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ABSTRACT
We show that the Hopf differentials of a pair of isometric cousin surfaces, a minimal surface
in euclidean 3-space and a constant mean curvature (CMC) one surface in the 3-dimensional
hyperbolic space, with properly embedded annular ends, extend holomorphically to each end.
Using this result, we derive conditions for when the pair must be a plane and a horosphere.
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INTRODUCTION

As there is a way to deform simply-connected CMC 1 surfaces in hyperbolic 3-Egdceeninimal
surfaces in Euclidean 3-spaRé (Umehara and Yamada 1992), one might expect that there exist
cousins in these two spaces that are not simply-connected. However, although there are now many
known examples of minimal surfaces k¥ and also CMC 1 surfaces i (see, for example,

Bryant 1987, Rossman et al. 1997, 2001, S&a Earp and Toubiana 2001, Yu 2001, Umehara and
Yamada 1993), and although non-simply-connected cousins pairs are easily found, such a pair of
surfaces with embedded ends is yet to be found. Our purpose is to investigate whether such a pair
can exist. Toward this goal, we apply recent results in Collin et al. 2001 about the behavior of
embedded CMC 1 ends Iifi® to give various conditions under which such a pair cannot exist.

RESULTS

Let D c C be a simply-connected domain in the complex plane. Fix a peirt D. Letg be a
meromorphic function o andw a holomorphic 1-form oD such thatw has a zero of orderk2
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if and only if g has a pole of order and so that» has no other zeros. Set

Z

Po(z) = Re/ (1-g%i(1+g%,28)w.

20

Thend, : D — R2is a minimal immersion with induced metric
* 2
Dp(dshs) = (14 181°)" ol

Furthermoreg is stereographic projection of the Gauss ma@ef This is the Weierstrass repre-
sentation.
On the other hand, for Weierstrass dataw) on D, we can takeF : D — SL(2, C) such that

)
Frar= (% "8 ) o, Feo=(* °
1 —g 01

®1(2) := FQF(2) .

Then®, : D — {XY’ € Herm(2); X € SL(2,C)} = H® is a CMC 1 immersion with induced
metric ®;(dsZ;) = Pj(ds2;), whereH® = H3(—1) is the hyperbolic 3-space with sectional
curvature—1. This is the Bryant representation (Bryant 1987, Umehara and Yamada 10$3).
unique up to the formi - F, A a constant irSL(2, C), so®; is unique up to rigid motions dfl®
(see Umehara and Yamada 1993).

This shows that given datg, ») on D, we can locally construct a pair of isometric surfaces,
a minimal surfaceby(D) in R and a CMC 1 surfacé@(D) in H? (see Theorem 8 of Lawson
1970).

For both®g and®+, the Hopf differentialQ on D is defined byQ = wdg .

and set

DEFINITION 1. Let M be a Riemann surface and ®o : M — R2 a conformal minimal immersion.
Then a CMC 1 immersion ®; : M — H2 isa cousin surfacef & if
@} (dsfi) = @5(dsia)
holds. We refer to any such pair of surfaces ® and ®; as cousins.
The following lemma is immediately obtained from 8177 of Nitsche 1989:

LEMMA 2. Let (g, ) betheWeierstrass data of a simply-connected CMC 1 surface ®, : D — H°.
Then any cousin minimal surface ®, in R3 can be represented (up to a rigid motion) by the
Weierstrass data (g, ¢’ w) for someé € [0, ).

Recall that a surface hdisite topology if it is homeomorphic to a compact Riemann surface
M with a finite number of pointépy, . .. , pr} removed, which we write 8 = M\ {p1, ... , pi}.
We have the following proposition, which follows directly from results in Collin et al. 2001 and
Sa Earp and Toubiana 2001.
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PrROPOSITION 3. Let M = M \ {p1, ..., px} be a Riemann surface of finite topology, and let
&, : M — H° be a conformal CMC 1 immersion with properly embedded annular ends. Let
dp : M — RS2 beaminimal immersion with embedded ends, and assume that ®; and &, are
cousins. Then the Hopf differentials of ®; and & are holomorphic on M.

