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MULTIPLES OUTLETS

MARINALDO F. PINTO!, ANTONIO P. DE CAMARGO?, RUBENS D. COELHO?

ABSTRACT: In this study is presented an economic optimization method to design telescope
irrigation laterals (multidiameter) with regular spaced outlets. The proposed analytical hydraulic
solution was validated by means of a pipeline composed of three different diameters. The minimum
acquisition cost of the telescope pipeline was determined by an ideal arrangement of lengths and
respective diameters for each one of the three segments. The mathematical optimization method
based on the Lagrange multipliers provides a strategy for finding the maximum or minimum of a
function subject to certain constraints. In this case, the objective function describes the acquisition
cost of pipes, and the constraints are determined from hydraulic parameters as length of irrigation
laterals and total head loss permitted. The developed analytical solution provides the ideal
combination of each pipe segment length and respective diameter, resulting in a decreased of the
acquisition cost.
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OTIMIZAGAO ECONOMICA DE CONDUTOS TELESCOPICOS COM MULTIPLAS
SAIDAS

RESUMO: O presente trabalho teve como objetivo desenvolver um procedimento de célculo para
otimizacdo econbmica, aplicado ao dimensionamento de linhas laterais de irrigacdo telescépicas
com mdltiplas saidas. A metodologia proposta pode ser empregada para a associacdo de condutos
em série, sendo valida para o dimensionamento de trechos de tubulagdo com trés diferentes
diametros. Determinando-se a combinacdo ideal de comprimentos e respectivos diametros de cada
trecho, obtém-se o resultado de minimo custo na aquisicdo de tubulagdo. Para tal, utilizou-se a
técnica dos multiplicadores de Lagrange, submetendo a funcdo de custo as restricdes do sistema,
cujas variaveis de decisdo sdo o comprimento da tubulacdo e a perda de carga total ao longo do
percurso de escoamento. A técnica dos multiplicadores de Lagrange mostrou-se adequada para a
otimizacdo econdmica do sistema em questdo, quando comparada ao método-padrdao de
minimizacao de custos via funcéo objetivo e respectivas restri¢des (solver), possibilitando o célculo
do comprimento de cada trecho da tubulac&o, bem como a reducgéo nos custos de aquisigéo.

PALAVRAS-CHAVE: condutos em série, minimizacao de custo, multiplicadores de Lagrange.

INTRODUCTION

In general, the theoretical design of ducts refers to a diameter value commercially unavailable.
In this case, there are three possible solutions: a) Adopting the commercial diameter immediately
higher, a fact which provides lower load loss and higher fixed cost; b) Adopting the diameter
immediately lower, resulting in higher load loss and lower cost of acquisition of the system; and c)
Association of ducts in series, which is the most recommendable technical alternative in economic
terms.

A duct is equivalent to another one or other number of ducts if pressure loss caused by the
new system is equal to the original system, for the same flow rate (PORTO, 2006). Therefore, it is
possible the dimensioning of systems in series and in parallel, when the pipeline is traversed by the

! Mestre em Irrigago e Drenagem, Departamento de Engenharia de Biossistemas (LEB), ESALQ/USP, marinaldopinto@usp.br.
2 prof. Associado, Departamento de Engenharia de Biossistemas (LEB), ESALQ/USP.
Recebido pelo Conselho Editorial em: 9-4-2010
Aprovado pelo Conselho Editorial em: 14-2-2012
Eng. Agric., Jaboticabal, v.32, n.4, p.774-783, jul./ago. 2012


mailto:marinaldopinto@usp.br

Economic optimization method to design telescope irrigation of multiples outlets 775

same flow rate, or when there is a redistribution of flow between the ducts of the system,
respectively.

