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ABSTRACT
For a given binary BCH code C,, of length n = 2° — 1 generated by a polynomial g(x) € IFz[x] of degree r there

is no binary BCH code of length (n + 1)n generated by a generalized polynomial g(x2) S IFz[x — 7 >0] of
degree 2r. However, it does exist a binary cyclic code C(,+1), of length (n + 1)n such that the bmary BCH
code C, is embedded in C(,+1),. Accordingly a high code rate is attained through a binary cyclic code
Cn+1) for a binary BCH code C,,. Furthermore, an algorithm proposed facilitates in a decoding of a binary
BCH code C,, through the decoding of a binary cyclic code C,+1y,, while the codes C,, and C,1), have the
same minimum hamming distance.

Key words: BCH code, binary cyclic code, binary Hamming code, decoding algorithm.

INTRODUCTION

The applications of finite commutative rings, particularly finite local rings, have great importance due to
their principal ideals. In the design of communication systems and high rate digital computers, encoding and
decoding have an importance for error control. The main component of the conventional error-correcting
codes are ideals in a finite commutative principal ideal ring.

In Cazaran and Kelarev 1997 authors introduce the necessary and sufficient conditions for the ideal
to be a principal ideal and describe all finite principal ideal rings Z,,[x;, X», ** , X,]/I, where [ is generated
by univariate polynomials. Moreover, in Cazaran and Kelarev 1999, they obtained conditions for certain
rings to be finite commutative principal ideal rings. However, the extension of a BCH code embedded
in a semigroup ring F[S], where S is a finite semigroup, is introduced by Cazaran et al. 2006, where an
algorithm was given for computing the weights of extensions for codes embedded in F[S] as ideals.
A numerous information related with several ring constructions and concerning polynomial codes was
given by Kelarev 2002. Whereas, in Kelarev 2007, 2008, Kelarev discusses the concerning extensions of
BCH codes in several ring constructions, where the results can also be considered as particular cases of
semigroup rings of particular nature. Andrade and Palazzo 2005 elaborated the cyclic, BCH, alternant,
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Goppa and Srivastava codes over finite rings, which are in real meanings constructed through a polynomial
ring in one indeterminate with a finite coefficient ring. Shah in Shah et al. 2011a, b, instead of a polynomial
ring, the construction methodology of cyclic, BCH, alternant, Goppa, and Srivastava codes over a finite
ring is used through a semigroup ring, where the results of Andrade and Palazzo 2005 are improved in
such a way that in the place of cancellative torsion free additive monoid Z - ( of non negative integers, the
cancellative torsion free additive monoids %Z >0 and 31: Z > ( are taken, respectively. Consequently, this
new structure gives a construction of a finite quotient ring of a polynomial ring into a finite quotient ring of
monoid rings of particular nature. In Shah et al. 2011a, b, R is considered as a finite unitary commutative
ring for the quotient rings R[x; TZ> o)/((x* )2" — 1) and R[x; TZ> ol/((x 22)2 " — 1), respectively. However,
in (Andrade et al. 2010) authors describe the decoding principle based on modified Berlekamp-Massey
algorithm for BCH, alternant and Goppa codes constructed through monoid rings R[x; %Z >0l

The existence of a binary cyclic ((n + 1) = 1, (n + 1)* — 1 — 3%) code, where & is a positive
integer, corresponding to a binary cyclic (n, n — r) code is established in Shah et al. 2012 by monoid ring
Fy[x; %ZZ o]. Furthermore, in Shah et al. 2012 a decoding procedure for binary cyclic (n, n — r) code by
the binary cyclic ((n+1)3k -1, (n+1)3k—1—3kr) code is also given, which improve the code rate and error
corrections capabilities.

