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ABSTRACT

In this study, we present computational procedures to solve problems for the
maximization of production and net income from crops or trees in a randomly generated
agroforestry system with limited inputs, based on the Logarithmic Barrier Method. The

results obtained showed numerical consistency for viability and optimality of both
problems in the agroforestry scenarios tested, as well as promoted conditions to solve the

problems with real data.

INTRODUCTION

An agroforestry system (AFS) is a food production
practice that aims to conserve and restore nature. This is
possible because instead of removing original vegetation
and single-crop farming on a large area, this form of
production respects and imitates nature, using the
relationships among living beings to its advantage and
stimulating local biodiversity (Go6tsch, 1997, Gotz et al.,
2016). In agroforestry systems, the crops, trees, and animals
are managed considering time and space and, to do so, the
characteristics of each species used and its relationship with
the others must be understood.

Undoubtedly, AFSs are a fusion between food
production and environmental conservation, as these
systems control soil erosion and recover degraded areas and
those used for the production of food and other products.
Moreover, AFSs generate economic benefits such as
improved family income and reduced external input costs,
besides having affordable implementation and
maintenance costs.

Solar radiation, water, and nitrogen are important
factors for evaluations of crop or tree yield responses in an
AFS. Solar radiation is related to photosynthesis and is
also responsible for other plant physiological mechanisms.
In this sense, studies on interactions between this factor
and crop physiology are relevant, especially on
photosynthesis and light interception, thus determining the
most effective photosynthetic radiation fraction for plant
productivity gains.

One strategy to increase radiation-use efficiency by
crops is implementing moderate water restrictions. Under
such conditions, plants partially close their stomata to
reduce water loss to the environment, while photosynthesis
remains active but at lower rates (Confalone et al., 1997,
Pereira, 2002; Plevich et al., 2019).

Regarding fertilization, AFSs make use of natural
resources available and forest nutrient-cycling dynamics,
which are supplied by tree pruning and green manuring.
Notably, plants growing under dense vegetation have
nitrogen concentrations parallel to radiation availability. In
this sense, it is known that the greater the uniformity in leaf
nitrogen concentrations, the greater the efficiency of its use
in photosynthesis.

Considering that in an AFS the competition for
sunlight, water, and nutrients (nitrogen fertilization) is high,
and seeking to optimize production values, this article
presents computational procedures to maximize food
production and net income as a function of solar radiation,
water, and nutrients (nitrogen) at upper and lower limits.

MATERIAL AND METHODS

Considering an “ideal SAF”, that is, a system that,
before its installation, had been considered local physical
characteristics such as relief, original vegetation, wind
direction and intensity, soil type, solar radiation, water
availability, available nutrients, and usage history, as well
as the crop and tree species to be grown. In this context,
native species should be prioritized to ensure subsistence
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and food security for families, as well as commercial
species with greater acceptance in the local markets. We
highlight that the main goal of our work is to maximize
production and net income generated by each species (crop
or tree) in an “ideal SAF”, as a function of solar radiation,
water depth, and nitrogen dose.

To do so, we supposed that y(r,w,n) analytically
represents the production (or response) function of a given
plant species (kg.m~2) according to solar radiation
(r; in %), water depth (w; in mm), and nitrogen dose (1; in
kg.m™2) in an “ideal AFS”. Thus, the production function
of this system was given as follows:

y(r,w,n) = ar? + bw? + cn? + drw + ewn + fr + gw + hn + m,
dy(r,.w,n)
or
Where: a,b,c,d,e, f,g,h,i,m € R (coefficients obtained by regression). Note that Vy(r,w,n) = W =
dy(r,w,n)
aon
2ar +dw + f 2a d 0
(wa +dr+en+ g), and the Hessian matrix H = ( d 2b e ) is asymmetric negative definite matrix if a,b,c < 0, d =
2cn+ew+h 0 e Zc
e = 0. In this sense, y(r,w,n) is a strictly concave function. We assumed that problems related to the maximization of
production and net income for a given plant species can be expressed mathematically as two nonlinear programming problems

with the following linear constraints:

maximize yir,w,n) =ar?+bw?+cn®+fr+gw+hn+m (1)
subject to Ting ST < Toyp
Winf S W < Weyp
Nipr SN < Ny
and
maximize NI(r,w,n) = p.y(r,w,n) —c,w — c,n — ¢ 2)
subject to Tinf ST < Toyup
Winf S W < Weyp
Nipr SN < Ny,
Where:

0 < Ting) Tsup Wing» Wsup» Tling» sy — Tepresent the lower and upper limits for the variables r, w, n, respectively; NI(r,w,n) is
the net income obtained (R$.m™2) as a function of 7, w, n; p,. is the price of plant production (R$.m™2); c,, is the cost of water
depth (R$. mm~t. ha™1); c, is the cost of nitrogen dose (R$.kg~ha™1); and ¢, is the fixed cost of production (R$.m~?) that

may encompass labour and/or machinery costs, etc. Note that problem (2) can be written as:

maximize
subject to Tinf ST < Toup
Winf <w< Wsup

ninf <n< nsup.

