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ABSTRACT. The scheduling of jobs over a single machine with sequence dependent setups is a classical

problem setting that appears in many practical applications in production planning and logistics. In this

work, we analyze six mixed-integer formulation paradigms for this classical context considering release

dates and two objective functions: the total weighted completion time and the total weighted tardiness. For

each paradigm, we present and discuss a MIP formulation, introducing in some cases new constraints to

improve performance. A dominance hierarchy in terms of strength of their linear relaxations bounds is de-

veloped. We report extensive computational experiments on a variety of instances to capture several aspects

of practical situations, allowing a comparison regarding size, linear relaxation and overall performance.

Based on the results, discussions and recommendations are made for the considered problems.

Keywords: Single machine scheduling, Sequence-dependent setup, Release dates.

1 INTRODUCTION

Scheduling research is concerned with the allocation of scarce resources to activities over time

with the goal of optimizing one or more objectives. This vast family of problems is explicitly or
implicitly present in countless applications, from production planning to bioinformatics related
problems. Its study goes back to early the 1950s, were, from the perspective of Operations

Research, the first problems on industrial applications began to be identified and formulated. This
article deals with one of its simplest forms, a single machine environment, which is a challenging
combinatorial optimization problem. Furthermore, we deal with mixed integer programming
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(MIP) formulations for the single machine scheduling problem with sequence-dependent setup

times and release dates (SMSDRD).

For the considered problem we define a set J = {1, . . . , n} of jobs to be processed on a single
machine. Preemptions are not allowed, i.e., once the job is allocated to the machine, the job
holds the machine busy until the task is completed. The following data are associated with job

j : the processing time p j , i.e., the amount of time in which the job holds the machine; the
release date r j , i.e., the earliest time at which job j can start its processing; and the weight w j ,
i.e., importance of job j relative to the other jobs in the system. Moreover, the non-symmetric

sequence-dependent setup time si j is associated with jobs i and j . The setup times represent the
clean-up time between two distinct jobs. We consider the SMSDRD with two variants for the
objective function. The first objective to be considered is the total weighted completion time.

The second one is the total weighted tardiness, where due date d j is associated with job j . This
date may represent the committed shipping or completion date (date promised to the customer).

Blazewicz et al. [1] were the first, to the best of our knowledge, to compile MIP formulations
for machine scheduling problems. Queyranne et al. [2] analyzed MIP formulations for machine

scheduling problems from a polyhedral theory point of view. Allahverdi et al. [3] provided a
comprehensive review involving different setup considerations on several machines scheduling
settings. The review was next expanded and updated by Allahverdi et al. [4] to cover several fea-

tures such as static, dynamic, deterministic, and stochastic problems for all shop environments.
Keha et al. [5] and Unlu & Mason [6] compare the computational performance of (MIP) formu-
lations for machine scheduling. The first work address several single machine problems, while
the latter focuses on parallel machines environment. No sequence-dependent setup is considered.

Adamu & Adewumi [7] proposed a review focused on the weighted number of tardy jobs on a
single machine.

As discussed above, several works are found in the literature on similar problems; however only

a few of them proposed mathematical formulations considering sequence-dependent setups, even
on a single machine environment. When considering the makespan (the maximum completion
time) as objective function, the problem can be treated as the classical traveling salesman problem
(TSP). In the survey of Öncan et al. [8] a comparison of mixed integer programming formulations

(MIP) for the TSP problem is analyzed; however, the characteristics of the problem diverge from
the single machine scheduling problem (SMSP) discussed in this work. Therefore, all formula-
tions presented in this work reflect in a specific concept on how the variables and parameters are

defined, requiring particular changes and definitions.

The MIP formulations for the SMSDRD we investigate can be grouped into four paradigms
according to their decision variables: (i) completion time and precedence; (ii) assignment and
positional date; (iii) time-indexed; and (iv) arc-time-indexed. A fifth paradigm formulation de-

nominated “Linear Ordering” by Keha et al. [5] and Unlu & Mason [6] is not considered, as in a
single machine scenario with sequence-dependent setup times, this formulation is equivalent to
the “Completion Time and Precedence”. Our purpose is to analyze the dominance relationships
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concerning strength of their linear relaxations bounds, and then to compare the computational

performance when trying to solve them with a standard optimization package.

A summary of the literature review with these MIP formulations approaches for scheduling prob-
lems is presented in Tables 1 and 2. Table 1 depicts research works in alphabetical order, with the
same objective functions adopted in this article (

∑
j w jC j and

∑
j w j Tj ) and Table 2 organizes

other related works.

Table 1 – Previous specific research works for scheduling problems. The field “MIP Formulation”

indicates the formulation paradigm. The field “Problem Parameters” is divided into “no parame-

ters”, “r j and si j ” and “with si j ”. The first presents works without parameters in the scheduling

environment, the second presents works with both parameters, and the last presents works with the

parameter si j in the formulation. The field “Performance Measures” defines the objective functions.

MIP Problem Performance Measures
Formulations Parameters

∑
j w j C j

∑
j w j Tj

Completion Time and Precedence
no parameters [5], [9] [5], [10]
r j and no si j [5] [5]

with si j [11] [11]

Linear Ordering

no parameters [1], [1],

[12], [5] [5], [10]
r j and no si j [13], [5], [5]

[2], [6]
with si j [14]

Assignment and Positional Date

no parameters [5], [10], [5]

[15], [2]

r j and no si j [5] [5]
Others [16]

Time-Indexed

no parameters [5], [10] [17], [16],

[5], [18],
[19], [20],

[21], [22], [23]
r j and no si j [24], [5], [2] [5], [2]

Arc-Time-Indexed no parameters [25]

Manne [28] initially proposes the completion time and precedence (CTP) formulation for the
job shop problem, see also Balas et al. [33]. It is characterized by continuous variables defining

the completion time of each job, and by binary variables describing the precedence relations
between pairs of jobs. Formulations according to this paradigm have been proposed for a variety
of scheduling problems. For instance, Maffioli & Sciomachen [40] used this formulation as an

exact approach for solving the sequential ordering problem. In the assignment and positional
date (APD) formulation, introduced by Wagner [48], a sequence to be processed on the machine
is a permutation of the n jobs. Binary variables assign jobs to positions in the permutation.

Pesquisa Operacional, Vol. 39(1), 2019
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Table 2 – Previous general research works for scheduling problems. The field “MIP Formulation”

indicates the formulation paradigm. The field “Problem Parameters” is divided into “no parame-

ters”, “r j and si j ” and “with si j ”. The first presents works without parameters in the scheduling

environment, the second presents works with both parameters, and the last presents works with the

parameter si j in the formulation. The field “Performance Measures” defines the objective functions.

MIP Problem Performance Measures
Formulations Parameters Other Objective Functions

Completion Time and Precedence

no parameters [26], [7], [5],

[27], [28]
r j and no si j [7], [29], [13],

[5], [30]
with si j [31], [32], [33],

[34], [35], [36],
[37], [38], [39],

[40], [41], [42],
[11], [2], [43],

[44], [45], [30]

Linear Ordering
no parameters [5]

r j and no si j [5], [46], [19]

Assignment and Positional Date

no parameters [47], [5], [48]
r j and no si j [49], [5], [50], [6]

with si j [51], [52], [44], [53]
Others [54], [55], [56], [57]

Time-Indexed

no parameters [58], [59], [60],
[61], [62], [5],

[63], [64], [21],
[22], [65], [23], [66]

r j and no si j [67], [68], [69],
[5], [70], [2],

[6], [71]
with si j [72], [73], [74],

[70], [63], [75],

[76], [77], [78], [79]

Arc-Time-Indexed
with si j [80], [81], [82],

[83], [42]

Pesquisa Operacional, Vol. 39(1), 2019
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Lee & Asllani [52] modeled a dual criteria problem – minimizing the number of tardy jobs and

makespan – based on APD formulation. More recently, Dauzère-Pérès & Mönch [47] modeled
a single batch processing problem.