We were provoked by Shah et al. 2012 and initiated the inquiry in support to binary BCH codes alike binary
cyclic codes. However, we observed that for an n length binary BCH code with n = 2° — 1 generated by the
polynomial g(x) € F,[x] of degree r it is not possible to construct a binary BCH code of length (n+1)n generated
by the generalized polynomial g(xéﬁ € ylx, %Z > o] of degree 2r. However, in this study, we established that
corresponding to a binary BCH code C,(n, n — r) there is a binary cyclic code C,+1),((n+1)n, (n+1)n—2r) such
that C, is embedded in C,, ;,. Furthermore, we propose an algorithm that enables decoding a binary BCH
code of length n through the decoding of (n + 1)n length binary cyclic code.

This paper is formulated as follows. In Section 2, first we investigate that, for a positive integer
n=2°—1, where s is a positive integer, such that if a polynomial g(x) € F,[x,Z > o] of degree r divides x" — 1,
then a generalized polynomial g(x%) e Fy[x, %ZZ o] of degrlee 2r divides x% Ot —1 in TFy [, %Zz o]. Second,
we discuss cyclic codes of length (n+1)n generated by g(x?). In Section 3, we discuss the non existence and
existence of a binary BCH code of length (n+1)n and a cyclic code of length (n+1)n against a binary BCH
code of length n, respectively. Consequently, a link of a BCH code (n, n—) and a cyclic code ((n+1)n,
(n+1)n—2r) is developed. However, in Section 4, we present the decoding procedure for a binary cyclic code
((n + Dn, (n + 1)n — 2r) by which we can obtain the decoding of a binary BCH code (n, n—7). Concluding
remarks are given in Section 5.

CYCLIC CODE OF LENGTH (n + 1)n CONSTRUCTED THROUGH F,|x; %Zzo]

A semigroup ring R[x; S] is the set of all finitely nonzero functions from a semigroup (S,+) into an associative
ring (R,+, -) in which binary operations addition and multiplication are given by (f + g)(s) = fis) + g(s) and
(fo)(s) = > f(H)g(u), where the Z shows that the sum is taken over all pairs (¢, u) of elements of S such

txu=s
that ¢ = u = s, otherwise (fg)(s) = 0 If Si Isa monoid, then R[x; S] is called monoid ring. A nonzero element

fof R[x; S] has unique representation Zf x" where fi6#0andsi6#s;fori#j. If Sis Zyand R is an
associative ring, particularly the blnary ﬁeld [F,, then the semlgroup ring R[x S] is simply the polynomial
ring R[x]. Clearly, it follows that R[x] = R[x;Z >y] C R[x, 2 > o). Since 5 +7 > o 1s an ordered monoid, it
follows that we can define the degree of an element in R[x, %Z >0)-
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We initiate this study by an observation that the indeterminate of generalized polynomials in a
semigroup ring [, [x; %Z 0] 1S given by x% and it behaves like an indeterminate x in IF, [x]. For instance, for a
torsion free cancellative monoid S, it follows that the monoid ring IF, [x; S] is a Euclidean domain if I, is
afield and S=Z or S = Z - (Gilmer and Parker 1974). Of course, here %Z > 1s a torsion free cancellative
and isomorphic to Z - .

1 s
Given any generalized polynomial f{x?) € IF,[x, %Z >0l, we can construct the factor ring M,

(fx))
where (f(xz)) isa pr1n01pal ideal in [Fy[x; 2 Z > o] generated by f(xﬁ The elements of the factor ring are the

cosets of the ideal (/(xﬁ) The factor ring is a field if, and only if, f(xﬁ is irreducible over F,.

