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Super-critical Hardy-Littlewood inequalities for
multilinear forms

DANIEL NUNEZ-ALARCON, DJAIR PAULINO & DANIEL PELLEGRINO

Abstract: The multilinear Hardy-Littlewood inequalities provide estimates for the sum
of the coefficients of multilinear forms T : £ x - x £5 ~— R (or C) when 1/p; + - +
1/pm < 1. In this paper we investigate the critical and super-critical cases; i.e., when
1/py + -+ 1/pp > 1.
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INTRODUCTION

Littlewood'’s 4/3 theorem assures that for K = R or C, we have

n 4/3 o
> |Ae, )| < V24|

J1j=1
for all positive integers n and all bilinear forms A : ¢7 x ¢7_ — K, where as usual

[Al = sup {|A(x,y)| : x| < 1and [y[ <1}

and ¢; denotes K" with the £, norm; the exponent 4/3 cannot be improved (i.e., cannot be replaced by
a smaller one). Under an anisotropic viewpoint, the result can be generalized as follows (see Theorem
5.1 1in Pellegrino et al. 2017): the inequality

by B
n n a
> (Z A e,) ) < V2| (1)
ji=1 \Jjp=1
holds for all n whenever a,b € [1, 00) satisfy
1,13
a b~2
Moreover, if a, b € [1,00) satisfy L1 s
a7

then (1) is not possible, i.e., if

1

b

> (Z |A<ewejz)\a) < C|Al,

J=1 Jo=1
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then the constant C must depend on n.

From now on, unless stated otherwise, the exponents involved in the inequalities are positive
and can be even infinity (in this case the corresponding sum is replaced by the supremum). We also
consider 1/o0 := 0. The Hardy-Littlewood inequalities for bilinear forms were conceived in 1934 by
Hardy and Littlewood (see Theorem 5 in Hardy & Littlewood 1934), as a natural generalization of
Littlewood’s 4/3 inequality. The results of the seminal paper of Hardy and Littlewood, in a modern
and somewhat more general presentation, can be summarized by the following two theorems:

Theorem 1. (see Osikiewicz & Tonge 2001 and Aron et al. 2017) Let 1 < g < 2 < p, with % + % < 1. The
following assertions are equivalent:

(a) There is a constant C > 1 (not depending on n) such that

(Z (Z e, e;,) a) ) < CJA|
J1=1 Jp=1

for all bilinear forms A : £ x {5 — K and all positive integers n.

ol

(b) The exponents a, b satisfy

q 1
(a,b) S [7,OO> X lH,m) .
91 1= (5+3)
Moreover, the optimal constant C is 1.

Theorem 2. (see Pellegrino et al. 2017) Let p,q € [2, 00], with % + % < 1. The following assertions are
equivalent:

(a) There is a constant C > 1 (not depending on n) such that

1

(Z (Z ‘A(eh’eiz)‘a> ) < CJA|

Ji=1 \jp=1
for all bilinear forms A : £] x £7 — K and all positive integers n.

(b) The exponents a, b satisfy

and
11 3 11
—+ gf—<—+—>. (2)
a 2

Since (2) is trivially verified under the conditions of Theorem 1, we can unify the two theorems as
follows:

Theorem 3. Let g € (1,00] and p € [2, o], with % + % < 1. The following assertions are equivalent:
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(a) There is a constant C > 1 (not depending on n) such that

1
b
) < C|Al

for all bilinear forms A : £ x £7 — K and all positive integers n.

olo

=1 \p=1

(Z (Z \A@fwef)\a)

(b) The exponents a, b satisfy

and
pled (14
b~ 2 p q/°
In 1981, Praciano-Pereira (see Praciano-Pereira 1981) extended the Hardy-Littlewood inequalities
to m-linear forms as follows: if py, ..., p,, € [1,00] and

Q=

n om o
( RUCH --»ejm)lm“(%*”'**m)) < T, (3)
Jiseesdm=1
forall m-linear forms T : €] x - x £ ~— K and for all positive integers n.
When
1 1 1
< —+ o+ — <,
27 p, Pm

Dimant and Sevilla-Peris (see Dimant & Sevilla-Peris 2016 and Cavalcante 2018) have proved that there
exists a constant C > 1 (not depending on n) such that

n . 17(1317+"'+ﬁ>
( > |T<e,-1,...,e,vm>|ﬂW"w) <[, (4)

jh-~-7jm:1

for all m-linear forms T: £7 x --- x £} — K and for all positive integers n.