The time index (TI) formulation is based on a time-discretization of the planning horizon. TI
formulations have been investigated in the literature because they are likely to provide better

LP-relaxation bounds than other formulations for scheduling problems. Sousa & Wolsey [22]
proposed a variety of valid inequalities derived from the knapsack problem. Van den Akker et
al. [84] developed column generation techniques to deal with the models of large dimensions

yielded by such formulations, see also Bigras et al. [17]. Avella et al. [24] and Sourd [21] used
TI formulations into Lagrangean relaxation schemes. Paula et al. [78] proposed a non-delayed
relax-and-cut algorithm, based on a Lagrangean relaxation of a time-indexed formulation for

scheduling problems on unrelated parallel machines. Tanaka et al. [23] proposed a TI formulation
and successive sublimation dynamic programming method to minimize the total job completion
cost, see also Tanaka & Araki [14]. Davari et al. [16] developed branch-and-bound techniques

based on TI and APD formulations for single-machine scheduling with time windows and prece-
dence constraints. Recently, Cota et al. [85] proposed a TI formulation for scheduling trucks on a
crossdocking facility, modeling as a flow shop scheduling problem with precedence constraints.
Pessoa et al. [25] proposed the arc-time-indexed (ATI) formulation where each variable is in-

dexed by a pair of jobs and a completion time. The authors prove that ATI formulation dominates
the TI formulation. Pessoa et al. [25] developed a powerful branch-and-price algorithm making
use of a number of techniques to deal with highly degenerated problems yielded by formulations

of pseudo-polynomial size. Keshavarz et al. [74] used ATI formulation into a Lagrangian-based
branch-and-bound algorithm for a group scheduling problem. Nogueira et al. [42] proposed an
ATI formulation with real applications for scheduling trains on a single track-line, modeling as a

SMSP with sequence-dependent setup times and release dates.

This article is organized as follows. Section 2 presents the MIP formulations for the SMSDRD.
In Section 3 the strengths of their linear relaxations are analyzed. In Section 4 we report com-
putational experiments comparing their performances. Finally, Section 5 presents our conclu-

sions remarks.

2 MATHEMATICAL FORMULATIONS

In all single machine scheduling problem environments, n jobs must be processed without pre-
emption. We further assume that all parameters are known and given in integer values. The

following notation summarizes the sets, parameters, and variables used in all mathematical
formulations:

Sets

J – set of jobs, indexed j ∈ {1, . . . , n}.
H – set of time periods, indexed t ∈ {0, . . . , h}.

Pesquisa Operacional, Vol. 39(1), 2019
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Parameters

h – time horizon length.

p j – processing time of job j .
d j – due date of job j .
r j – release date of job j .

w j – priority or weight of job j .
si j – sequence-dependent setup time between jobs i and j .

Decision variables

C j – Completion time of job j ; non-negative; used in minimizing total weighted completion
time.

Tj – Tardiness of job j ; Tj = max{0, C j − d j }; used in minimizing total weighted tardiness.

We assume setup times satisfying the triangle inequality, i.e., si j ≤ sil + pl + sl j , for any given
triple i, j, l ∈ J , i �= j �= l. It is important to point out that, except for Assignment and
Positional Date, and Arc-Time-Indexed formulations, all others require a setup time that satisfy

the triangle inequality. The total weighted completion time and the total weighted tardiness are
regular performance measures, which means they are non-decreasing functions of the completion
time. A scheduling concept to be used in the sequel is that of active schedule (see, for instance,

Pinedo [86]). A feasible non preemptive schedule is active if by changing the order of jobs, it
is not possible to construct a schedule with at least one job finishing earlier without delaying
another job. Given that the objective functions considered are regular, there exists an optimal
schedule for the SMSDRD that is active.

In the next sections we present the constraint set of each formulation analyzed in this study. The
continuous variables C j are common to all models, and give the completion time of each job j .
The objective of total weighted completion time is given by

min
∑
j∈J

w j C j (1)

while the objective of total weighted tardiness is given by

min
∑
j∈J

w j Tj (2)

where Tj = max(C j − d j , 0) is the tardiness of job j .

2.1 Completion time and precedence formulation

The completion time and precedence (CTP) formulation is characterized by the binary variables

γi j that describe precedence relations between each pair of jobs i and j . Given a pair i, j of jobs,

Pesquisa Operacional, Vol. 39(1), 2019
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γi j assumes 1 if i is processed before j (not necessarily immediately before), and 0 otherwise.

The constraint sets (3)-(6) composes the CTP formulation:

C j ≥ Ci + si j + p j − Mi j (1 − γi j ) ∀ i, j ∈ J, i �= j, (3)

γi j + γ j i = 1 ∀ i, j ∈ J , i < j, (4)

C j ≥ r j + p j ∀ j ∈ J, (5)

γi j ∈ {0, 1} ∀ i, j ∈ J , i �= j. (6)

Constraint set (3) makes use of a large positive constant Mi j defined for each pair (i, j ) ∈ J × J ,

as it can be asymmetric. These constraints ensure that if job j is to be processed after job i, then
it finishes no earlier than the completion time of job i plus the sequence-dependent setup time
and its processing time. Constraint set (4) imposes that either job i is processed before job j or

vice versa. Constraint set (5) ensures that completion time of job j is greater than or equal to its
release date plus its processing time. Constraints (6) impose the integrality of variables γi j .

We next give a proposition to compute a value for Mi j that preserves all active schedules.

Proposition 1. All feasible active schedules for SMSDRD satisfy constraint (3) if for all
(i, j ) ∈ J × J the value of Mi j is computed as follows:

Mi j = Mi − r j + si j ,

with
Mi = max

{
ri , max

l∈J,l �=i, j
rl +

∑
l∈J,l �=i, j

pl +
∑

l∈J,l �=i, j

max
k∈J,k �=l, j

slk

}
+ pi .

Proof. For a given job i, Mi is an upper bound for its completion time Ci , as it considers
the relation of its release time. If γi j = 1, constraints 3 generates the following constraint

C j ≥ Ci + si j + p j . On the contrary, if γi j = 0, constraints 3 generates the following constraint
C j ≥ Ci + si j + p j − Mi j . Mi j has to be big enough so that the completion time Ci does not
generate a restriction in the completion time C j . Besides the relation with a job i, C j needs to

satisfy its relation with j ’s release date, that is, Ci + si j + p j − Mi j ≤ r j + p j , thus Mi j ≥
Mi − r j + si j . �

Within the CTP paradigm, γi j can be used to indicate that job j follows immediately job i, when
equal to one. Such a formulation, which we denote as arc-flow completion time and precedence

(AFCTP), has been used to model the asymmetric traveling salesman problem, see for instance
Ascheuer et al. [31]. In this case, completion time variables are redefined as Ci j . If γi j = 1,
variable Ci j gives the completion time of job i, and job j starts at min(Ci j , r j ). Otherwise,

γi j = 0 implies Ci j = 0. Completion time variables in CTP and AFCTP formulations are
related by C j = ∑

k∈J :k �= j C jk . The AFCTP formulation uses a fictitious job 0 indicating only
the starting and ending point of the sequence, therefore its parameter values must be null for no

Pesquisa Operacional, Vol. 39(1), 2019
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impact in objective function values. For this reason, the new set J ′ is defined as J ∪ {0}. The

constraint sets (7)-(11) composes the AFCTP formulation:∑
i∈J,i �= j

Ci j +
∑

i∈J ′,i �= j

(p j + si j )γi j ≤
∑

k∈J ′,k �= j

C jk ∀ j ∈ J, (7)

∑
j∈J ′,i �= j

γi j = 1 ∀i ∈ J ′, (8)

∑
i∈J ′,i �= j

γi j = 1 ∀ j ∈ J ′, (9)

γi j (ri + pi) ≤ Ci j ≤ γi j Mi ∀i, j ∈ J ′, i �= j, (10)

γi j ∈ {0, 1} ∀i, j ∈ J ′, i �= j. (11)

Constraints (7) have the same meaning as (3). Constraints (8) and (9) establish that each job is
succeeded and preceded by exactly one job. Constraint set (10) defines the Ci j domain, where
Mi is a large positive constant as defined in Proposition 1. Constraints (11) impose the integrality

of variables γi j .