When there is water intakes along the pipelines, they are treated as drilled ducts (AZEVEDO
NETTO et al.,, 2005), distribution systems in motion (AZEVEDO NETTO et al., 2005) or,
distribution systems in course (NEVES, 1974). An example of this condition is found in the lateral
lines of irrigation, in which it is possible to make the combination of ducts in series in order to
reduce costs with pipelines. The cost reduction with pipelines is more important in fixed irrigation
systems, since in these systems the hydraulic network represents a large portion of the total cost of
the system (SAAD et al., 1994). Therefore, reducing the costs of the hydraulic network (pipeline)
without the increase of variable costs (energy) is an important point to be studied.

The calculation procedures for the association of ducts in lateral lines are usually presented
for pipelines with only two sections (BERNARDO et al., 2006). For this situation, it is not possible
a great economical solution, because there is only one condition that attends to the technical criteria
for load loss. Similarly, when the number of sections is greater than two, there are innumerable
combinations of length of pipeline of each diameter, for the same loss of load, which makes
possible the adoption of the solution, which provides the minimization of the acquisition cost of the
system.

In order to have a solution with technical viability, the optimization of the cost function
should be submitted to the restrictions of the system (SAAD & MARCUSSI, 2006; BORGES
JUNIOR et al., 2008; LUENBERGER, 2008; STEWART, 2010), since the minimum point of a
linear function, with image being restricted to natural numbers, such as the cost function, results in
pipeline length of a zero value, which does not refer to a solution with technical viability. The
boundary conditions or the constraints are related to the entire length and the load loss of the lateral
line.

There are several methodologies for the optimization of systems, among them it is highlighted
the solution by using graphical processes, algorithms (simplex, the gradient method) and algebraic
methods (Lagrange multipliers). The choice of the method to be employed depends on the
particularities of each problem, that is, for those of greater complexity, it is required more
sophisticated methods.

It may be used computational tools, such as "the Solver" from Microsoft Excel (obtaining the
solution through attempts), in which is implemented the objective function, constraints and decision
variables. This tool has the disadvantage of dependence on computational resources.

In view of the above mentioned, the aim of this study has been the development an algebraic
calculation methodology for the dimensioning of a lateral line of irrigation, composed of three
sections, using the optimization technique of Lagrange multipliers (STEWART, 2010) for
minimizing the cost of acquisition of the system.

ISSUE DESCRIPTION
Hydraulic Modeling and Optimization

The dimensioning of perforated ducts, consisting of sections of different diameters may be
done based on the concept of fictional flow, either to the association in series or in parallel, as it is
shown in egs.(1) and (2), respectively ((DENICULI et al., 2004). The chosen equation of load loss
must attend particular technical requirements of each method, for all the sections of the duct, this
IS, an interesting alternative is the use of Darcy-Weisbach equation, which has no restrictions on the
pipeline diameter.
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In which:
@,.- flow rate of k passage;
D_- calculated or equivalent diameter;
D - diameter of k passage;
L- entire length of the lateral line;
m e n- coefficients of the load loss equation;
@4- input flow rate of the lateral line;
@,- downstream flow rate of the lateral line;
Qux+1 = @, Whenk =i, and
i- number of sections.

The equivalent diameter of the pipeline is obtained by applying an load loss equation,
according to dimensioning criteria of lateral line of irrigation, which is the limitation of this
parameter in 20% of the pressure of the transmitter, so that variation of flow does not exceed 10%
along the lateral line, whether for irrigation by conventional or localized aspersion (BERNARDO et
al., 2006).

In the case of the combination of three sections in series, as presented in Figure 1, eq.(1) may
be transformed into eq.(6), considering the unitary flow (g,,), as presented in egs.(3), (4) and (5).
The commercial diameters D1 and D2 are, respectively, higher and lower than the calculated
diameter.

\

D1 D2 ) D3 @

/

| L1 ol L2 -l L3 -

FIGURE 1. Schematic diagram of ducts in three sections.

The unitary flow rate is an assumption that the input flow of the system is continuously and
constantly distributed along the pipe, i.e. the flow is distributed per unit of pipeline lengths,
allowing calculating the loss of load along it.