REMARK 4. By Theorem 10 of Collin et al. 2001, all properly embedded annular CMC 1 ends in
H? are conformal to a punctured disk, thus the assumptiondthas conformal is not actually a
restriction on the possible choices®f. Becauseby and®; are cousinsgy : M — R3is also
conformal.

PROOF OF ProOPOSITION 3. Letg; : A* — H2 be an arbitrary end ob;, whereA* = {7 €

C;0 < |z| < ¢} for somee > 0. As noted in Remark 4, we may assume ipats conformal.

Letgg : A7 — R3 be the corresponding minimal end. By Theorem 10 of Collin et al. 2001,

@1 has finite total curvature and is regular. Then by Umehara and Yamada 1993, we can take the
Weierstrass data associated wjthin the following form:

g(z) =7"g(x), &0 #0, w=7z"wdz, w0 #0,

whereg, w are nonzero holomorphic functions @y = {z € C; |z] < ¢}, andu, v € R, u > 0,
v-lLu+veZ u+v=-1

By Lemma 2, there exists@ e [0, 7) such that(g, ¢’ w) is the Weierstrass data associated
with ¢o. Because is stereographic projection of the Gauss mapgfe is well-defined omA*, so
u € N and hence-v € N.

The first and second coordinatesggfare

z z
Rg/(l—g%aﬂm —MK/(l+g%d%m
20 20

andgyg is asymptotic to a catenoid or planar end, by Schoen 1983. ARo= 0, and the limiting
normal of the end)y, must be vertical. Therefore, must be—2 for the end to be embedded, and
w’(0) must be 0 for the endy to be well-defined o\*.

Lemma 2.4 of S& Earp and Toubiana 2001 showed tBatg@0)w(0) = (1 — u?)/4u. Sou
cannot be 1 becaugg0) # 0 andw(0) # 0. Furthermore, Lemma 2.9 of Sa Earp and Toubiana
2001 showed that
2(0)°8(0) if u=2,

o)
wO=1, if 1> 3.

Sou cannot be 2. Therefore > 3.
Thus the Hopf differential&dg ande’’ wdg have ordeq. +v — 1 > 0 atz = 0. Hence they
are holomorphic at each end, as well asMritself. O

Anendgg : A¥ — R3(resp.¢; : AF — H3) is said to be @lanar end (resp.horosphere end)
if ©+v > 0. So we have the following corollary:
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CoroLLARY 5. Hypotheses being asin Proposition 3, then @4 has only planar ends and ®; has
only horosphere ends.

COROLLARY 6. Let M = M \ {p1, ..., pr} be a Riemann surface of finite topology so that M
has genus zero. Let &g : M — R3, ®; : M — H? be properly immersed cousin surfaces with
embedded ends. Then ®q isa plane and @1 is a horosphere.

Proor. Since there exists no honzero holomorphic 2-differential on the sgghergo}, the Hopf
differential is identically zero. So botirg(M) and®,(M) are totally umbilic. Therefor@g is a
plane andb; is a horosphere. O

COROLLARY 7. Let M = M\ {p1, ..., px} bea Riemann surface of finite topology so that M has
genusy. Let &g : M — R3, &, : M — H be properly immersed cousin surfaces with embedded
ends, and suppose they have total curvature more than —16wx. Then ®g is a plane and ®; isa
horosphere.

Proor. Lopez 1992 showed that any minimal surface with total curvatide or —8m has a
non-holomorphic Hopf differentia) on M. Thus the only possibility (other than a plane) is that
®g : M — R3is a properly immersed minimal surface with embedded planar ends and total
curvature—12r. By Theorem 4 of Jorge and Meeks 1983, each enbygs embedded if and only

if

f KdA = —4nk+y — 1) (1)
M

holds, wherek andd A are the Gaussian curvature and the area elemdrf.dfok +y = 4. Since

any complete minimal surface with finite total curvature and one embedded end is a plane, and
since the only complete minimal surfaceRd with finite total curvature and two embedded ends

is the catenoid (Schoen 1983)(M) is a torus with three embedded planar ends. But Theorem
26 of Kusner and Schmitt 1992 showed that such a surface does not exist, completing thelproof.

COROLLARY 8. Let M = M \ {p1, ..., pr} be a Riemann surface of finite topology so that M
has genus one. Let &g : M — R3, &; : M — H? be properly immersed cousin surfaces with
embedded ends. Then & and &, each have at least 4 ends.