2.2 Assignment and positional date formulation

The assignment and positional date (APD) formulation makes use of binary variables to represent
the assignment of the n jobs to the n positions of the production sequence. A binary variable
ν jk assumes 1 if job j is assigned to the kth position, and 0 otherwise. Variable C′

k defines
the completion time of the job at position k. The constraint sets (12)-(17) composes the APD

formulation:

n∑
k=1

ν jk = 1 ∀ j ∈ J, (12)

∑
j∈J

ν jk = 1 k = 1, . . . , n, (13)

C′
k ≥

∑
j∈J

(r j + p j )ν jk k = 1, . . . , n, (14)

C′
k ≥ C′

k−1 + (νi(k−1) + ν jk − 1)(si j + p j ) ∀i, j ∈ J , i �= j, k = 2, . . . , n, (15)

C j ≥ C′
k − Mk(1 − ν jk) ∀ j ∈ J, k = 1, . . . , n, (16)

ν jk ∈ {0, 1} ∀ j ∈ J, k = 1, . . . , n. (17)

Constraints (12) and (13) establish that a job is assigned to exactly one position in the production
sequence and that each position is occupied by exactly job, respectively. Constraint set (14) en-
sures that the completion time of a job at position k is greater than or equal to its release date plus

its processing time. Constraints (15) compute completion times for the jobs at positions 2, . . . , n.
Constraints (16) relate the completion time of job j with its assigned position. Constraint set (17)
imposes the integrality of variables ν jk.

Pesquisa Operacional, Vol. 39(1), 2019
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Completion times in successive positions can also be modeled by introducing auxiliary contin-

uous variables. A variable βk
i j assumes 1 if job i is assigned to the kth position and job j to the

(k + 1)th position, an 0 otherwise. In all feasible solutions to APD formulation, βk
i j assumes

naturally a binary value when defined by the following constraints:

βk
i j ≤ νik ∀i, j ∈ J , i �= j, k = 1, . . . , n, (18)

βk
i j ≤ ν j (k+1) ∀i, j ∈ J , i �= j, k = 1, . . . , n − 1, (19)

βk
i j ≥ 1 − (2 − νik − ν j (k+1)) ∀i, j ∈ J , i �= j, k = 1, . . . , n − 1, (20)

βk
i j ≥ 0 ∀i, j ∈ J , i �= j, k = 1, . . . , n. (21)

Then, constraints (15) are replaced by

C′
k ≥ C′

k−1 +
∑
j∈J

p jν jk +
∑
i∈J

∑
j∈J,
j �=i

βk−1
i j si j k = 2, . . . , n. (22)

Analogously to the CTP formulation, in the APD formulation it is necessary to give a value for
the positive large constant Mk. So, the next proposition shows how to compute a value for Mk

that preserves all active schedules.

Proposition 2. All feasible active schedules for SMSDRD satisfy constraint (16) if for each
position k, k = 1, . . . , n, Mk is computed as follows:

Mk = S 1
j∈J (p j + r j ) + S k−1

j∈J (p j + smax
j ), (23)

where function S l
j∈J (x j ) returns the sum of the l larger values of a parameter or variable x j ,

for j ∈ J , and S 0 = 0.

Proof. Let (k′, k′′) be two adjacent job positions in an active schedule and ( jk′ , jk′′) its respec-
tive jobs. For each position k′′ an upper bound Mk′′ for the completion time at position k′′ can be
defined. The completion time (C′

k′′ ) is at least max{C′
k′ + p jk′′ +s jk′ jk′′ , r jk′′ + p jk′′ }, as S 1

j∈J (p j +
r j )+S k′′−1

j∈J (p j + smax
j ) is an upper bound for max{C j ′k + p jk′′ + s jk′ jk′′ , r jk′′ + p jk′′ }, Ck′′ can be

redefined. Thereby, generalizing for all n positions, Mk = S 1
j∈J (p j + r j ) + S k−1

j∈J (p j + smax
j )

is a valid upper bound. �

Keha et al. [5] and Unlu & Mason [6] showed that the APD formulation usually provides stronger
linear relaxation lower bounds. However, when release dates and sequence-dependent setup
times are introduced it is necessary to establish a positive large constant M in the constraint set

(16). Keha et al. [5] mentions that the linear relaxation bound performance of the formulation
decreases with the increase of M’s value. Therefore, the weaker linear relaxation of an APD
formulation in the problem treated in this work can be justified by Keha et al. [5] work.

Pesquisa Operacional, Vol. 39(1), 2019
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2.3 Time-indexed formulation

Integer programming formulations making use of variables indexed by a job and a discrete time
period have been proposed to a variety of scheduling problems, see Sousa & Wolsey [22]. In

the time-indexed (TI) formulation, the planning horizon is divided into periods. Let H denote
the set of periods. The duration of each period is �, and it is assumed that release and due
dates and processing and setup times for all jobs are multiple of �. Let h j = M j/�, j ∈ J ,

where M j is given in Proposition 1. The set of time periods is defined as H = {0, . . . , h}, where
h = max j∈J {h j }. A binary variable xt

j assumes 1 if job j starts at time period t , and 0 otherwise.
The constraint sets (24)-(27) composes the TI formulation:

h j−p j+1∑
t=r j

x t
j = 1 ∀ j ∈ J, (24)

xt
j +

min{t+p j+s j i−1,hi−pi+1}∑
s=max{ri ,t−pi−si j +1}

xs
i ≤ 1 ∀i, j ∈ J, i �= j , t ∈ {r j , . . . , h j − p j + 1}, (25)

C j ≥
h j−p j+1∑

t=r j

(t xt
j ) + p j ∀ j ∈ J, (26)

xt
j ∈ {0, 1} ∀ j ∈ J , t ∈ {r j , . . . , h j − p j + 1}. (27)

Constraints (24) ensure that each job j is assigned to a time period t . Constraint set (25) avoids
overlaps, since given a job j assigned to a period t no other job i (i �= j ) can be scheduled

between periods t − pi − si j + 1 and t + p j + s j i − 1. Constraints (26) computes the com-
pletion time of a job j as its starting time plus its processing time. Constraint set (27) imposes
the integrality of variables xt

j . It must be highlighted that for Time-indexed formulations the

continuous variables C j and Tj are unnecessary, once they can be indirectly defined as parame-
ters (Ct

j and T t
j , respectively). These parameters define the values that the continuous variables

can assume for each job j in each period of time t . The Ct
j can be defined as w j t and T t

j as

max{t − d j , 0}t . Therefore, the constraints associated for continuous variables C j and Tj be-
comes unnecessary, and, the objective function changes from

∑
j w j C j to

∑
j t x j t Ct

j and from∑
j w j Tj to

∑
j t x j t T t

j .

Keha et al. [5] and Unlu & Mason [6] showed that the TI formulation usually provides stronger

linear relaxation lower bounds compared to other formulations, but the linear programming prob-
lems associated are harder to solve. However, the computational experiments reported by Paula et
al. [78] suggested that when sequence-dependent setup times are introduced the linear relaxation

bounds provided by TI formulation are not as strong. Because the machine is available immedi-
ately after the completion of a job when no setup is involved, the non overlapping constraint in
such cases can be verified for each period t taking the sum over all jobs, see Sousa & Wolsey [22].

In the presence of dependent sequence setup times, however, the constraint have to be verified for
each period and each pair of jobs separately since the machine may take more or fewer periods
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to become available depending upon the pair of jobs being processed subsequently. This may ex-

plain a weaker linear relaxation of TI formulations in the presence of sequence-dependent setup
times. We try to somehow overcome this difficult by introducing a valid inequality to improve
the lower bounds provided by TI formulation for the SMSDRD.