Both in (3) and (4) the exponents are sharp, i.e., they cannot be replaced by smaller exponents
keeping the constant C not depending on n (this terminology will be used throughout the paper).
However, there still remains the question: what about anisotropic versions of (3) and (4), i.e., variants
with eventually different exponents associated to each index? Throughout this paper we shall address
this question and related problems.

In Albuquerque et al. 2014, the anisotropic version of the result of Praciano-Pereira was finally
settled (see also Santos & Velanga 2017 for a more complete version for the case py, ..., p,, = 0o):
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Theorem 4. (see Theorem 1.2 in Albuquerque et al. 2014 and Theorem 5.2 in Pellegrino et al. 2017) Let
D1, ..y Pm € [1,00] be such that

and

The following assertions are equivalent:
(a) There is a constant C > 1 (not depending on n) such that

a1
a a1

> (- (Shte >)) <l

Ji=1
for all m-linear forms A : £] x - x £; — K and all positive integers n.

(b) The inequality

is verified.

The anisotropic version of (4) is still not completely solved, but in Aron et al. 2017 the following
partial answer (that also generalizes Theorem 1) was obtained:

Theorem 5. (see Theorem 3.2 in Aron et al. 2017) Let m > 2 and 1 < p,, <2 < Py, ..., Ppy_q, With

1 1
— et — <1,
P4 Pm

The following assertions are equivalent:

(a) There is a constant C > 1 (not depending on n) such that

5 (- (Spteedt) ) | <o

for all m-linear forms A : £ x - x £y — K and all positive integers n.

o
g

(b) The exponents qy, ..., q,, satisfy

g > 6Pu Pm .0, > 5[727 P m e B > 6§m47pm,qm > 51Pm7

with
5pmk7pm —— 1
m—k+1 T 1 1)\
G
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The attentive reader may wonder why the case

1 1
— et — > (5)
P Pm

is not investigated in the previous results? The reason is simple, because in this case it is easy to
prove that if there exists C (not depending on n) such that

1
n s
(3 reeel) <cm

j17~»~7jm:1

forall m-linear forms T : 7 x - x £y — Kand all positive integers n, then s = oo (i.e., we are forced
to deal with the sup norm, and the result becomes trivial). However, under the anisotropic viewpoint,
as a matter of fact, there is no reason to avoid the case (5) and it constitutes a vast field yet to be
explored. The first step in this direction is the following:

Theorem 6. (see Theorem 1 in Paulino 2019) For all m > 2 we have

T
a2

PQ
n n qgi; %
sup | > ( (Z \T(ef17-~~7e,-m)\qm) ) <2"7 T (6)

h }-2:1 jm:1

for all m-linear forms T : £ x -+ x £ — K, and all positive integers n, with

B 2m(m —1)
W= mk—2r+t2

forall k =2,...,m. Moreover, g, = oo and q, = m are sharp and, for m > 2 the optimal exponents g,
satisfying (6) fulfill
> M kR=2,...m
Qk = k 1 ’ g eeey e

The case considered in Theorem 6 is called critical because it is a special case of (5), and from
now on we shall call case (5) super-critical, which is the topic of the present paper. In the next sections
we provide a partial solution to the super-critical case for 3-linear forms and we investigate what are
the conditions needed to obtain m-linear Hardy-Littlewood inequalities in the super-critical case.

THE 3-LINEAR CASE

We begin this section by presenting two simple, albeit very useful, lemmas that will be used all along
the paper.