Proposition 1 Let g(x) € Fy[x, Z » o] be a polynomzal of degree r. If n =2°—1, where s is a posztzve integer,

n+ln_

then the generalized polynomial g(xZ) € Fy[x, 2 Z s ] of degree 2r divides et 1in Fy[x, > 2 Z s o]

Proof Clearly g(xz) € Fz[x, 2 Z ] divides XTIz (] = (2@ D2 = 27D -1)* =
27 —1)?, then g(xﬁ divides x7 (D7 —1

Now onward, 1ff(x2) = (x2)(”“)” 1, then L is given by
CE ))n(n+l) 1

{ao +a%c + Cl]cz + e+ an(nzl)—lcn(n 1)_1:a0, a%, ag, aninzl)—l S FQ},

1 1
where { denotes the coset x2+(f(x?)). Thus, f({) = 0, where ( satisfies the ]relation ¢"*H—1 = 0. Let us now
1
make a change in notatlon and write x2 in place of {. Thus, the ring D52 hecomes Fs[x; %Z > 0ln(n+1)

in wich the relation x?"¢*D—1 = 0 holds, that is (x7yr D =1, (=)

The multiplication * 1n the rlng Fslx; - 2 Z > 0ln(n+1) 1s modulo (x2 nrth —1), So given c(x2) d(xj € Fz[x

7 > ¢lnn+1), WE Write c(xz) * d(xZ) to denote their product in the ring IE‘z[x, 2 > 0ln(n+1) and c(x2)d(x2) to
denote the1r product in the rlng Fz[x, 2 >ol. If deg a(x2) + deg b(x2) < n(n+1) then c(xz) *d(xz) =
c(x2) d(xZ) Otherw15e c(xj * d(x2) is the remalnder left on d1V1d1ng c(x2)d(xj by (x2)(”+1)" —1 In other
words, if c(xz) * d(xﬁ = r(x2) then c(xﬁd(xz) = r(x2) then c(xZ)d(xﬁ = r(xﬁ + ((xl)"(”“) —l)q(xﬁ for some
generahzed polynomial q(xl) Practlcally, to obtaln c(xj * d(xﬁ we simply compute the ordinary product
c(xﬁ d(xj and then put X2 ) =1, X2 DT = 7 and so on. Now, consider X7 c(x2) and it would be

1 1 | 1
X2 % (CO +ci X2+t Coiyr + (xﬂn(n+1)—2 + Cotweirt (xz) n(n+1)—1)‘
2 2 5

That is

1 1 1 1 _
X2 % ¢(X2) = Cau1y1 + coxX2 + cax!l+ -+ Cawrya (X2) ) -1,
P 2 2

Particularly, we can take the product x% * c(xéj in F[x; %Z > 0ln(n+1) by following lema.

Lemma 2 The F,-space ;| x; %Z > 0ln(n+1y 18 isomorphic to [Fy-space F30reh),

Proof. It follows that (x%)"("“)" —1 =y""*D—1, where X7 = y. In fact, we deal the coefﬁcients of generalized
polynomials c(x?) = ¢, + e XTH ot Copens (T)FD2 4 Catnsirt (7D of Falx; 5 17 o] So ¢(x7) has
n(n+1) terms and hence the coefﬁ01ents in [F,. Correspondlng to c(xé) € IFylx; 5 <7 > 0] n(nt1)> there is a
n(n+1)-tuppled vector (cg, ¢1 , =, Cawa in F3". Thus, there is an isomorphism between the vector space
F4 Dand Fy[x; 27 - oJuwer) zdeﬁned by ¢ Hc(xij.
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We observed that, multlphcatlon by X7 in the ring [F>[x; 5 17 > 0Jn(n+1) corresponds to cyclic shift o in
1
F40D, that is x7 * ¢(x?) = o (¢)(x?). A subspace C of F,-space IF”(””) is a linear code. From Lemma 2,
1
identifying every vector ¢ in F"""D with the polynomial c(x?) in F,[x; >- 2 Z > o]nn+1)s it follows that C C IF5[x;
%Z > 0ln(n+1)- The elements of the code C are now referred as codewords or code generalized polynomials.
By use of the techniques of (Shah et al. 2012), the following results can easily be established for a
positive integer n(n + 1) instead of (n + 1)>* — 1.
Theorem 3 (Shah et al. 2012) Let C be a linear code over F,. Then C is cyclic if, and only if, X7 c(x%) €
1
C for every c(x?) € C.
Theorem 4 (Shah et al. 2012) A subset C of F,[x; %Z > 0ln(ni1) I8 @ cyclic code if; and only if, C is an ideal
of the ring Fo[x; 57 » olune)
It is noticed that (p(xz)) = {b(x2) * p(xz) b(x2) € Fylx; 5 Z > 0ln(n+1)$» Where p(x%) € Fylx; %Z >0l
represents the principal ideal generated by p(xz) in the ring IF,[x; 5 17 > 0ln(n+1)-

