) or � (deflected shape), the 

pdf C'σT,𝑖 is given in Eq. 5 or in Eq. 8. 
Equation 9 can be written as (using the 

expressions for σ ̅ T,𝑖 and C'σT,𝑖:

in which the difference between σ ̅T,𝑖  and E [ σT,𝑖  ] is clear.

Wind speed scenarios
PBMC/GT2 (2013) reported a 

2°C increase in the global temperature, 
which directly and critically impacts 
our ecosystems, as well as, generating 
a change in extreme event patterns and 
intensity. The first hurricane observed 
in the South Atlantic region occurred in 
2004 and in the last 50 years the south 
region of Brazil has registered an abrupt 

increase in the precipitation volume. 
Pereira et al. (2013) analyzed trends in 
wind speed from some national weather 
station data series and examined wind 
forecasts from the circulation model 
(GCM); their analysis was based on an 
average wind speed value. Important 
developments were achieved in terms 
of numerical tools to predict the effects 

of the climate change, but the level of 
uncertainties is still large.

Based on the study presented in 
Steenbergen et al. (2009), it was as-
sumed, Table 1, the parameters 𝑢 and α 
for the Gumbel distribution to analyze 
the impact of a non-deterministic wind 
load on a steel structure; these values are 
used in the next section.

Table 1
Artificial wind speed scenarios (SI units).

Scenario 𝑢 α

Baseline 45 2

AS-1 +1% +0%

AS-2 +2% +2%

AS-3 +5% +3%

3. Beam-Column Example – Results and Discussions

The results and discussions present-
ed in this subsection are based on the study 
of the beam-column depicted in Figure 1. 
The parameters for the Gumbel functions 

are: 𝑢 = 45 m/s, α = 2 m/s, and the linear 
factor � = 12.0 (air density, pressure area, 
pressure factor, etc). The comparison be-
tween the probability density functions 

derived above (equilibrium in the straight 
and deflected shape) is depicted in Figure 
2 below:

Figure 2
Probability density function of total
stress (SI units) for equilibrium
in the straight and deflected shape.

Figure 2 depicts that, for an in-
crease in the vertical force, the prob-
ability density function for equilibrium 
in the deflected shape shifts to higher 
stress values, while the probability of 

the peak load decreases and the curve 
becomes wider – larger standard de-
viation. Table 2 summarizes the com-
parison between the deterministic and 
stochastic expected stress for a beam-

column with axial load, P, where equi-
librium is given in the original (straight) 
shape and in the deflected shape (Eq. 9 
and Eq. 10). The parameter α is equal 
to 10 m/s.

(10)

(11)
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Table 2
Expected stress values (SI units, 107).

Vertical force 
value (P)

Straight Column 
deterministic

Straight Column 
stochastic

Deflected 
Column 

deterministic

Deflected 
Column 

stochastic

0 5.472 5.821 5.472 5.821

1,000 5.494 5.843 5.915 6.291

3,000 5.538 5.887 7.024 7.468

10,000 5.691 6.040 18.605 19.778

Table 2 indicates that the ex-
pected stress values are greater for 
stochastic analysis and that equilibrium 
in the deflected shape, as expected, 
leads to higher stress values. Note 
that the ratios between the stochastic 
and deterministic expected values are 
practically the same for each type of 

equilibrium analysis.
Figure 3 depicts the pdf for differ-

ent wind scenarios and vertical force  
P = 3,000. Figure 3 depicts that param-
eters 𝑢 and α shift to higher values and 
the function baseline gets wider. Table 
3 provides the ratio between expected 
stress values. The results indicate a 

nonlinearity between wind speed and 
stress, as expected, since wind load and 
wind speed have a nonlinear relation-
ship. Equilibrium in the straight and the 
deflected shape produces practically the 
same expected stress ratio, since, for this 
column-beam example, wind load and 
stresses have a linear relationship.

Figure 3
Probability density 

function of total stress (SI units) 
for the artificial wind speed scenarios, 

equilibrium in the straight shape.

Table 3
Expected stress 

value ratio for different scenarios.

Scenario Straight Structure Deflected Structure

Baseline 1 1

AS-1 1.019 1.019

AS-2 1.039 1.040

AS-3 1.097 1.100

4. Frame Example – Results and Discussions

A forty-story steel frame com-
monly found in office-type building 
is analyzed in this section; this frame, 
Figure 4, is a two-bay structure with 
9.15m span (30 feet), 9.15m (30 feet) 
spacing between frames, and each story 

is 3.66m (12 feet) high. Cross-sections, 
mechanical material properties, and 
nominal loads are summarized in Figure 
4. This frame was originally proposed in 
a report issued by the Fritz Laboratory 
at Lehigh University, Lu et al. (1975), 

with the intention of investigating the 
behavior and resistance of typical multi-
story steel frames. Since then, research-
ers have used the frames described in 
the report as benchmark problems for 
further studies.
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Figure 4
Description of forty-story 
steel frame (Adapted from 
Lu et al. (1975) and Stlater et al. (2011)).