Two multi-purpose lemmas
ForS={sy,...,S,} € {1,..., m}, we define

g = {'], ey m}\S
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and by is we shall mean (is , ..., i5,). If S = {s;, ..., s} and p = (P, ..., prm) € (0,00]", we define
1 1 1
|5 = o+ o
Pls  Ps, Ps,

The lemmas read as follows:

Lemma7z. let k€ {1,...,m} and p = (p;,...,py) € [1,00]™. If there is a constant C > 1 (not depending
on n) such that

Im—1 [

n n n qm am
ejs""7ej5 . <
s (s (zw m> ) o
}5m=1

j51=‘| j52=1

for all m-linear forms T: £y x - x £; — K and all positive integers n, then
S Sm

:
rt1 Ay
Ak+2

am
z”: Z Z A, e ] - <ClAl
k1 m
1\

dm—1

J

i =1 —
Jspan Sk+2

for all (m — R)-linear forms A: 47 x - x £y — Kand all positive integers n.
k1 sm

Proof. To simplify the notation, we can suppose (Sq,...,S,) = (1,...,m).

Let suppose that there is a constant C > 1 such that

n n n “am %2
3 z---(zrr<e,-ﬂ..-,e,-m>\%) ] <am

= =\

for all m-linear forms T: ng X e X Egm — K.

Given an (m — R)-linear form S: égm X oo xﬁgm — K, we define the m-linear form T: ég1 X ---xégm —
K, given by

—
—~
=
x
S
>
2
~—
I

X1(1) ”_X1(fe>5 (x(t1) x(kt2) XYy

g eeey
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It is obvious that |T| = |S||; then, by the above assumption there is a constant C > 1 such that

1
Ak+1
am—1 + AR41

n a, am k2
> Z‘ g, +n8 )
. =

Jrpa=1 Jk 5=

Rt1 N Gy

— k42
n U dm
= sup Z z:|e1 S(ey, -
Jom =1

ety omb | Jpq=1 J

k+2
Akt ARt

n QZ'TA Ak+2
q
S POl pog (zv g )

{ktsomy \ Jpr =1 \J Jp=1

R+2

1
91 91

< |3 (3 (e )
= \u=1 N\, =

<l

=CJs|.

O

Lemmas8. Letk e {1,..m} and p =(p;,....Py) € [1,00]™. Let S = {s;, ..., S} C {1,...,m}. If thereis a
constant C > 1 (not depending on n) such that

a1
9r—1 ay

9k
< CJA]

S Z‘A(ejﬁ,...,ejsk)

J=1 \Us, =" Jo, =1

for all k-linear forms A: égﬁ X eee X Egsk — K and all positive integers n, then

Ak—1 q
n n Ik

sup | D[ D ZIT e <c||

i | — | ~—
s {Ua=1 U= Jg, =1

for all m-linear forms T: £5 x - x £; — K and all positive integers n. Moreover, if

and, for everyj €S,

Su{jt

the sup cannot be improved (here and henceforth, this means that the sup cannot be replaced by any
£ -sum).

p
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Proof. To simplify the notation, we can suppose (S, -.-,Sp) = (1, ..., R).
Let us fix the last m — k variables and work with kR-linear forms A: ng X oo X ng — K. Since

1

@ 1
k-1 qy @

SIDIE (Z\A s ) || <

Ji=1 \Up=1 Je=1
for all k-linear forms A: 631 X e X Egk — K, we know that there is a constant C > 1, such that for any

fixed vectorse; ,...,e; ,we have
R+1 Im

S (Z|T(ejw,...,e,-m)\%)
J

]51 =1 jSz =1 st =1

<t (e, e )

7 T k? T T

for all m-linear forms T: ng X oo X Egm — K. Then, there is a constant C > 1, such that

1

N\ @
qp_- 1
T3 D31 DR b Sl CHNORILY
s s =1 U, = Js, =1
< CSUpHT <’ ’ "ejmt’ ”"ejm)H
13

< C|Tl

for all m-linear forms T: 5 x - x €] — K.
Now let us show that the sup cannot be improved. In fact, in this case we have m — k suprema,
none of which can be improved. Otherwise there will exist i € S, r € (0,00) and C > 1 such that

;1
N a\ "
L=} n\ 7

s [ S| (Z!T o0 €| ) <cim

o | =1 s =1\, = Jg, =1

forall m-linear forms T: E” ~xtp — Kandalln. Using the Lemma 7, this would imply the existence
of a constant C > 1 such that

£
S

k-1 Iy

n n n n o Tk
)N DI DI _Zq\A<ej,,et¢~»etk> < cJal
Js,= s, =

j1:1 )‘5.‘ =1

for all (kR +1)-linear forms A: £5 x £f x - x £y — K. Considering p = max{qy,...,q,r}, by the
monotonicity of the £, norms we conclude that there Is a constant C > 1 such that

: D\ 7
S |aee e[ ] <clal
Jids,

j ""’jsk:1
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for all (kR +1)-linear forms A: €5 x €5 x - x £y — K. But this is impossible due to the hypothesis
i S Sk

’%LU{,‘} - .