Theorem 5 (Shah et al. 2012) If C is a nonzero ideal in the ring, F,[x; %Z > 0ln(n+1) then,
1. there exists a unique monic polynomial g(x%) of least degree in C;
2. g(x?) divides divides (x*)""*)— 1 in Fylx; 17 » oluws1;
3. for all a(x®) € C, g(x) divides a(x?) in Fa[x; 17 - olus1); and
4.C= (g6,

Conversely, if C is an ideal generated by p(xj € IF;z[x, 2 L = 0ln(n+1y then p(x%) is a generalized polynomial
of least degree in C if, and only lfp(xz) divides (x*)""*D— 1 in F, [x; 5 17 > 0ln(nr1y

From Theorem 5, it follows that the only ideals in the ring F, [x; 2 Z > oln(n+1) are linear codes which are
generated by the factors of X7 — 1 Thus, we can obtain all cyclic codes of length n(n + 1) over I, if we
find all factors of x7”"*U— 1. In the case of trivial factors, we get trivial codes. If g(xﬁ — 7o) 1, then

(80%)) = (0). Whereas g(x?) = 1 implies (2(2)) = F [x; 37 = ol 1)
Remark 6 If p(xéj) does not divide x*"0"D — 1, then p(x%) cannot be of least degree in the ideal (p(x%))

Definition 7 Let C be a nonzero ideal in IF5 [x; 5 17 >0ln(nr1) If g(x2) is a unique monic generalized polynomial
of least degree in C, then g(xﬁ is called the generator generalized polynomial of the cyclic code C.

Note thatif C = (p(x2 )) is the ideal generated by p(xz) then p(xz) is the generator generalized polynomial
of Cif, and only if, p(x?) is monic and divides x>"*"*D— 1.

A LINK OF A BCH CODE (, n—r) AND A CYCLIC CODE ((n+1)n, (n+1)n—2r)

In this section, we develop a link between a binary BCH code (n, n—r) and a binary cyclic code ((n+1)n,
(n+1)n — 2r). For this, let C, be a binary BCH code based on the positive integers ¢, 1, ¢ = 2 and n such
that 2 < J, < n with ged(n, 2) = 1 and n = 2° — 1, where s € Z". Consequently, the binary BCH code C,, has
generator polynomial of degree r given by g(x) =/lcm{m(x) :i=c,c +1, -+, c +,—2}, where m,(x) are minimal
polynomials of { fori =c, ¢+ 1, =+, ¢ + 1-2. Whereas ( is the primitive n” root of unity in F,.. Since n;(x)
divides x" —1 for each i, it follows that g(x) divides x” —1. This implies C,, = (g(x)) is a principal ideal in the
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factor ring IF,[x],. From Proposition 1, it follows that the generalized polynomial (g(x%)) e, [x; %Z > o] of
degree 2r divides x%”(”“) —1in I, [x; %Z > o]- So, there is a cyclic code C,.1), generated by g(x% in
F, [; 7 - gJuue1y. Since x2 211 divides x2 "D —1 in F, [x; 2Z o], it follows that (x>"@*D ~1) C (22 1),

Sn(ntl) L F
Now, by third isomorphism theorem for rings, it follows that Byl 32 o) D BlegZ.d B

@EonE oy @y @)
Thus, C, is embedded in C, ), and the monomorphism ¢ : C, — C,41), is defined as ¢(a(x)) = ¢(ap+ a;x
+ e ta, 1 x" N=ay+a (xlzﬁ2 + e Ay -1y -1 (x%)z(” D=g¢ x%), where a(x) € C,. The above discussion
shape the following theorem.