In systems where the number of outputs of the lateral line is higher than 30 emitters, this
approximation is quite accurate, differing in 5% of the load loss, calculated by means of the
equation of Hazen-Williams in combination with the coefficient of Christiansen. However, the
higher number of emitters and smaller spacing among them, the more accurate the calculation of
load loss through this procedure (DENICULI et al., 2004).

Q2 = qm(Ly + Lg) (4)
Qa3 = qml; (5)
L?‘J‘l+1 L?‘J‘H‘l _ (Lz +L3:]m+1 [Lg +L3jm+1_ L3m+1 L3m+1

! = ] + » + n (6)
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Equation (6) has no unique solution to satisfy the conditions for load loss established.
However, the dimensioning may be done considering the minimization of the cost of the pipeline,
i.e. the combination of the results, in order to provide lower cost of acquisition of the lateral line,
reducing the total cost of the irrigation system.

Assuming that the price of the pipeline is proportional to the amount of required material for
its manufacturing, its cost may be indirectly estimated, through the volume or weight of material
that compose it. Therefore, the total cost of the pipeline of the lateral line, in proportional terms,
may be calculated by using eq.(7):

I

C & Z Vil (7)
k=1

In which:
C- yotal cost of the pipeline;
V.- volume or unitary weight of material, which compose the pipeline, corresponding to the k-
th section;
L, - length of the corresponding section, and
i- number of sections.

The volume of material per unit of length may be determined by eq.(8):

v=C"p,?-Zp* 8
_4 ax 4 ()

D,.=D+2e 9)
In which:

D, - outside diameter of pipeline;
D - inner diameter of pipelines, and
e - thickness of the pipeline.

Substituting eq.(9) into (8), eq.(10) is obtained:
V =me(D +¢e) (10)

According to HIBBELER (2008), the thickness of the pipeline may be determined by eq.(11)
(Mariotte Equation). This equation is based on the minimum thickness that pipeline should have to
bear the nominal pressure, based on the circumferential tension and the resistance of the material,
which the pipeline is formed. So that eq.(10) may be simplified in eq.(12):

PD

© 7 2, (11)
v=nF'D2[1+i] (12)
20, 20,
In which:

P - internal pressure of the pipeline, and
@ - circumferential tension of the pipeline.

Assuming that all of the pipeline sections are composed of the same material, and that it is
subject to the same pressure, i.e. it has the same nominal pressure value, eq.(12) results in eq.(13):

V & D2 (13)
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Therefore, the minimum cost of the lateral line may be obtained by subjecting the eq.(7) to the
system constraints (egs.(14) and (15)), using the technique of Lagrange multipliers (4), followed by
the partial derivation. The point at which the system is optimized, is one in which the partial
derivatives (eq.(17), (18), (19), (20) and (21)) of the resulting function (eq.(16)) have zero value:

L?‘J‘l+1_ (Lz _|_L3:]m+1 + (L: +L3jm+1 _L3m+1 B
D," D," D, D"

&

Li+L,+L;— L=0 (15)

L m+1l L?‘J‘l+1
3

=0 (14)

F=V,.L,+ V,.L, +V,.L,
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di, D" D," D" D"
dF
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Substituting eq.(17) into (18), (17) and (22) into (19) results in eq.(22) and (23), respectively:

Mt 0.0+ L) (55 55) =1 — % 22)
1 1
hym+ DL (55 5) =V~ % (23)
Dividing (23) by (22) and rearranging, results in eq.(24):
-1 (s -5) |
Ly= 2210 ) (Lo +Ly) @4

1 1
v, - 1) = —
[ 2 l)(Da?‘z Dgn)

As the linear volume and diameter of each section are constant, it is desirable that they are
isolated from eq.(24), as it is shown in eq.(25). Thus, the same may be simplified in eq.(26):

=) (55 - o)\

(25)
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L.,= (26)

Rearranging eq.(20) results in eq.(27):