In the linear relaxation of TI formulation the time index variables of two distinct jobs i, j ∈
J, i �= j with strictly positive values may be feasible for constraints (25), which means both i
and j scheduled in the interval between max{ri , t − pi − si j + 1} and min{t + p j + s j i − 1, hi −
pi + 1}. The following constraints limit to 1 the sum between max{t − pi − S Mini + 1, ri } and

min{t, hi − pi + 1} of the time indexed variables for all i ∈ J , where S Mini is the minimum
setup time from i for any other job:

∑
i∈J

min{t ,hi−pi+1}∑
s=max{t−pi−S Mini +1,ri }

xs
i ≤ 1 ∀t ∈ H. (28)

The motivation is to reduce the number of jobs sequenced simultaneously for a given time inter-

val. Constraints (28) are valid for TI formulation, as S Mini does not depend on the sequence.
We refer to TI formulation plus constraint (28) as time-indexed improvement (TII) formulation.

2.4 Arc-time-indexed formulation

The arc-time-indexed (ATI) formulation proposed by Pessoa et al. [25] consists in an extended

network-flow based formulation assigning jobs to time periods while considering precedence
relations. As in the TI formulation, the planning horizon is divided into a set of time periods
H = {0, . . . , h}. Given two jobs i and j , i �= j , xt

i j assumes 1 if, at time t , job i and the setup

to job j has been completed and job j starts, and 0 otherwise. We remark that in the formulation
proposed by Pessoa et al. [25] xt

j j is not defined. Indeed, the authors showed by an example that
such variables would weaken the formulation. A fictitious job 0 is created and variables xt

i0 and

xt+δ
0 j take into account δ periods of idle time between jobs i and j . In the presence of sequence

setup times, however, we cannot use this approach since we would lose the sequence information
to carry setup times. Thus, given jobs i and j to be processed subsequently, a variable xt

ii assumes

1 for each period the machine is idle, if any, before starts job j . The set J ′ is defined as J ∪ {0},
and the fictitious job 0 with p0 = 0 and s0 j = s j0 = 0, j ∈ J , starts and ends the sequence. Our
formulation uses the parameter s′

i j which is pi + si j if i �= j , and 1 if i = j . The constraint sets

(29)-(32) composes the ATI formulation:

∑
i∈J ′
i �= j

h j −p j+1∑
t=max{ri +s′

i j ,r j }
xt

i j = 1 ∀ j ∈ J ′, (29)

∑
j∈J ′

t≥r j +s′j i

x t
j i −

∑
j∈J ′

r j ≤t+s′i j ≤h j −p j +1

x
t+s′

i j
i j = 0 ∀ i ∈ J , t ∈ {ri , . . . , hi − pi + 1}, (30)
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C j ≥
∑
i∈J ′
i �= j

h j −p j+1∑
t=max{ri +s′

i j ,r j }
(t xt

i j ) + p j ∀ j ∈ J, (31)

xt
i j ∈ {0, 1} ∀ i, j ∈ J ′ with i �= 0 or j �= 0, (32)

t ∈ {max{ri + s′
i j , r j }, . . . , h j − p j + 1}.

Constraint set (29) ensures that every job is processed. Constraint set (30) is the flow conservation

constraint establishing the sequence and avoiding overlaps. Idle times and setup times are taken
into account in (30) with the use of parameters s′

i j . Constraints (31) compute the completion time
of a job j as its starting time plus its processing time. Constraints (32) impose the integrality of

variables xt
i j .

We illustrate the use of variables xt
ii with an example with two jobs, J = {1, 2}, and the following

data:

p j =
[

2 1
]

si j =
[

0 2

1 0

]
s′

i j =
[

1 4

2 1

]
r j =

[
0 6

]

In this example, independent of the objective function (1) or (2), an optimal solution is obtained
by starting job 1 at time 0 and job 2 at time 6. From constraint (30), with i = 1 and x6

1,2 = 1,
t + s′

1,2 = 6, and we have that
∑

j∈J ′
2≥r j +s′j1

x2
j1 = 1. Since x2

0,1 = 1 would delay the completion

time of job 1, we have that x2
1,1 = 1. Analogously, with i = 1 and x2

1,1 = 1, t + s′
1,1 = 2, and

we have x1
1,1 = 1. Finally, with i = 1 and x1

1,1 = 1, t + s′
1,1 = 1, and since job 0 is the one that

satisfies
∑

j∈J ′
0≥r j +s′j1

x0
j1 = 1, we have x0

0,1 = 1. Note that variables x1
1,1 = 1 and x2

1,1 = 1 account

for the two periods the machine is idle between processing jobs 1 and 2. But this does not mean

that the machine is idle exactly in periods 1 and 2. In fact, variable x0
0,1 = 1 indicates that job 1

starts at time 0, and its completion time after two periods is correctly computed due to constraint
(31). Thus, a variable xt

ii = 1 indicates the machine is idle during a period before processing the

next job, but not necessarily during period t itself.

3 DOMINANCE HIERARCHY

In Öncan et al. [8] is defined that the efficiency of the enumeration depends on the linear relax-
ation of a given formulation. Furthermore, the author state that for minimization problems the

larger relaxation values are better. The strengths of LP relaxations, or equivalently the strengths
of two formulations, can also be compared by using polyhedral information. The authors de-
fine that one formulation is a better formulation than other since the lower bound obtained by

solving its LP relaxation is at least equal to the one obtained by solving the LP relaxation of
other. Briefly, dominance is defined in terms of the strength of their linear relaxations, therefore
a given mathematical formulation dominates another if its solution space is contained within the

other one.
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We develop dominance relationships between some formulations presented in Section 2. To help

in this analysis we define an instance with three jobs, J = {1, 2, 3}, where the objective is to
minimize the total weighted completion time with the following data:

p j =
[

2 4 6
]

si j =
⎡
⎢⎣ 0 1 2

2 0 4

3 5 0

⎤
⎥⎦ r j =

[
2 3 4

]
w j =

[
10 30 50

]

An optimal sequence is given by processing first job 3, followed by job 1, and at last job 2. These
proofs apply for the total weighted tardiness or any other regular objective as well. Furthermore,

these propositions are based on methodology used by Öncan et al. [8] and Pessoa et al. [25],
which converts one formulation for the space of the variables of other to aim compares them.

Proposition 3. The ATI formulation dominates the TII formulation.

Proof. Any solution xt
i j of the linear relaxation of ATI formulation with cost z can be converted

into a solution xt
j of the linear relaxation of TII formulation with the same cost by setting

xt
j =

∑
i∈J ′,i �= j

x t
i j , ∀ j ∈ J, t ∈ {r j , . . . , h j − p j + 1}.

As xt
i j satisfies constraints (29), xt

j satisfy (24). Likewise, the scheduling constraints (30) on xt
i j

imply constraints (25) and (28) on xt
j . Thus, all feasible solutions for the linear relaxation of ATI

can be converted to a feasible solution of TII with the same objective function value.

On the other hand, the value of the linear relaxation bound provided by TII for the proposed
instance is lower than the one provided by ATI. The solution of the linear relaxation of TII, with

cost 1, 210.9, is a combination of several pseudo-schedules: x2
1 , x9

1 , x12
1 , x14

1 for job 1, x3
2 , x5

2 ,
x9

2 , x10
2 , x16

2 for job 2, and x4
3 , x5

3 , x11
3 , x13

3 , x18
3 for job 3. Therefore, the linear relaxation of TI

allows the schedule of jobs and idle times when jobs may repeat. This occurs as TII allows for

any pair of distinct jobs i, j ∈ J, i �= j , that the sum of jobs scheduled simultaneously in the
time interval between max{ri , t − pi − si j + 1} and min{t + p j + s j i − 1, hi − pi + 1} may be
larger than 1. Constraints (28) reduce this time interval but does not eliminate the effect. For the

ATI, however, the sum of jobs scheduled simultaneously in this time interval is at most 1 (see
constraint (30)). The optimal solution of the ATI relaxation is integral for this instance. �

Proposition 4. The TII formulation dominates the TI formulation.