In the next sections, using Lemma 7 and Lemma 8, we obtain the super-critical versions of the
Hardy-Littlewood inequalities presented in the introduction.

A first natural illustration of the usefulness of Lemma 7 and Lemma 8 leads us to an alternate
proof of Proposition 6.3 in Pellegrino et al. 2017. In fact, if g € (1, 00], it is well known that

(Z 4 <e,~>|“) o

for all bounded linear forms A: £, — K, if, and only if, a > 75 7. Thus, fora, b € (0,00}, and p,q € (1, oo
such that ; +1 g =1 we invoke Lemma 7 and Lemma 8 to obtam.

Proposition 9. (see Proposition 6.3 in Pellegrino et al. 2017) Let p,q € (1,00] be such that % + % > 1.

We have )
(;(ZV\ ) ) )b<|A||

for all bilinear forms A: {7 x £§ — K and all n if, and only if, the exponents a, b satisfy

ol

b:ooandaz%.

q —
In this section we are mainly interested in the case of 3-linear forms.
By Theorem 6 used for 3-linear forms we have

Sup(i (ZHZIT(%,e,ze)\ )) <V2|T| (7)
h \Up=1 \Us=1

for all 3-linear forms T : ¢§ x ¢§ x ¢ — K, and all positive integers n, with g, = 3 and g; = 12/5.
Moreover, the supremum cannot be replaced by an ¢,-sum and g, = 3 is sharp; besides, the optimal
exponent g satisfying (7) fulfills g5 > 3/2.

As a consequence of Lemma 7 and Lemma 8, we complete the above result.

Proposition 10. Letp,r € (1,00) and q € [2,00] be such that 1 +1 <1and 1+ 1+ > 1. The following
assertions are equivalent:

(a) There is a constant C > 1 (not depending on n) such that

q - a1

S (Srenar) ) | <om

Hh=1 \U2=1 \J3=1

for every 3-linear form T : £] x £7 x £] — Kand all n

An Acad Bras Cienc (2023) 95(1) €20200255 9 | 16



DANIEL NUNEZ-ALARCON, DJAIR PAULINO & DANIEL PELLEGRINO HARDY-LITTLEWOOD INEQUALITIES

(b) The exponents q,,q,, g5 satisfy
= OO’ 2 —_—mm
Q1 QZ 1— (
and
1 1 3 1 1
—r<s-(5+2)
9, Q3 2 rq

Proof. Since % + } < 1, by Theorem 3 there is a constant C > 1 such that

1
n n % [
(Z (2 4 (e,-zve,g)I%) ) <CHA
)= J3=

for all bilinear forms A: Eg x ¢! — K if, and only if,

> r g, > 1
3 = _72— 1
1 1_(?

r

1 1 3 1 1
LRSI
G; QG 2 rq

We combine this equivalence with the fact % +1<1and % + % + 1> 1, and then, we invoke Lemma 7
and Lemma 8 to conclude the proof. O

and

Corollary 11. For all 3-linear forms T : £§ x (5 x ¢§ — K and all n, we have

g a
q 2\ @

S (Sreaar) ) | <an

H=1 =1 \J3=1

if, and only if, g, = o0, g, >3, g3 > 3/2, and qi2+i <2

THE m-LINEAR CASE

Now we use Lemma 7 and Lemma 8 to obtain super-critical versions of Hardy-Littlewood inequalities
for m-linear forms. Our main result is the following Theorem. Below, we use the notation [x] to
represent the smallest integer greater than to x, i.e, [x] =min{n € Z | n > x}.