_(L: +L3jm+1 . [L: + Lajm+1 _L3m+1 L3m+1 B gmtl pmiil (27)
D," D," p,* D.* D

Substituting eq.(26) in (27) results in eq.(28):
m¥1l

Lm+1 Lm+1

L : _ D" D" k _ (28)
mtl o g 1 mtl ¢ g 1
G r25) ™ (o) + (28) (o)

Rearranging eq.(21) results in eq.(29):

Thus, it is possible to dimension a perforated duct with minimal cost, by means of eq.(13),
(25), (26), (28) and (29). The proposed model may be applied only in the case that the load loss
equation used as a basis, not present restrictions at all sections of the lateral line.

Obtained model evaluation

To verify the hypothesis that the equations obtained algebraically through the optimization
process (egs.(26), (28) and (29)) provide the minimum cost of the lateral line, it was prepared a
spreadsheet in Microsoft Excel software, with the SOLVER tool, using interative methods to find
the optimal solution. The objective functions and restrictions were placed on the spreadsheet, as
well as the decision variables, as it is shown in Figure 2.

Dimensioning spreadsheet of lateral ling linking ducts in series

Input data Decision variables
Diameter {mm) [ Unit. volume (m 1) Length of pipeline (m)
D1 100 0,01 L1 45.61761232
2 75 (.005625 L2 1168017758
D3 50 0.0025 L3 4258061184
De 81.08 -
Other parameters
L (m) 205 Obiective function
m 1,852 .
Vohmne(m™) 1.219637642 -
n 4.871 —1
Restrictions Vahly+ V.l +15.1,
Total length (m) 0 T Li+Ll:4L;-L
Load loss (mca) 3.64075E-15

L) L-n&-l o (I.: = LJ)"NI X (L: + L;)H’! = Lzm‘l ‘Liwnx > L—\oi
D" D," D," D"

FIGURE 2. Spreadsheet used to calculate the irrigation laterals arrangement for three diameters.
The implementation of SOLVER is shown in Figure 3, where restrictions were placed on the

system, limiting the length of each section of pipeline in values greater than or equal to 0, so that
negative values are not considered, since this situation has no physical meaning and provides an
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error in the equation that relates the load loss and length of each section. Other constraints were the
same used in the development of optimization through the algebraic process.

As it may be seen in Figure 3, the target cell corresponds to that which it is located the
objective function, or function that relates the length of each section of pipeline with the cost of the
system (eq.(7)). In the variable cells are indicated the decision variables, i.e. the length of each
section, which should be assigned any initial value, since it is a natural number, and attends the
condition of total length of the lateral line.

Once entered restrictions, just click the button "resolver/ solve", that the lengths of each
section of pipeline are shown in corresponding cells of the decision variables (Figure 2).

g N
Pardmetros do Solver ﬁ Funcéo objetivo lﬁi-,l
I
Definir célula de destino: {:":_;] Resolver
Igqual a: Méx @ Min Valor de: |0 [T]
Células varidveis: —_—
L, Lyel; $685:$GS7 |E] Estmar |
Submeter as resb’igﬁes:ﬁ Ly +L;+Ly;— L=0 Opcdes
0s15=0 ——— «| | Adicionar
$D$16 =0 — l'—J
50
= Redefinir tudo
! Auda |
\

Lm+1_ (Lz _|_ La)m+1 + (Lz _|_L3:]m+1 _L3m+1 L3m+1 Lm+1

D" D" D, D"

2

FIGURE 3. Excel SOLVER PARAMETERS screenshot, Brazilian Portuguese version.