Proof. The constraint set (28) is valid and restrict the time interval in which the sum of the
scheduled jobs may be larger than 1; therefore the TII formulation has a smaller solution space,

and, consequently dominates TI. �

Proposition 5. The TI formulation dominates the CTP formulation.
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Proof. Given a feasible solution xt
j for the linear relaxation of TI with cost z, let C j =∑

t∈r j ,...,h j −p j+1 xt
j (t + p j ), ∀ j ∈ J . As xt

j satisfy the assignment constraints (24), C j sat-
isfy the completion time constraints (5). Likewise, the scheduling constraints (25) and (28) on
xt

j imply constraints (3) and (4) on C j .

The linear relaxation bound provided by TI formulation is better than the one provided by CTP

formulation for the proposed instance. The solution of the linear relaxation of CTP, with cost
750, is composed by the jobs starting their processing at the release dates, i.e., C1 = 4, C2 = 7
and C3 = 10 (C j = r j + p j ). This fact occurs due to the relaxation of the precedence relation

variables, γi j (see (6)), allowing that the constant M disable the schedule constraints (3) and (4).
The solution of the linear relaxation of TI has an objective value of 1,060. �

Proposition 6. The CTP formulation dominates the APD formulation.

Proof. Any solution C j of the linear relaxation of CTP with cost z can be converted into a
solution of the linear relaxation of APD with the same cost. As C j satisfy the completion time

constraints (5), it also satisfies the assignment constraints (12) and (13), the completion time
constraints (14) and (16). Likewise, the scheduling constraints (3) and (4) on C j imply also
constraints (20) and (15).

The solution of the linear relaxation of the APD for the proposed instance, with cost 0, is com-

posed by the jobs finishing their processing at time 0, i.e., C1 = 0, C2 = 0 and C3 = 0.
This fact occurs due to the relaxation of the assignment position variables, ν jk , (see (17)). The
relaxation allows the constant M to disable the completion time constraint set (16), removing

any association between C j and r j + p j . The relation is maintained only for C′
k (see 14). In

CTP the constraint (5) takes into account this relationship. Therefore, in the linear relaxation of
CTP, variables C j respect the completion time conditions (r j + p j ), obtaining a solution with

cost 750. �

Proposition 7. The AFCTP formulation dominates the CTP formulation.

Proof. Any solution C ji of the linear relaxation of AFCTP formulation with cost z can be
converted into a C j solution of the linear relaxation of CTP formulation with the same cost

by setting C j = ∑
i∈J ′ ,i �= j C ji , ∀ j ∈ J . As C j satisfy the completion time constraints (5),

also satisfy constraints (10). Likewise, the scheduling constraints (3) and (4) on C j also imply
constraints (7), (8) and (9).

In the solution of the linear relaxation of the CTP formulation for the proposed instance, the jobs

start their processing at their release dates, i.e., C1 = 4, C2 = 7 and C3 = 10 (C j = r j + p j ),
and the cost is 750. This solution is obtained due to the relaxation of the precedence relationships
variables, γi j (see (6)), disabling the schedule constraints (3) and (4). However, in the AFCTP

formulation the schedule constraint cuts-off such a solution, and an optimal solution is given by
C1 = 9.74, C2 = 7 and C3 = 10 with cost 807.4. �
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Proposition 8. The Time-Indexed and Arc-Flow Completion Time and Precedence formulations

are incomparable.

Proof. Consider, for example, the instances of class 4 with 5 jobs in Table A.4 in section
Additional Tables (A). For these instances, the percentage gap from the optimum of the lin-

ear relaxation bounds corresponding to Arc-Flow Completion Time and Precedence, and Time-
Indexed formulation is slightly lower for the first. Though for 7 jobs, the Time-Indexed formula-
tion presents lower gap. For more details see the supplementary material in the section Additional

Tables (A). �

Figure 1 summarizes the dominance relationships. In the Figure, we include an empirical re-
sult, the dominance of TI over AFCTP formulation. Although, we were not able to prove the
propositional dominance, an extensive computational analysis supports the hypothesis.
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Figure 1 – Dominance relationships between SMSP formulations

4 SIZE OF FORMULATIONS

The sizes of the formulations of CTP, AFCTP and APD proposed in this article have a polynomial

number of constraints and variables in the number of jobs. However, this is not the case for Time-
indexed MIP based formulations, as they also are strongly dependent on h. Table 3 shows the
number of constraints and binary variables associated with each paradigm. It is worth noting

that as h ≫ n, h ∝ n, TI, TII and ATI formulations will increase their size faster than other
formulations.
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Table 3 – Model Size for each Formulation Paradigm for Problems 1|r j , si j |
∑

j w j C j and

1|r j , si j |
∑

j w j Tj . For the formulations, “Variables” indicate the number of associated

variables and “Constraints” the number of constraints with each formulation paradigm.

MIP Formulations Model Order Size for Both Problems
Variables Constraints

CTP O(n2) O(n2)

AFCTP O(n2) O(n2)

APD O(n3) O(n3)

TI O(nh) O(n2h)

TII O(nh) O(n2h)

ATI O(n2h) O(nh)

5 COMPUTATIONAL EXPERIMENTS

We conduct computational experiments to validate the propositional dominance defined in Sec-
tion 3 and, furthermore, to capture the strength and weaknesses of each formulation. For this

purpose 660 instances divided into 6 classes are defined. The instances were randomly generated
using uniform distribution as shown in Table 4.

5.1 Benchmark

Six different classes of instances are artificially created. All instances’ parameters are randomly

generated from a uniform distribution, and their minimal and maximal values are based on spe-
cific scale parameters. A similar methodology can be found in [6, 18, 44, 87–90] and [91]. The
instance classes and its scale parameters are listed in Table 4.

Table 4 – Distribution values of the instances.

Input data Distribution value

Processing Time (p j ) U(1, α150)

Setup time (si j ) U(1, α210)

Priority (w j ) U(1, n)

Release date (r j ) U (0,α3h ′
10 )

Due date (d j ) U (max j {p j }, 2h ′
α4

)

The h′ was defined as the sum of processing times plus the sum of maximum setup times
(
∑

j p j +∑
i max j {si j }). The scale parameters α1, α2, α3 and α4 define the distribution scenario

of “Processing Time”, “Setup time”, “Release date ” and “Due date” respectively. α1 ∈ {1, 4}
modifies the process time extent, α2 ∈ {1, 5} defines the setup time impact, α3 ∈ {1, 5} the
availability level and α4 ∈ {1, 4} the congestion level.

In each class (1 to 6) there is a change in one scale parameter. The created classes are namely:

Pesquisa Operacional, Vol. 39(1), 2019
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Class 1: all scale parameters have minimum values;

Class 2: α1 has the maximum value (4) and other scale parameters have minimum values;

Class 3: α2 has the maximum value (5) and other scale parameters have minimum values;

Class 4: α3 has the maximum value (5) and other scale parameters have minimum values;

Class 5: α4 has the maximum value (4) and other scale parameters have minimum values;

Class 6: all scale parameters have maximum values.

Each class presents special characteristics. The “Class 1” is our base scheduling system. “Class
2” considers a long planning horizon and the system is slightly affected by setup times. This class
is closer to single machine scheduling problems without setup times ( p j ≫ si j ) - 1|r j | ∑ j w j C j

and 1|r j | ∑ j w j Tj . The “Class 3” considers a moderate planning horizon with setup times hav-
ing a great impact in the scheduling system. This class is closest to the traveling salesman prob-
lem - 1|si j | ∑ j w jC j and 1|si j | ∑ j w j Tj . “Class 4” presents a moderate planning horizon with

longer release dates. The “Class 5” defines a scheduling system with high congestion level,
reducing its due date values. “Class 6” determines a scheduling system with emphasized condi-
tions. The last defines a complex scheduling system, presenting long planning horizons, a mod-
erate impact of setup times, an impact on the job’s release dates and a considerable congestion

level. For the problem 1|r j , si j | ∑ j w jC j the classes 1 and 5 are redundant.