Theorem 12. Let m > 2 be an integer, p € (1,2m], k := max{0, [m —pl}and A= {i e {1,..m—1}:
i < R}. Then, there is a constant C > 1 (not depending on n) such that

1

n q
_SUD< > ‘T(efﬂ""efm)‘q) < T

JiriEA Jratsedm=1
for every m-linear form T : £ x --- x £} — K'if, and only if

p
>
9= 0= m—h

Moreover, the sup cannot be improved.
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Proof. The case k= 0 is precisely (4), so we shall assume k > 1. Since p € (m — k,m — k + 1] we have

1 <1< 1
m—k+1~"p m—R
and thus
m—R m—Rk
< 1.

<
m—RkR+1~ p

On the other hand we also have
m-—~Rk+1

p

1<

By (4) there is a constant C > 1 such that

1
n q
( Z ‘T(e/k+w""’efk)‘q) < CHT“

jk+17-~~jm:1

for every (m — k)-linear form T : Eg X e X Eg — K if, and only if,

p
>
= —(m—h
By Lemma 8 with S ={k+1,R+2,...,m} C {1,...,m}, and Lemma 7 we conclude the proof. O

We finish this section with some super-critical results in the anisotropic setting, whose proofs we
omit. We begin with a super-critical version of Theorem s:

Theorem13. Letm >2, ke {1,....m —1}, py, ..., P, € [1,00], Pryas s Pm_q € (2,00] and p,, € (1,2], such

that :
—F e+ — <1
Pk Pm
and
1 1 1
-t — 44+ — 21
pj pfe+1 pm

forallj € {1,...,R}. The following assertions are equivalent:

(a) There is a constant C > 1 (not depending on n) such that

3 (Z (Z\T@m...,e,-m)Iqm) " ) <l

j‘|=‘| jz=1 jm=1
for all m-linear forms T : 4] x - x £} — K and all n.

(b) The exponents satisfy
1
1 1
()

Analogously, using Lemma 7, Lemma 8 and Theorem 4 we have:

gy = =Q,=ocandq; > Ji=RkR+1,...,m.
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Theorem 14. Let p,,....p, € [1,2] and py,q, ..., Py € [2,00] be such that

1 1
pl?+1 Pm 2
and
1 1
—_t — e+ — >
p/ pk-H m
forallje {1,...k}, and
.
Qk+17"'7Qm € 1 1 72
1= (Go e+ )

The following assertions are equivalent:
(a) There is a constant C (not depending on n) such that

T

. . q;ﬂi; 9
Z(...(Z\T(eh,...,e,.m)\%) ) <cim.

j1:1 jm:1

for all m-linear forms T : 4] x - x €5 — K and all positive integers n.

(b) g, = = g, = oo and the inequality
1 1 —R)+1 1 1
41 Im 2 Pk Pm
is verified.

The next result shows that it is possible to avoid the condition pl + ﬁﬂ + o pi > 1, for all
J m
je{1, ...k}

Theorem 15. Let p,,...,p, € [1,2] and py,, ..., P,y € [2,00] be such that

1 1 1
pl?+1 pm 2
and
1
Qk+17"'7qm € 1 ] 72
1= (5 + )
with

1 T (mM—R)+1 ( 1 1)
_ e — = _ 4+ — .
Qfe+1 dm 2 pl?+1 Pm

The following assertions are equivalent:

(a) There is a constant C (not depending on n) such that

Z ( (2“ (eh,,__,ejm)‘%> ) <C|T,
Jm=

f1:1

for all m-linear forms T : 47 x - x £; — K and all positive integers n.

An Acad Bras Cienc (2023) 95(1) €20200255 12 | 16
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(b) gy =-=qp= o0

Proof. Suppose that (a) holds and g, < oc. In this case, Lemma 7 provides a constant C such that

Im-—1

KN
" n am +1
3 ( (Z ‘T (e/'w ,,,,e}-m)‘qm> ) < C|T|

j)?:1 jm:1

for all (m—k+1)-linear forms T : ¢] x - x €5 — K and all positive integers n. For any
(m—R+1)-linear form T : 47 x - x £y — K, we define an (m — k + 1)-linear form S with the same
rule of T, but different domain ¢ x ng X o X Egm. So, there is a constant C such that