Theorem 8 Let s be a positive integer. If C, is a binary BCH code of length n=2°—1 generated a polynomial
of degree r given by g(x) =go + gix + -+ + gx" € Fy[x], then

1. there exist a binary cyclic code C,+, of length (n+1)n generated by a generalized polynomial of degree
1 1 1
2r given by g(x?) = gy + gix>2 + - + gix°% € Fyx; 32 » o]; and
2. the binary BCH code C,, is embedded in the binary cyclic code C1y,.

For a binary BCH code C, with generator polynomial g(x) it is not possible to construct a binary BCH code
Cur1), With generator polynomial g(x%). Indeed, as we know that generator polynomial of a binary BCH
code is the least common multiple of irreducible polynomials over IF,. For instance, if g(x) = /-y g;x'
is the generator polynomial of the binary BCH code C,, then g(x%) =gyt glx%2 + -+ g,.x%z" =(got+ glx%2
+ -+ g,gc%z’)2 is not the least common multiple of irreducible polynomials in [F, [x; %Z >ol. Hence, g(x%)
is not qualify for a generator of a binary BCH code.

Example 9 Lets =2,n=2—1=22-1=3,06=3, ¢ =1 and p(x) = x> + x + | a primitive polynomial of
degree 2. Thus, Fpr = 2 = (a0 + a,( 2 ay, a) € F,}, where ( satisfies the relation >+ {+ 1 = 0. Using this
relation, it follows that {(8 =, =1+, =1}. Let my(x) be the minimal polynomial of (', where i =
cctl,~,c,etl, -, ct+od— 2. Thus, my(x) = x*> + x + 1, and hence, g(x) = lcm{m{x) :i=c,c+1, -, c+
0—2} =x>+x+ 1. Also, C3 = (g(x)) C Fy[x]; is a binary BCH code based on the positive mtegers c=1,0=3,
qg=2 and n =3 such that 2 <6 <n with gcd(n, 2) = 1. Since g(x2) (x2)4 + (xz)2 +1 dzvzdes (x2)3(3”) —1lin
> [x; 5 +7 > ol, it follows that the corresponding cyclic code C\,(12, 8) is generated by g(x2)

GENERAL DECODING PRINCIPLE

Berlekamp et al. 1978 demonstrated that the maximum-likelihood decoding is a NP-hard problem for general
linear codes. Whereas by the principle of maximum-likelihood decoding we obtain a code after decoding
which is closest to the received vector when the errors are corrected. We use the decoding procedure which
follows the same principle.

In the following we interpret the decoding terminology for a binary cyclic code C,+1), with length
(n+1)n and having parity-check matrix H. If the vector b is received, then we obtain the syndrome vector of b
given by S(b) = bH" . In this way, we calculate a table of syndromes which is useful in determining the error
vector e such that S(b) = S(e). So the decoding of received vector b has done as the transmitted vectora =b —e.

The general principle of decoding is to pick the codeword nearest to the received vector. For this
purpose, we prepare a look-up table that gives the nearest codeword for every possible received vector.

An Acad Bras Cienc (2013) 85 (3)



868 TARIQ SHAH, MUBASHAR KHAN and ANTONIO A. DE ANDRADE

The algebraic structure of a linear code as a subspace provides a convenient method for preparing such a
table. If C,+1), is a subspace of F§""*D", then C,+1y, is a subgroup of the additive group F§"*D". Recall that
for every a € FY""D" the set atCipiyy = {a+c: ¢ € Cyuyy,) 1s called a coset of C,11y, and the set of these
cosets form a partition of the set F""". Hence, F5""D" is the disjoint union of distinct cosets of C(,1),.