For each class, ten independent instances are considered with size n ∈ {5, 7, 9, 11, 13, 15, 20,

30, 50, 75, 100}. Thus, 660 instances are randomly and independently generated. All instances
are slightly modified to satisfy the triangle inequality of the setup times (si j ≤ sik + pk + sk, j ,

where i, j and k ∈ J and i �= j �= k).

5.2 Results

The mathematical formulations are modeled and solved using AMPL and CPLEX 12.1 with
default settings. Experiments are run on a Linux Maya with a single 2.4 GHz processor and 4GB

memory. The runs are ended after one hour of CPU time.

To compare the performance of the different formulations, we compute the optimality gap after
3600 seconds, the linear programming relaxation G AP, CPU times and its dimensions. Linear
programming relaxation gap is defined as the relative difference between the best integer solution

found for each instance between all formulations analyzed and the LP (linear programming)
relaxation value. The average results of the experiments are presented in Tables 6 and 7.

Table 6 depicts the average G AP results for the two problems considering both problems for
each instance class, while Table 7 shows the average results for each size. Table 9 presents 95%

confidence interval (CI) for all formulations in all sizes, while Table 8 presents 95% confidence
interval (CI) for all formulations in all Classes. Finally, Table 5 presents the average G AP results
for the two problems considering both problems for each instance class in small (until 15 jobs)
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and large sizes (larger than 15 jobs). The G AP is computed for each formulation and instance

as the relative difference between the best integer solution found by all formulations and its LP
relaxation value. It must be highlighted that in several occasions the Time-Indexed based formu-
lations (TI, TII and ATI formulations) are unable to load the whole problem into the solver. In

those cases, the G AP is defined as 100% and its computational time as 3600 seconds. Individual
results for each class and each instance size are presented in Section Additional Tables (A).

5.2.1 Linear Programming Relaxation Problems

The analysis of the LP relaxation is presented in Tables 6 and 7. The ATI formulation presents a

generally tighter linear relaxation GAP until the 30 jobs when the formulation is unable to solve
the problem. Constraints (28) have significant impact strengthening TI formulation, improving
GAP results around 40% to 5% (TII), but with the same disadvantages found in ATI.

Time-Indexed based formulations (TI, TII, and ATI) are not able to load the linear programming

problems into the solver for most instances greater than 30 jobs. These formulations require
column generation based methods to exploit their full potential to provide tight lower bounds in
reasonable time, see Pessoa et al. [25] and Van den Akker et al. [84]. On the other hand, CTP,
AFCTP, and APD linear programming relaxations are solved quickly for all instance sizes but

leading to poor lower bounds (GAPs between 20% and 100% for F1 and between 1% and 100%
for F2). Note that APD obtained zero as lower bound in almost all cases. We argue that stand-
alone TI formulation is not the best choice in this scenario, as it gives lower bounds comparable

to those obtained with CTP and AFCTP in much larger computational times.

When we analyze the effect of the instance classes, time-Indexed based formulations present
better GAP results for instances with shortest and moderate planning horizon length (classes 1,
4 and 5) and worse results for long planning horizon (classes 2 and 6), with its Gaps up to five

times larger than others. These formulations present the worst results for relaxed problem F2 in
instances with high congestion level and emphasized conditions (classes 5 and 6). Considering
(class 3 (TSP scenario) the TI formulation worsens its GAPs in comparison to results in class 1).

For this class, ATI presents no significant variation.

The CTP, AFCTP and APD formulations have lower computational time values, but generally,
producing weak lower bound results. Nevertheless, for the relaxed problem F2, the CTP and
AFCTP formulations produce strong lower bounds for instances with shortest and moderate

planning horizon length (classes 1 to 4). The AFCTP formulation presents better GAP results
in relaxed problem F1 consuming more computational time than CTP. As the number of jobs
increases, the GAP difference is irrelevant. There is no noticeable difference between the results

for relaxed problem F2. However, the CTP formulation presents lower computational times. The
APD formulation presents the worst GAP results in all classes.

Analyzing Tables 6 and 8 for the relaxed problem F1, the CTP and AFCTP formulations present
better GAP results for instances with moderate and long planning horizon length (classes 4 and

6) and worse results for base system (classes 1 and 5), which have Gaps until three times larger
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than others. When considering the relaxed problem F2, they perform worse for high congestion

level and emphasized conditions (classes 5 and 6). In the TSP scenario, class 3, for problem F1
the formulations CTP, AFCTP and APD worsens their results.

Summarizing the results, we argue that when the planning horizon length is small or moder-
ated, i.e., the number of jobs is low, or the processing time of the jobs are small, and the jobs

are ready to start at the beginning of the planning horizon, we recommend time-indexed based
formulations TII and ATI. Otherwise, the CTP and AFCTP formulations are a good alternative
for generating lower bounds in small computational times. These formulations present their best

results in scenarios with large planning horizon length or for difficult release dates. This analysis
considers stand-alone formulations, but, CTP and AFCTP formulations can be incorporated in
Relax-and-Fix framework (see [92]). In high congestion level scenario, all formulations have dif-

ficulties for solving the problems studied. Furthermore, with exception to ATI, all formulations
present increase of its GAPs in the TSP scenario.

It is interesting to notice that for the cases where TII formulation solves the problem F1, the
improvement over TI is less significant for class 2 in the 1|r j | ∑ j w j C j scenario, and more

significant for class 3 in the 1|si j | ∑ j w jC j scenario (see Table 8 for more details). Furthermore,
for small instances in 1|r j | ∑ j w j C j scenario (until 15 jobs) the linear relaxation GAP of TI
and TII are similar, while for 1|si j | ∑ j w j C j scenario the TII GAP is half than the TI GAP.

The low performance of TII in 1|r j | ∑ j w jC j scenario occurs due to the improvement of its
computational time by added constraints without important GAP improvements. In this scenario,
the computational time of TII increases significantly more than TI. It is possible to state that
constraints (28) are more effective for class 3, that is with setup times varying in a wider range.

No formulations solve larger instances with emphasized conditions. In the problem F2 is no-
ticeable that all formulation present large GAPs in small-sized problems with high congestion
level.

5.2.2 Mixed Integer Programming Problems

Tables 6 and 7 show how in average all formultations have difficulties as the number of jobs

increases. It is possible to notice that the TII and ATI formulations managed to optimality solve
some instances, but as the number of variables and constraints increase, the MIP problems be-
come rapidly unmanageable by the commercial solver. Section A presents a detailed description

of the results for each instance size in each class. In Tables A.1 to A.6 we can see that the time-
indexed based formulations (TI, TII and ATI formulations) can solve instances of up to 20 jobs
for both MIP problems (F1 and F2), depending on the class. These formulations present better

GAP results for MIP problem F1 for instance with shortest and moderate planning horizon length
(classes 1, 4 and 5) and worse performance for long planning horizon (classes 2 and 6. When
considering the MIP problem F2, they perform worse for instances with high congestion level

and emphasized conditions (classes 5 and 6). In the TSP scenario (class 3) for problem F1 only
TI worsens its GAPs significantly when compared with its best scenario. The linear relaxation

Pesquisa Operacional, Vol. 39(1), 2019



�

�

“main” — 2019/4/4 — 12:11 — page 128 — #20
�

�

�

�

�

�

128 ANALYSIS OF MIP FORMULATIONS FOR SMSP WITH SEQUENCE DEPENDENT SETUP TIMES

T
able

5
–

A
verage

R
elaxation

G
A

P
R

esults
for

Single
M

achine
Scheduling

Problem
s

for
Six

M
IP

Form
ulations

for
A

ll
C

lasses
in

Sm
all

and
L

arge
Sizes.

T
he

G
A

P

indicates
the

average
value

of
the

average
linear

relaxation
gap

for
each

classes
in

Sm
all

and
L

arge
sizes.