Therefore, to maximize the production of a given
plant species in an “ideal AFS” with limited inputs (1), we
developed a computational procedure based on the
“logarithmic barrier” method (Bertsekas, 2016; Carvalho et
al., 2009; Delgado et al., 2020). Conceptually, this procedure

maximize
Where:
@, (r,w,n) = y(r,w,n) + uB(r,w,n)

(pﬂ (T', W! n)a

and

NI(r,w,n) = ap.r? + bp,w? + cpcn® + fp. 7+ (gp. —cw)w + (hpen — c)n + (pem — ¢,)

works as follows: setting a parameter u >0 and
incorporating the constraints that define the objective function
using a logarithmic barrier function, then an unconstrained
non-linear programming problem is solved as follows:

(€))

B(r,w,n) = Ln(rsup — r) + Ln(r — rinf) + Ln(wsup - W) + Ln(w — Winf) + Ln(nsup - n) + Ln(n — ninf).

Then, the parameter u is decreased, and the process
is repeated until a stop criterion is met. It is known as a
logarithmic barrier because the logarithm function
generates interior points away from the limits of a three-
dimensional constraint box. For each g, a maximum of ¢,
is reached at an interior point in the set of viable solutions
to the problem, as ¢, (, w,n) is a strictly concave function
and, when p tends to zero, that point moves up to near the

optimal solution of (1). As a function of p, the set of optimal
solutions for the unconstrained problems (3) defines a curve
known as the central path (Drumond et al., 2015).

This method is important for maximizing
@, (r,w,n) for a fixed u. As ¢, is strictly concave, an
optimal solution of (3) is defined by the first-order condition

(r,w,n) = (r(u), w(w), n(,u)) if and only if:
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0 r,W,n

—(p”( )=2ar+f— s + a =0
ar Toup =T T —Ting

0 r,W,n

M= 2bw + g — s + a =
ow Weup =W W = Winr

0 r,W,n

—(p”( )=2cn+h— s + a =0
on Meyp =N N — Ny

By defining ag,, = £
Tsup
(6) can be written as:

2ar + Ay — Asyp = —f

2bw + Bing = Bsup = —9
2en +Ying ~ Ysup = —h
ing (1 = Ting) = 1

Csup (Toup —7) = 1t
Bing (W = Wing) =
Bsup(Weup = W) =
Vinf(n - ninf) =u

Voup (Moup — 1) = 1

W, N, Asyp, Xing) ﬁsup' Binf' Ysup Yinf = 0.

The points that approximately solve equations (7)-
(15) are near the central path associated with productivity.
Moreover, equations (7)-(8) represent the constraints that
define the region of the viability of the corresponding dual
problem, while equations (10)-(15) represent the conditions
of "approximate complementary slackness”.

Among the advantages of dual solutions is the
potential provision of economic information about resources
such as decision making regarding the acquisition of
additional resources or sensitivity analysis. In this case, the
variables  Qgyup, Aingy Bsups Bingr Vsup) Ving Tepresent  the
percentage of changes in production and net income as a
function of variations in water volume and nitrogen dose limits.

“

(6))

(6)

o ﬁinf = L’ Vsup = L’ Yinf = £ the system (4)'

>
W_Winf nsup—n n—ninf

@)
®)
®
(10)
an
(12)
(13)

(14)

(15)

Conceptually, the numerical procedure implemented
to maximize production works as follows: given a
parameter 4 > 0 and a point close to (r(u), w(w), n(w)) for
each iteration, we approximately solve the nonlinear system
(7)-(15) using Newton's method (Fonseca, 2017). Then, the
parameter u is decreased, and the process is repeated until a
predetermined stop condition is met. Likewise, a procedure
can be implemented to maximize net income (2).

To test the above procedure computationally, we
created an ideal random AFS using the MATLAB 7.4
platform. To do so, we generated four crop or tree
production functions (i = 1,2,3,4), as follows:

yi(r,w,n) =ar?+bw? + cn?+drw +ewn + fr+ gw + hn + m,

Where:

a,b,c < 0,and d = e = 0 (Table 1). Each one of these functions was maximized over three agroforestry scenarios, considering
minimum solar radiation of 2%, water depth range between 50 and 600 mm, and nitrogen dose from 0 to 300 kg. These lower
and upper limits for 7, w,n were fixed based on the input management recommendations (solar radiation, water, and nitrogen)
for agroforestry systems. Thus, the numerical experiments were carried out in 3 three-dimensional boxes: [0.02,1] X [50,500] x
[0,100],[0.02,1] x [150,400] x [75,300] and [0.02,1] x [100,600] % [75,200].
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TABLE 1. Response or production functions in quadratic forms for the variables r, w, n.