Proor. By Theorem 4 of Jorge and Meeks 1983 again, the right hand side of (13kis. So
k > 4, by Corollary 7. O
REMARK 9. Theorem 3 of Miyaoka and Sato 1994 found examples of complete minimal surfaces

of genus one with four embedded ends, but they all contain non-planar ends.

ReEMARK 10. Costa 1993 and Kusner and Schmitt 1992 found examples of complete minimal
surfaces of genus one with four embedded planar ends. But none of them satisfies the condition
that the Hopf differential extends holomorphically to the ends.
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Defining annular ends to be those which are homeomaorphic to punctured disks, Theorem 12 of
Collin etal. 2001 showed that each end of a properly embedded non-totally-umbilic CMC 1 surface
&, : M — H?®with annular ends is asymptotic to an end of a CMC 1 catenoid. In particular, such
a surface does not have horosphere ends. We saw in the proof of Proposition 3, in conjunction with
Remark 4, that any single embedded annular end asymptotic to a CMC 1 catefiidamnot
have a corresponding minimal cousinii with an embedded end. Hence; does not have a
cousin®g : M — R3 with embedded ends. So we have the following corollary, in which we do
not need to assume thaf has finite topology, since finite topology was not assumed in Theorem
12 of Collin et al. 2001:

COROLLARY 11. Let M be a Riemann surface. Let &, : M — H? be a conformal CMC 1 proper
embedding with annular ends, and let o : M — R3 be a minimal surface with embedded ends.
Assume that @, and & are cousins. Then &g isa plane and &, is a horosphere.

REMARK 12. Regarding Corollary 11:

(i) If the assumption tha®; is embedded is removed, then the pair of cousin surfaces given by
the Weierstrass data
2

(gaw)Z(Z,n 1 1zzdz) on M=C\{0}, neN\({1}

is a counterexample. In fact, each endbgfin this example is an-fold cover of an embedded
end, andbdg is an embedding.

twice wrapped

CDQ,I’lZZ

Fig. 1 — The surface$g and®1 in (i) of Remark 12.
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(i) If the assumption thatb; is embedded is replaced with the weaker assumption that only
the ends are embedded, then any possible counterexamples can not satisfy the conditions of
Corollaries 6 or 7 or 8.

(i) If the weaker assumption in (ii) is used, and the assumption that the enblgare embedded
is removed, then the pair of cousin surfaces given by the Weierstrass data

1—n? 1
(g,w)=<z”, Z ”dz) on M=C\{0}, neN\{1}

4n

is a counterexample to the corollary. In fact, in this example, each edd &f embedded,
and each end obg is ann-fold cover of an embedded end.

(iv) If the assumption that; is embedded is kept, but the assumption that each eril aé
embedded is removed, then the author does not know of any counterexamples to the corollary.

twice wrapped

once wrapped

¢0,n=2

Fig. 2 — The surface$g and @1 in (iii) of Remark 12.

ReEMARK 13, Theorem 3.3 of Choi et al. 1990 showed that a properly embedded minimal surface
in R which has more than one end is minimally rigid. Corollary 3.4 of Umehara and Yamada 1992
showed that if cousin surfacds, : A, — H3(—c?) (¢ > 0) associated with a minimal surface
dgop: A, — R3are well-defined o\ for all ¢, then all of the surfaces in the associate family

of ®, are well-defined om\’, where

p: A Dz ge&OEFD) e A
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is the projection. However, this cannot lead us to another proof of Corollary 11, because we only
assume that thé, is well-defined wherr = 0, 1. Furthermore, we allow/ to have positive

genus, so we are not considering well-definedness merely on domains which are simply-connected
or homeomorphic ta\?.
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RESUMO

Mostramos que as diferenciais de Hopf de um par de superficies primas, a saber, uma superficie minima
em um espaco euclideano de dimen83e uma superficie de curvatura média constante (CMC) um em

um espaco hiperbdélico de dimenséo 3, se estendem holomorficamente em cada fim. Usando este resultado.
obtemos condi¢bes para que o par seja um plano e uma horosfera.

Palavras-chave: superficies minimas, prismas de CMC 1, espacos hiperbdlicos.
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