T
he

G
A

P
is

com
puted

for
each

form
ulation

and
instance

as
the

relative
difference

betw
een

the
bestintegersolution

and
its

L
P

relaxation
value.T

he
Sm

allsizes
are

the
instances

w
ith

until15
jobs,w

hile
L

arge
sizes

w
ith

m
ore

than
15

jobs.T
(s)

indicates
the

average
value

of
the

average
C

PU
tim

e.
F

1
and

F
2

denote
the

objective
functions ∑

j
w

j C
j

and ∑
j
w

j T
j ,respectively.

M
ixed

Integer
P

rogram
Form

ulations
O

bjective
Instance

Size
P

roblem
C

T
P

A
F

C
T

P
A

P
D

T
I

T
II

A
T

I
F

unction
C

lass
G

A
P

T
(s)

G
A

P
T

(s)
G

A
P

T
(s)

G
A

P
T

(s)
G

A
P

T
(s)

G
A

P
T

(s)

F
1

1
Sm

all
61.3%

0.0
45.8%

1.3
100.0%

0.0
52.7%

140.8
4.7%

711.7
0.0%

25.8
L

arge
77.0%

0.2
73.8%

13.7
100.0%

138.4
96.4%

3324.2
82.7%

3450.5
80.0%

2932.7
2

Sm
all

60.3%
1.1

44.2%
5.3

100.0%
5.4

64.7%
1844.1

66.9%
2742.2

0.0%
125.4

L
arge

76.2%
6.8

72.7%
17.2

100.0%
176.3

100.0%
3600.0

100.0%
3600.0

96.0%
3472.7

3
Sm

all
60.1%

1.5
46.8%

0.0
100.0%

0.4
50.9%

756.9
21.7%

1079.7
0.3%

37.3
L

arge
68.2%

6.3
65.9%

8.3
100.0%

292.3
90.8%

3203.4
100.0%

3600.0
84.9%

3179.1
4

Sm
all

27.0%
0.4

21.8%
0.8

100.0%
0.3

21.7%
240.2

3.7%
638.7

0.0%
11.1

L
arge

26.1%
1.0

25.5%
30.7

100.0%
285.2

85.0%
3186.7

81.3%
3466.9

80.0%
2887.3

5
Sm

all
60.6%

5.8
45.6%

5.4
100.0%

0.5
51.6%

104.0
5.7%

585.2
0.0%

26.8
L

arge
76.4%

6.8
73.1%

62.7
100.0%

153.2
96.9%

3330.5
86.4%

3449.0
84.0%

2921.5
6

Sm
all

25.6%
0.0

20.8%
2.7

100.0%
0.3

39.5%
1794.4

60.7%
2834.4

0.2%
151.8

L
arge

23.8%
1.8

23.1%
130.0

100.0%
248.9

100.0%
3600.0

100.0%
3600.0

100.0%
3532.3

F
2

1
Sm

all
4.0%

0.0
4.0%

0.0
10.0%

0.0
7.3%

1040.1
7.1%

1312.6
3.7%

68.2
L

arge
8.6%

0.1
8.6%

26.8
52.0%

120.6
52.0%

3600.0
52.0%

3600.0
48.2%

3467.6
2

Sm
all

0.0%
0.0

0.0%
0.2

3.3%
0.1

3.3%
1845.7

3.3%
2324.5

0.0%
621.5

L
arge

18.2%
0.1

18.2%
35.7

68.0%
90.4

64.0%
3600.0

64.0%
3600.0

67.4%
3600.0

3
Sm

all
6.7%

0.0
6.7%

0.0
20.0%

0.1
13.3%

1867.1
20.0%

2003.6
2.1%

210.8
L

arge
0.9%

0.1
0.9%

21.6
72.0%

105.6
72.0%

3457.1
72.0%

3600.0
68.0%

3229.5
4

Sm
all

3.7%
0.0

3.7%
1.2

56.7%
0.3

22.6%
1124.5

17.7%
1274.6

0.9%
142.9

L
arge

5.6%
0.1

5.6%
35.9

100.0%
147.7

100.0%
3600.0

100.0%
3600.0

80.8%
3274.4

5
Sm

all
99.0%

0.0
99.2%

0.0
100.0%

0.2
98.9%

928.7
75.8%

1467.7
48.0%

178.6
L

arge
97.6%

9.7
97.8%

129.2
100.0%

187.1
100.0%

3600.0
100.0%

3600.0
88.2%

3464.0
6

Sm
all

59.7%
0.0

59.5%
0.8

100.0%
0.9

86.2%
2340.3

82.4%
2789.7

18.3%
782.8

L
arge

41.1%
12.0

41.1%
53.9

100.0%
194.8

100.0%
3600.0

100.0%
3600.0

92.6%
3600.0

Pesquisa Operacional, Vol. 39(1), 2019



�

�

“main” — 2019/4/4 — 12:11 — page 129 — #21
�

�

�

�

�

�

THIAGO H. NOGUEIRA, CARLOS R.V. DE CARVALHO, MARTÍN G. RAVETTI and MAURÍCIO C. DE SOUZA 129

of these formulations are not strong enough to avoid a significant number of branching, and to

solve the linear relaxation in each node of the branch-and-bound tree is very time-consuming.

As mentioned before, even presenting weak lower bound values, the linear relaxation of CTP and
AFCTP are solved much faster, around a few seconds. These formulations solve more instances,
especially in large sizes, and gets better gaps than TI or TII even though generating a much larger

number of nodes in the branch-and-bound tree (see Table 3), especially the CTP formulation.
CTP and AFCTP formulations can solve instances of up to 100 jobs, depending on the MIP
problem and the class. For the MIP problem F1, formulations based on completion time variables

(CTP, AFCTP formulations) can solve instances of up to 50 jobs. For the MIP problem F2 the
number increases to 100 jobs for completion time-based formulations. Analyzing the results
for the MIP problem, in F1 the CTP and AFCTP formulations present better GAP results for

instance classes with moderate and long planning horizon length (classes 4 and 6) and worse
results for base system instances (classes 1 and 5). When the F2 problem, they perform worse for
classes with high congestion level and emphasized conditions (classes 5 and 6), specially when

we consider high congestion level scenario. It seems that for using a pure solver to minimize
the completion time CTP is the best alternative when ATI generates large linear programs, as it
obtains better gaps than the other formulations.

The size of the M constant impacts directly in the bounds quality. In the analysis of the Tables

6 and 7, it is noticeable that the mathematical formulations without constant M (time-indexed
based formulations) present tighter bounds. However, the Time-Indexed based formulations can
solve the smallest number of instances. In the AFCTP formulation, the value of the constant M is
smaller than the CTP formulation value. AFCTP formulation presents lower bounds stronger or

equal in all analyzed instances compared to CTP formulation. This difference is more apparent in
the problem F1 for small instances. For the problem F2 these formulations present the same LP
relaxation results. As the number of jobs increases, the GAP and the computational time increase

faster for AFCTP. Therefore, the AFCTP formulation solves a smaller number of instances for
LP and MIP than CTP.

Summarizing the MIP formulations results, we highlight that some formulations are affected by
the differences between classes. When the linear relaxation problem can be solved efficiently by

time-indexed based formulations, it is possible to solve the MIP problem. Therefore, such as in
linear problem relaxation analysis, the larger instances with a long planning horizon are more
difficult for these formulations. Furthermore, the TI formulation is the most influenced by setup

times presence. The MIP problems generated with time-indexed based formulation are bigger
for classes with a long planning horizon since processing times tend to be longer. In general,
all formulations perform better in class 4 since release dates are spread over time. Considering

the point of view of an optimization package user, we argue that the CTP formulation is the best
choice to tackle total weighted tardiness, problem F2. In this problem, the CTP also obtained
better results for classes with moderate planning horizon (classes 3 and 4), solving all instances.