Let y be any vector in FY"™D" and supose x € Cu1yn 18 the codeword nearest to y. Now, x lies in the
coset y + Cpinyy = {1y — ¢ : ¢ € Ciprryn)- Forall ¢ € Cipiyyy, it follows that d(y,x) < d(y,c), i.e. w(y —x) <
w(y — ¢). Hence, y — x is the vector of least weight in the coset containing y. Writing e = y — x, it follows
that x = y — e. Thus, the following theorem is obtained.

Theorem 10 Let C,41), C FY"D" be a linear code. Given a vector y € FY™V" the codeword x nearest to y
is given by x =y — e, where e is the vector of least weight in the coset containing y. If the coset containing
v has more than one vector of least weight, then there are more than one codewords nearest to y.

Definition 11 Let C,.1, be a linear code in F§ D" The coset leader of a given coset of Ciutiy 1s defined to
be the vector with the least weight in the coset.

Theorem 12 Let C,.1y, be an ((n+1)n, (n+1)n—2r) code over I,. If H is a parity-check matrix of Ciy1yn,
then Ciyiry, = {x € FS*D . xHT =0 = HxT}.

From Theorem 12, it follows that S(y) = 0 if, and only if, y € C(,s1y,. Let y such that y’ € F"*D". Thus,
S(y) = S(») holds if, and only if, (y — y)H" =0, that is, y — y" € C(,+1),. Hence, two vectors have the same
syndrome if, and only if, they lie in the same coset of C,,),. Thus, there is a one-to-one correspondence
between the cosets of C,+1y, and the syndromes. A table with two columns showing the coset leader e; and
the corresponding syndromes S(e;) is called the syndrome table. To decode a received vector y, we compute
its syndrome S(y) and then look at the table to find the coset leader e for which S(e) = S(y). Then y is decoded
as x =y — e. The syndrome table is given by

coset leader syndrome

e Ser)
e S(es)
é Ste)
e Sex)

where N=¢" ¥, F =F,, and S(e;) = e;H” for 1 <i < N.

Now, consider a binary BCH code C,, based on the positive integers ¢, d, ¢ =2 and n such that 2 < J <
nwith n=2%— 1, where s is a positive integer. Let { be a primitive n" root of unity in Fpu. Let m,(x) € F,[x]
denote the minimal polynomial of {. Let g(x) be the product of distinct polynomials among m(x), for i = c,
c+ 1, ,c+0—2, thatis, g(x) =lem{myx) :i=c,c+ 1, ,c+—2}.

Assume that C,,), is the corresponding bin.'lclry cyclic code of length (n + 1)n with minimum distance
d and with generator generalized polynomial g(x?) which has the check generalized polynomial

1 1 _ ! o 1
h(x?) = hn(nﬂ)—zr(xz)n(nﬂ) et hn(n+l)*2r*l(xﬂn(n+l) Il () + g
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Of course, X = g(x%) * h(x%). Thus, the matrix H is given by

hn(’l+l)7zr hn(n+1)72r71 LRy coe ho O O eee O
0 hn(n+l)*2r cee cee hl ho 0 cee 0
0 0 0 hn(n+l)*2r hn(n+l)*2r*l e oo hl hO

is the parity-check matrix de order (27 * (n + 1)n for binary cyclic code C,+1), of dimension k= (n +1)n — 2r.
Syndrome of the vector a € F{"*1)" is denoted as S(a) = aH. For the vector a given by a = (ag, a1y, a1, -,
2 2

1 1

Au-t, *  Au-naa1) € FYD" it follows that the generalized polynomial is given by a (x2) = ag+ a.x? + - +