PLANT PRODUCTION FUNCTION (kg. ha™)

yi(r,w,n) = —9.47 - 10572 — 4.52- 1075 w? — 4.27 - 1075n? + 4,943.42 r + 0.0257349 w + 0.0317876 n + 0.1225433r

y,(r,w,n) = —5.07 - 10572 — 8.50 - 105 w? — 5.94 - 10~5n2 + 73,350.85 r + 0.0335390 w + 0.0157880 n + 4.3457454

1
2
3 yi(rw,n) = —6.99-10572 —8.15- 1075 w? — 6.92- 10~5n2 + 32,280.66 r + 0.0000010 w + 0.0610159 n + 0.1779493
4

ya(r,w,n) = —7.11-105r2 — 3.82- 1075 w2 — 7.07 - 10752 + 38,956.53 r + 0.0131744 w + 0.0432329 n + 2.6488897

Afterwards, net incomes associated with each
response function in Table 1 were maximized, as follows:
NI;(r,w,n) = p;y;(r,w,n) — c,w — c,n — ¢y, for each
one of the previously described scenarios. In the numerical
experiments, the values fixed for the parameters prices (p;),
input costs (¢, c,), and fixed costs (c,) were randomly
determined within the following intervals: p. €
[23.02,84.33], ¢, €[0.0008,0.16], c, € [16.85,34.90],
and ¢, € [2.800,4.060,10]. The lower and upper limits of
each interval respond approximately to the average values
found in the literature for AFSs.

RESULTS AND DISCUSSION

Tables 2, 3, and 4 show the optimal numerical results
of productivity for each plant and scenario considered. Each

table shows the values corresponding to optimal
solution (r*,w*,n*); optimal production y;(r*,w*,n"),
(i =1,2,3,4); and iteration number by the implemented
procedure. It is worth mentioning that all optimal solutions
obtained satisfy each of the constraints imposed on
the problem (1).

At first, one can see that all tables (2, 3, and 4)
showed that solar radiation values are invariant for the three
scenarios. Plants 1, 3, and 4 obtained the lowest solar
radiation (2%), while crop 3 had the highest (7%).
Regarding water depth (w) in all scenarios, plant 1 obtained
284,67 mm, just as plant 2 (197.29mm) and 4
(197.29 mm). Yet for plant 3, optimal water depths were
equal to the lower limit imposed in the first (50 mm),
second (150 mm), and third (100 mm) scenarios.

TABLE 2. Optimal solution (r*, w*,n*) and production y(r*, w*,n*) of (1) in the three-dimensional box [0.02,1] X [50,500] x

[0,100].
r* w* n* (w*,n” . .
CROP (%) (mm) (kg) (3;;; ha_l)) 1terations
1 0.020000 284.677897 99.997970 127.737290 22
2 0.072338 197.289649 99.980918 2,661.670057 18
3 0.023091 50.002803 99.999517 378.073711 24
4 0.027396 172.444253 99.997712 541.019584 21

TABLE 3. Optimal solution (r*,w* n*) and production y(r*,w*,n*) of (1) in the three-dimensional box [0.02,1] X

[150,400] x [75,300].

r w* n ;(w*,n* . .
CROP (%) (mm) (kg) (};é; ha‘l)) iterations
1 0.020000 284.677198 249.993749 130.263644 22
2 0.072338 197.294137 132.900164 2,661.734410 18
3 0.023091 150.001472 249.998638 381.963170 22
4 0.027396 172.463383 249.995135 543.792798 22

TABLE 4. Optimal solution (r*,w*,n*) and production y(r*,w*,n*) of (1) in the three-dimensional box [0.02,1] X

[100,600] X [75,200].

r* w* n* (w*,n* . .
CROP (%) (mm) (kg) (3;;; ha_l)) 1terations
1 0.020000 284.679514 199.996114 129.635030 22
2 0.072338 197.290397 132.896571 2,661.734410 18
3 0.023091 100.000656 199.999679 381.488126 23
4 0.027396 172.442217 199.998920 543.221925 22
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As for nitrogen dose (n) in the first scenario, all
plants required a maximum of 100 kg.m™2, which is the
upper limit. In the second scenario, plants 1, 3, and 4 had an
optimal nitrogen dose equal to 250 kg.m™2, an interior
value within the range [of 150,400]. In the third scenario,
plants 1, 3, and 4 again reached an extreme value of

200 kg.m™2. As for plant 3 in scenarios 2 and 3, an optimal
nitrogen dose of 133 kg.m™2 was obtained, which is also
within the intervals [75,300] and [75,200], respectively.