S (- (S]] 0

Je=1 Jm=1

_ Z( (Z\r(ejw,...,ejm)m )
Je=1 Jm="

<cr

<clsl.

forall (m —k +1)-linear forms S: ¢ x €5 x - x ¢; — K, and the exponents satisfy

1 1 1 1 (m—fe)+1 ( 1 'l)
7+7+...+7:7+ — _|_..._|_7
Ak Ak Im dr 2 Pr Pm
(m—R) +1 ( 1 )
2 Pkt Pm
(Mm—Kk+1)+1 (1 1 1)
et — —_i_i_i_.._’_i
2 2 pfe-H Pm

On the other hand, replacing the unimodular (m—k+1)-linear form of the Kahane-Salem-Zygmund
inequality (see Lemma 621 in Albuquerque et al. 2014) in (8), we obtain

1

LIRS
N am S Cm - n

MR (1 1 1
2 (2+Dm+ +ﬂm),

Since this is valid for all n, we conclude that

1 T (M—k4+1)+1 <1 1 1)
Ar Am 2 2 Pry Pm
and this is a contradiction. Hence g, = co. Finally, the fact that g, = -+ = g,,_, = oo IS a consequence
of Lemma 8, because : ; ; ;
—t—F— ot —>1
Pi  Pr Pk Pm
forallj e {1,...,.k —1} (recall that p,, ..., p, € [1,2]).
Finally, using Theorem 4 and Lemma 8 we prove that (b) implies (a). O
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Remark 16. It is worth mentioning that the above theorems are independent. For instance, if m = 4,
k=2, p, =p, =2and p; = p, = 8, nothing can be inferred by Theorem 14. However, using Theorem
15, we conclude that if g5,q, € [4/3,2] and qu + q% = 2 then there is a constant C (not depending on
n) such that

2
@

:
3 ( (Z‘T(eh,...,e}) q“) ) <C|Tl,

J1=1 Ji=1

for all 4-linear forms T : 5 x £9 x ¢ x £ — K and all positive integers n if, and only if, g, = g, = .
The following result was proved in Albuquerque & Rezende 2018 (in Corollary 2):

Theorem 17. (see Corollary 2 in Albuquerque & Rezende 2018) Let m be a positive integer and
1 . .
D1y Py € [1,2m] and — + -+ + — < 1. Then, there is a constant C (not depending on n) such

1 m
that

Im—1 a %

n n q Tam K
> (Shr(eeme)f) ) | <em
J1=1 Jm=1
for all m-linear forms T : {5 x - x £; — K and all positive integers n, with
T 1 (m—i+1) 1 1
— =t =4+ — ],

2 2m Pi Pm
foralli=1,...,m.

Again, Lemma 7 and Lemma 8 combined with the Kahane-Salem-Zygmund inequality (see Lemma
61 in Albuquerque et al. 2014) and Lemma 31 in Aron et al. 2017 give us the following super-critical
version of the Theorem 17:

Theorem18. Letm > 2, ke {1,....m—1}, py,...,p € [1,00] and py+, ..., Pm € [2,2(M—R)], be such that

— ot — <1
Pr+ Pm
and
1 1
—— ot — 1,
p/ pk+1 Pm
forallje{1,...,k}. Then
91 =
Im=1 n\ "
n n an am .
S (Sreair) ) | s 0
j1:1 jm:1
for all m-linear forms T : £ x --- x {5 — K and all positive integers n, with g, = --- = q, = oo and

T 1 (m—i+1) (1 1)
—_— =t — [ — 4+ -+ — ,
g 2 2(m—R) pi Pm

An Acad Bras Cienc (2023) 95(1) €20200255 14 | 16



DANIEL NUNEZ-ALARCON, DJAIR PAULINO & DANIEL PELLEGRINO

HARDY-LITTLEWOOD INEQUALITIES

foralli = k+1,...,m. Moreover, g, = - = q, = oo, and the optimal exponents g satisfying (9) are

such that

and the inequality

1 T (m—=R)+1 1 1
1 dm 2 Pk Pm
Is verified.
Remark 19. When k=1and p, = --- = p,, = m we recover Theorem 6.
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