2 2 2

1, (-1 |

Au X2 D+t qunaax 2 in Fylx; %Z > 0)ur1)n- S0, S(a) = aH”, where

2 2

a= ay ai An-1 Amn-1)n-1 ]
2 2 2

Now, assume that the codeword v € C is transmitted and the received vector is given by a = v + e, where
e=(eyp, €1, €, ", enn, ", €una1) 18 the error vector which has the polynomial form
2 2 2

e(X?) = ey + e xT +  + ey 7D kg, XTI T
2 2 2
Therefor, S(e) = S(a). Now, the syndrome table for the binary cyclic code C,41y, 1s

coset leader syndrome

€1 S(ey)
e S(er)
e:i S(:ei)
e S(en)

where N =20k k= (n+1)n —2r and S(e;) = e;H" for 1 <i < N.
DECODING ALGORITHM

We establish a decoding method of a binary BCH code of length »n through binary cyclic code of length
(n+1)n. Though, here in the following we sum up the procedure which indicates the steps in decoding
a received word of the cyclic code of length (n + 1)n and explain the technique obtaining the wrapped
codeword of the BCH code of length ».

Step 1: Evaluate the check generalized polynomial h(x%) of binary ciclic code C,: 1y,

Step 2: Construct the syndrome table for the binary cyclic code Coriyn-

Step 3: Calculate the received generalized polynomial b’ (xz) € IFhfx; 5 17 > 0] n(a+1) corresponding to
received polynomial b(x) € F,[x],,.

Step 4: Calculate the syndrome vector for the vector

— +
b'= b()a bLl: bLZ: ) bf"_*lla ) QM) € an 1)n5
2 2 2 2
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corresponding to the received generalized polynomial

1 1 1. 2((n+1)n)—1 1
b’(xz) = bo + b%xZ + ot b(ngl)xz D+ bgmz)mx 2 € Fz[x; TZ 20] (n+1)n-

Step 5: By looking at syndrome table (step 2), find the coset leader e for which S(b") = S(e).
Step 6: Decode b'as b'—e=a'.
Step 7: The corresponding corrected codeword polynomial a(x) in binary BCH code C,, is obtained.

Example 13 Let s =2, n = 2% — 1 = 3 and C; be the BCH code with positive integers c, J, gcd(n, 2) = 1
and generated by g(x) = x> + x + 1 € Fy[x]5. In this case, g(x;j = (xéﬁ4 + (xéj2 +1elF,[x; %Z >oli2 is the
generator polynomial of the corresponding binary cyclic code Cg311y3 = C12(12, 8, d). The generator matrix
of Cy, is given by

1 01 01 00 O0OO0OO0OTO
o101 01 O0O0O0O0O0OO
0o 0101 0T1TO0O0OO0OO0OO
G'= o001 01 O0OT1TTO0OO0OO0OO
o0 o0 O0T1TO0T1TTGO0OTO0OO0OO
000 O0O0OT1TTGO0OT1TO0OT1TTO0TPO
0 0000 O0OT1TTUO0OT1O0OT1O0
00 0000 01 01 0 1 |

and parity-check matrix with check polynomial h(x%) =1+ (xéﬁ2 + (x; 6+ (x; 8 is given by

1 0100 01 01 00O
H,_OIOIOOOIOIOO
0o 01 01 00 O 1T 010
00 0 1 01 0 0 01 01
Syndrome table is given by
coset leader syndrome
e = 000000000000 0000
e; = 100000000000 1000
e, = 010000000000 0100
e3 = 001000000000 1010
e4 = 000100000000 0101
es = 000010000000 0010
es = 000001000000 0001
e; = 110000000000 1100
eg = 100100000000 1101
e9 = 100001000000 1001
ejo= 011000000000 1110
e = 010010000000 0110
e1» = 001100000000 1111
e;3 = 001001000000 1011
e14=000110000000 0111
e1s=000011000000 0011
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Let b=110 € IF% be the received vector of binary BCH code Cs. Then, its polynomial representation is
given by b(x) = 1 + x in F,[x]5 and the corresponding received polynomial in the cyclic code C\, is given
by b’(x%) =1+ (x%)2 in Fy[x, %Zz ol12, and its vector representation is b’ = 101000000000 & Féz. Also,
S(b"y = b'«(H")" = 0010 = S(es), hence the corrected codeword in Cy, is a' = b’ + es = 101010000000 and
its polynomial representation is a' (x) = 1+x* +x* in F,[x; %Zz ol12- Hence, the corresponding corrected
codeword in binary BCH code Cy is a(x) =1 +x + x> in F5[x]3, that is a = 111.