=0

For the example of dimensioning shown in Figure 2, it has as a result the total volume of
1.22 m® and lengths of 45.6, 116.8 and 42.6 m for the section 1, 2 and 3, respectively. The results
obtained using the algebraic equations (egs.(25), (27) and (28)) are practically identical to those
obtained by the solution of the SOLVER, presenting differences only from the fourth decimal point.
The accuracy of the Excel was 10, tolerance of 5% and maximum number of interations equal to

100 (Figure 4).
rOpgc”)es do Solver ﬁ‘

Tempo maximo: | 100 segundos [ OK ]
IteracOes: 100 l Cancelar ]
Precisdo: 0,00000000000}1 [ Carregar modelo. .. J
Tolerancia: 5 % [ Salvar modelo... ]
Convergéncia: |0,0001 l Ajuda ]
["] Presumir modelo linear ["] Usar escala automatica
["] Presumir n3o negativos ("] Mostrar resultado de iterac3o
Estimativas Derivadas Pesquisar

1@ Tangente 9 Adiante @ Newton

(") Quadratica ") Central *) Conjugado

.

FIGURE 4. SOLVER properties.
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Cost analysis

Still regarding the example shown in Figure 2, an analysis was made which relates to the
difference in the percent relative costs of the lateral line for different types of dimensioning (Figure
5). The analysis was performed for different equivalent diameters, limited in range of diameters D1
and D2 in the example shown in Figure 2. The difference in percent relative cost Al: the quotient of
differences in cost between the duct with two sections and three sections, by the cost of the duct
with three sections (eq.(30)); A2: the quotient of the difference in cost between the duct with
diameters greater and three sections, by the cost of the duct with three sections (eq.(31)), and A3:
the quotient of the difference in cost between the duct with diameter immediately higher and with
two parts, by the cost of duct with two parts (eq.(32)).

2 2yr _ %3 2
Ek:le Lk k=1Dk Lk

Al = - 100 (30)
i:le‘Lk
DAL-3¥3_.D, %L
Az=2_"E2F X400 (31)
;l{:j_'Dk Lk

D.*’L—-%:_. DL
A3 = =2 %100 (32)
Z;:j_Dk‘Lk

In which:
L'y and L% - length of section 1 and 2, respectively, calculated using egs.(33) and (34)
(DENICULL, et. al., 2004; BERNARDO et. al., 2006).

(El.) _ m+l
L, =1 |\ (33)
@)
D,
L'y=L—L, (34)
10 100
9. <Al = A2 =A3 r 0
N 8 s x - 80 —
S o A K
2 7 o 4 A Z . - 70 g\;
C>> 6 ) o o ; A : : § I 60 i
B O I S 0 g
S 4 BRI 0 g
% 3 - B g § é < - 30 8
o 27 ° 8 x [ 20 S
1 . B 10 E
O —r 1 1 1 1.1 11 1. 1.1 1 1. T T°r 1T 1 1° 1°7T O &
75 80 85 90 95 100

Equivalent Diameter (mm)

FIGURE 5. Lateral irrigation line cost comparing a situation of three diameters with another of
equivalent diameter using data presented at Figure 2.

Analyzing Figure 5, there is evidence of association need of the ducts in the dimensioning of
irrigation systems, whether the combination of two or three sections. Although not serving as a
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generic percentage of cost, in view that it is a particular case, it is clear the cost difference between
the use of a diameter and three diameters / section (A2), ranging from 13.1 to 90.6%, with higher
values corresponding to equivalent diameters close to the commercial diameter immediately below.
According to BERNARDO et al. (2006), it may be adopted a smaller diameter, since the variation
of pressure does not exceed 23.5% of the pressure of the transmitter.

Regarding the importance of optimizing the cost of the lateral line, it may be seen in Figure 5
(Al), that for combination with two sections the cost is associated with more than three sections,
and this difference varies from 1.9 to 9.7%. It is noteworthy that the numerical results presented and
discussed, refer only to the particular case of this example and should not be extrapolated to other
cases.

CONCLUSIONS

The proposed calculating procedure allows the dimensioning of lateral lines with multiple
outputs, so that the combination of lengths and respective diameters of each section of the pipeline
provide the lowest acquisition cost.

The technique of Lagrange multipliers revealed adequate for the optimization of dimensioning
of the irrigation lateral line.
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