The finite element model of the 
forty-story steel frame considers that the 
load factor for dead load is 1.2, while 
the load factor is 0.5 for live load; a 
load factor was not applied to the wind 
load since the wind load is considered 
as a non-deterministic variable in the 
model. The simulation was performed 
using the structural analysis software 
MASTAN2 (Ziemian, 2009), following 
the recommendations listed in Stlater et 
al. (2011), which are:

(i) residual stresses, as well as con-
nection size and stiffness were neglected 
for simplicity,

(ii) all distributed loads were 
lumped to beam-column intersections 
using tributary area (lengths),

(iii) self-weight was assumed to 
be included in the dead loads provided, 

(iv) all wide-flange sections are ori-
ented for major-axis flexure (i.e., with 
their webs in the plane of the frame), 

(v) all out-of-plane behavior is 
restrained,

(vi) member lengths are defined by 
their centerlines,

(vii) to adequately account for 
P-δ effects, members are divided into 
four elements,

(viii) second-order analyses were 
performed using a predictor-corrector 
(mid-point Runge-Kutta) solution scheme 
and applying the factored loads in 5% 
increments until the frame is fully loaded.

In this paper, the considered 
forty-story steel frame is located in the 
region of Campinas, Sao Paulo, Brazil. 
Based on historical data available in 
the software Mathematica (2015) for 
the airport of Viracopos (VCP) from 
1973 to 2014, it was found that the 
basic wind speed distribution is well 
represented by a Gumbel distribu-
tion function with location parameter  
𝑢 = 35.8m/s (80mi/h) and scale param-
eter α = 4m/s (8.95mi/h). As an example, 
a basic wind speed of 35.8m/s (80mi/h) 
is equivalent to a mean velocity pressure 
of 778N/m2 (16.25lbf/ft2), given that the 

factors to account for the importance of 
the structure, its height, and the terrain 
(ASCE 7-10, 2010) are equal to 1. Given 
the Gumbel distribution function just 
described, a vector with 10,000 values 
of basic wind speed was created and for 
each value of basic wind speed, three 
types of analysis were performed:

(i) first-order elastic,
(ii) second-order elastic, and
(iii) second-order inelastic; for 

more details on what each type of 
analysis entails, the reader is directed 
to McGuire et al. (2000). A compara-
tive histogram of the moment at the 
base of the center column is presented 
in Figure 5. The moment at the base 
of the center column was chosen as 
the variable to be analyzed, since it is 
the highest overturning moment found 
in the model and, thus, can provide a 
good understating of the comparisons 
between the different types of analyses 
performed on the proposed forty-story 
steel frame structure.
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Figure 5
Comparative histogram for the 

overturning moment at the center column.

Figure 5 and Table 4 depict that, 
as was concluded for a beam-column 
analytical analysis, the histogram for 
second-order analysis shifts to a higher 
moment at the base, while the probabil-
ity of the maximum moment decreases 
and the curve becomes wider – larger 
standard deviation; note that the ratios 
between the Monte Carlo simulation 
and the analysis using the expected 
basic wind speed value are still practi-
cally the same for each type of analysis. 
Another interesting fact is depicted in 

the zoomed-in view graph in Figure 
5; for most part of the models, the 
probability associated to second-order 
elastic and inelastic analysis is the same. 
However, once the moment at the base 
reaches values close to 4,210.1N.m, 
second-order elastic and inelastic analy-
sis looses its parity. The moment value 
just mentioned is the moment at the 
base right before the structure reaches 
a plastic collapse mechanism, which 
can only be detected through a second-
order inelastic analysis. In fact, based 

on the second-order inelastic analysis, 
0.21% of the structures collapse under 
the applied wind pressure distribution; 
this value can be considered high, given 
that an acceptable probability failure 
is in the order of 10-4; this observa-
tion reinforces that more studies shall 
be conducted on the topic and that a 
proper reliability analysis – all non-
deterministic variables are considered/
varied in the analysis – is necessary 
given the actual climate change sce-
narios that we are experiencing.

Table 4
Analysis of overturning moment at 

the base of center column (Units = kN.m).

Type of Analysis

Moment at the base of center column

Using the expected 
wind basic speed

Monte Carlo Analysis – 10,000 models

Mean Standard Deviation

First-Order Elastic 1,476.6 1,505.8 426.7

Second-Order Elastic 1,570.4 1,601.4 453.7

Second-Order Inelastic 1,570.4 1,601.1 450.9

5. Conclusion

How to perform a stochastic analy-
sis for a very simple example: steel beam-
column has been described. Results indi-
cate that, using Gumbel distribution to 
describe the wind velocity, the expected 
stress values are higher when performing 

a stochastic analysis. It was also shown 
that the probability density functions 
are more susceptible to vertical force 
changes when equilibrium is considered 
in the deflected shape, which shows the 
importance of also accounting for the 

vertical force in a stochastic analysis.
There were significant changes 

in the pdf curves for different wind 
speed scenarios, as well as changes in 
the expected stress ratio (higher stress 
values and larger standard deviation), 
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much due to the nonlinearity between 
wind speed and stress; similar conclu-
sions were reached in the analysis of a 
multi-story high-rise steel frame. The 
importance of further research in this 

area has been shown in a beam-column 
model, as well as in a high-rise build-
ing model, where the effect of the basic 
wind speed was considered separately 
without the interference of any other 

non-deterministic variable. Climate 
change has affected the loading curve 
distribution, especially for wind loads, 
and future changes must be acknowl-
edged in upcoming design standards.
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