AN APPLICATION TO COGNITIVE RADIO

Cognitive radio is a most recent technology in wireless communication by which the spectrum is vigorously
used when the primary user, the approved possessor of the spectrum, is not consumed. The scheme of
cognitive radio is initiated in Mitola 2000. Rendering this notion, the cognitive radio has the competence
to judge the radio environs and step up the decision according to the transmission parameters such as code
rate, modulation scheme, power, carrier frequency and bandwidth.

The fundamental map in Zhao and Sadler 2007 is to issue license spectrum to secondary users and hurdle
the interference observed by primary users. To guard the primary user from the interference activated by
the secondary user during transmission, (Srinivasa and Jafar 2006) offered an organization of transmission
models as interweave, underlay and overlay.

By (Mitola 2000), in the interweave model the secondary user has opportunistic accesses to the
spectrum slum while the primary user is not in and pull out when the primary user wants to in once more.
For cognitive radio transformation under the interweave model we may get spectrum corresponding to the
binary cyclic code C,+1), for data transfer of the primary user. Now, the setup only allow the secondary user
having binary BCH code C,, for its data transfer. Accordingly the secondary user obtain high speed data
transfer as compare to its own scheme of the BCH code C,.

CONCLUSION

This paper addresses the following aspects:

1. There does not exist a binary BCH code of length (n+1)n generated by a generalized polynomial g(x%) €
F,[x, %Z > o] of degree 2r corresponding to a binary BCH code of length n with n = 2° — 1 generated by a
polynomial g(x) € [F»[x] of degree r such that C, is embedded in C,,.

2. There does exist a binary cyclic code of length (n + 1)n generated by a generalized polynomial g(xéﬁ €
F,[x, %Z > o] of degree 2r corresponding to a binary BCH code of length n with n = 2° — | generated by a
polynomial g(x) € IF5[x] of degree r such that C, is embedded in C;11y,.

3. An algorithm is given which enables in decoding of a given binary BCH code C,, of length n through the
decoding of a binary cyclic code C,+1), of length (n + 1)n. Consequently, we have the advantage that, if
n—r message transmitted under the cover of binary cyclic code C;11y,, then we obtain high speed data transfer
as compare to the BCH code C,. Whereas the codes C, and C,+), have same minimum hamming distance.

4. By the interweave model for cognitive radio, the secondary user transfers its data through the binary BCH
code C, and has opportunistic accesses to the spectrum of primary user which uses binary cyclic code
Cnt1y, for its data transfer. As a result the secondary user achieve high data transfer rate as compare to its
own scheme based on the BCH code C,.
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RESUMO

Para um determinado cddigo binario BCH C,, de comprimento n = 2°—1 gerado por um polindmio g(x) € Fy[x]
de grau r ndo existe um codigo BCH binario de comprimento (n + 1)n gerado por um polindmio generalizado g(x%)
e Fylx, %Z > (0 de grau 2r. No entanto, ndo existe um codigo ciclico binario C,+1y, de comprimento (n + 1)n de tal
modo que o codigo BCH binério C,, ¢ imerso em C,+1y,. Assim, um codigo de taxa elevada ¢ alcangado através de um
codigo ciclico bindrio C,+1), para um c6digo BCH binario C,.. Além disso, propomos um algoritmo que facilita na
decodificagdo de um codigo BCH binario C,, através da decodificagdo de um codigo ciclico binério C,+1),, a0 passo

que os codigos C,, € C(,+1), possuem a mesma distdncia de Hamming minima.

Palavras-chave: Codigo BCH, codigo ciclico binario, codigo de Hamming binario, algoritmo de decodificacao.
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