Tables 5, 6, and 7 show the optimal numerical results
of net income for each crop and scenario considered
(problem [2]).

TABLE 5. Optimal solution (r*,w*,n*) and net income NI;(r*,w* n*) in the three-dimensional box [0.02,1] % [50,500] x
[0,100], wherein: p; = 77.118775, c,, = 0.130181, ¢, = 29.924896, c, = 3526.003617.

r* w* n* NIL;(w*,n* . .
PLANT (%) (mm) (k) ( RL$F. ha_l)) iterations
1 0.020000 266.004924 0.000008 6,076.890235 82
2 0.072338 187.358504 0.000007 20,1637.752514 79
3 0.023091 50.000015 0.000008 25,206.891131 81
4 0.027396 150.344844 0.000008 37,896.874814 81

TABLE 6. Optimal solution (r*, w*,n*) and net income NI;(r*,w",n") in the three-dimensional box [0.02,1] X [150,400] x
[75,300], wherein: p; = 73.554399, c¢,, = 0.007179, c,, = 31.521244, ¢, = 2966.241626.

NIi(W*,n*)

* * *

r w n

PLANT (%) (mm) (kg) (R$.ha™1) iterations
1 0.020000 283.598369 75.000001 4,018.559499 23
2 0.072338 196.714125 75.000001 190,435.879388 19
3 0.023091 150.000010 75.000001 22,267.758534 23
4 0.027396 171.162354 75.000001 34,406.058711 23

As can be seen in the above tables, solar radiation values in the three scenarios are again invariant and have the same
values as those for productivity maximization. The lowest solar radiation (2%) was obtained for plants 1, 3, and 4, while the
highest (7%) was for plant 3.

TABLE 7. Optimal solution (r*, w*,n*) and net income NI;(r*,w",n") in the three-dimensional box [0.02,1] X [100,600] x
[75,200], wherein: p; = 55.927975,c,, = 0.115650,c,, = 27.399057,c, = 2902.185549.

r* w* n* NIL;(w*,n* . .
PLANT (%) (mm) (kg) ( Rl$(. ha_l)) iterations
1 0.020000 261.803849 75.000001 2,121.380755 23
2 0.072338 185.124526 75.000001 143,875.052563 19
3 0.023091 100.000032 75.000001 16,073.656423 23
4 0.027396 145.374247 75.000003 25,239.492131 22

In the first scenario ([0.02,1] X [50,500] x values of p;, ¢y, €y, €y being different from those in Table 6,

[0,100]), optimal water depths were within the range
[of 50,500], except for plant 3 which reached a value equal
to the lower limit (50 mm). The highest water depth was
283 mm. We can also see in this scenario that n* =
0 for all plants, that is, no nitrogen dose was required.
Among all plants, 4 had the highest net income
(R$ 37,896.874814) with 150 mm water depth, while 1
reached the lowest (R$ 6,076.890235) with 266 mm.

In the second scenario ([0.02,1] x [150,400] %
[75,300]), optimal water depths were within the range
[of 150,400], except for plant 3 which reached a value
equal to the lower limit (150 mm). All plants in this
scenario required at least an application of the lowest
nitrogen dose (75 kg). Among all plants, 2 reached the
highest net income (R$ 190,435.879388) with 197 mm
water depth, and again plant 1 had the lowest net income
(R$ 4,018.559499) with 284 mm.

Finally, in the third scenario ([0.02,1] X
[100,600] x [75,200]), Table 7 shows that despite the

they had a similar trend in which optimal water depths were
within the range [100,600], except for plant 3 that reached
a value equal to the lower limit (100 mm). As in the
previous scenario (Table 6), all plants equally required an
application of at least the lowest nitrogen dose (75 kg), and
plant 2 reached the  highest net income
(R$ 143,875.052563) with 185mm water depth.
Likewise, plant 1 also reached the lowest net income
(R$2,121.380755) with 262 mm water depth.

CONCLUSIONS

e This study presents computational procedures to
solve problems to maximize production (1) and net
income (2) of a certain agroforestry crop under a
randomly generated “ideal” agroforestry system
with limited inputs, based on the “logarithmic
barrier” method.
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e The numbers of iterations performed by
procedures are low; between 18 and 24 for
production maximization, and from 19 to 82 for net
income maximization. The first scenario has the
largest number of iterations by the procedure
implemented and for all plants evaluated.

e The procedures implemented with randomly
generated data are consistent and can solve
problems (1) and (2) with real data.

e  All plants required no nitrogen application (n* =
0). This is feasible because fertilization in AFS can
be naturally made using available resources and
forest nutrient cycling dynamics, through tree
pruning and green manuring.
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