Minimizing total weighted tardiness when we have early due dates, high congestion level, is a
challenging problem.
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T
ab

le
8

–
C

on
fid

en
ce

In
te

rv
al

(C
I)

fo
rS

in
gl

e
M

ac
hi

ne
Sc

he
du

lin
g

Pr
ob

le
m

s
fo

r
Si

x
M

IP
Fo

rm
ul

at
io

ns
fo

r
A

ll
C

la
ss

es
.

Fo
r

th
e

L
P

(l
in

ea
rp

ro
gr

am
m

in
g)

re
la

xa
tio

n
pr

ob
le

m
,t

he
“G

A
P

”
in

di
ca

te
s

th
e

95
%

co
nfi

de
nc

e
in

te
rv

al
va

lu
e

of
th

e
av

er
ag

e
lin

ea
r

re
la

xa
tio

n
ga

p,
co

m
pu

te
d

fo
r

ea
ch

fo
rm

ul
at

io
n

an
d

in
st

an
ce

as
th

e
re

la
tiv

e
di

ff
er

en
ce

be
tw

ee
n

th
e

be
st

in
te

ge
r

so
lu

tio
n

an
d

its
L

P
re

la
xa

tio
n

va
lu

e.
Fo

rt
he

M
IP

(m
ix

ed
in

te
ge

rp
ro

gr
am

m
in

g)
pr

ob
le

m
,t

he
“G

A
P

”
in

di
ca

te
s

th
e

95
%

co
nfi

de
nc

e
in

te
rv

al
va

lu
e

of
th

e
av

er
ag

e
op

tim
al

ity
ga

p.
“T

(s
)”

in
di

ca
te

s
95

%
co

nfi
de

nc
e

in
te

rv
al

va
lu

e
of

th
e

av
er

ag
e

C
PU

tim
e.

F
1

an
d

F
2

de
no

te
th

e
ob

je
ct

iv
e

fu
nc

tio
ns

∑ j
w

jC
j

an
d

∑ j
w

jT
j,

re
sp

ec
tiv

el
y.

In
st

an
ce

O
b

je
ct

iv
e

M
ix

ed
In

te
ge

r
P

ro
gr

am
F

or
m

u
la

ti
on

s
C

la
ss

es
F

u
n

ct
io

n
C

T
P

A
F

C
T

P
A

P
D

T
I

T
II

A
T

I

G
A

P
T

(s
)

G
A

P
T

(s
)

G
A

P
T

(s
)

G
A

P
T

(s
)

G
A

P
T

(s
)

G
A

P
T

(s
)

LPRELAXATIONPROBLEM

C
la

ss
1

F
1

(6
2.

1%
,7

4.
9%

)
(0

.0
,0

.2
)

(4
7.

6%
,6

9.
5%

)
(0

.0
,1

6.
4)

(1
00

.0
%

,1
00

.0
%

)
(0

.0
,1

55
.6

)
(5

7.
5%

,8
7.

6%
)

(5
25

.8
,2

64
9.

8)
(1

0.
7%

,6
9.

6%
)

(9
86

.4
,2

92
6.

7)
(5

.1
%

,6
7.

6%
)

(2
39

.1
,2

45
5.

1)

C
la

ss
2

F
1

(6
1.

0%
,7

4.
1%

)
(0

.0
,8

.7
)

(4
6.

0%
,6

8.
4%

)
(1

.3
,2

0.
2)

(1
00

.0
%

,1
00

.0
%

)
(0

.0
,2

02
.8

)
(6

5.
5%

,9
6.

0%
)

(1
73

0.
5,

35
54

.0
)

(5
7.

3%
,1

00
.0

%
)

(2
48

8.
5,

37
75

.8
)

(1
2.

4%
,7

4.
9%

)
(5

55
.1

,2
73

8.
7)

C
la

ss
3

F
1

(6
0.

2%
,6

7.
3%

)
(0

.0
,7

.8
)

(4
7.

8%
,6

3.
1%

)
(0

.0
,8

.8
)

(1
00

.0
%

,1
00

.0
%

)
(0

.0
,3

35
.3

)
(5

4.
3%

,8
3.

7%
)

(9
92

.4
,2

74
5.

6)
(3

0.
9%

,8
3.

7%
)

(1
29

3.
7,

31
56

.9
)

(8
.3

%
,6

9.
1%

)
(3

83
.4

,2
54

7.
4)

C
la

ss
4

F
1

(2
3.

7%
,2

9.
5%

)
(0

.1
,1

.2
)

(2
0.

5%
,2

6.
5%

)
(0

.0
,3

3.
0)

(1
00

.0
%

,1
00

.0
%

)
(0

.0
,3

48
.7

)
(2

6.
1%

,7
4.

8%
)

(5
51

.4
,2

60
7.

6)
(9

.0
%

,6
9.

0%
)

(9
44

.6
,2

90
3.

8)
(5

.2
%

,6
7.

7%
)

(2
27

.7
,2

40
9.

3)

C
la

ss
5

F
1

(6
1.

7%
,7

3.
8%

)
(0

.5
,1

2.
1)

(4
7.

5%
,6

8.
7%

)
(0

.0
,7

1.
8)

(1
00

.0
%

,1
00

.0
%

)
(0

.0
,1

70
.9

)
(5

6.
9%

,8
7.

4%
)

(4
99

.1
,2

64
2.

2)
(1

3.
7%

,7
1.

1%
)

(8
83

.7
,2

89
0.

1)
(7

.6
%

,6
8.

8%
)

(2
55

.3
,2

42
9.

8)
C

la
ss

6
F

1
(2

2.
8%

,2
6.

7%
)

(0
.0

,2
.0

)
(1

9.
8%

,2
4.

0%
)

(6
.7

,1
14

.5
)

(1
00

.0
%

,1
00

.0
%

)
(0

.0
,2

86
.8

)
(4

3.
2%

,9
0.

7%
)

(1
77

9.
0,

34
51

.3
)

(5
5.

2%
,1

00
.0

%
)

(2
58

5.
8,

37
79

.0
)

(1
3.

2%
,7

7.
9%

)
(5

88
.3

,2
78

8.
5)

F
1

A
ve

ra
ge

(4
8.

6%
,5

7.
7%

)
(0

.0
,5

.3
)

(3
8.

2%
,5

3.
4%

)
(0

.0
,4

4.
1)

(1
00

.0
%

,1
00

.0
%

)
(0

.0
,2

50
.0

)
(5

0.
6%

,8
6.

7%
)

(1
01

3.
0,

29
41

.7
)

(2
9.

5%
,8

3.
6%

)
(1

53
0.

5,
32

38
.7

)
(8

.6
%

,7
1.

0%
)

(3
74

.8
,2

56
1.

5)
S

ta
n

d
ar

d
D

ev
ia

ti
on

(1
9.

3%
,2

3.
4%

)
(0

.0
,4

.9
)

(1
3.

8%
,2

2.
0%

)
(1

.7
,4

1.
4)

(0
.0

%
,0

.0
%

)
(0

.0
,8

4.
8)

(5
.4

%
,1

4.
7%

)
(4

14
.9

,6
18

.9
)

(1
6.

8%
,2

2.
3%

)
(4

27
.1

,7
93

.8
)

(3
.2

%
,4

.5
%

)
(1

54
.0

,1
72

.6
)

C
la

ss
1

F
2

(0
.8

%
,1

1.
4%

)
(0

.0
,0

.1
)

(0
.8

%
,1

1.
4%

)
(0

.0
,2

9.
6)

(8
.8

%
,4

9.
4%

)
(0

.0
,1

38
.8

)
(6

.9
%

,4
8.

4%
)

(1
21

0.
5,

31
96

.9
)

(6
.7

%
,4

8.
3%

)
(1

37
2.

5,
33

32
.2

)
(2

.7
%

,4
5.

2%
)

(5
05

.6
,2

72
1.

1)

C
la

ss
2

F
2

(0
.7

%
,1

5.
8%

)
(0

.0
,0

.1
)

(0
.7

%
,1

5.
8%

)
(0

.0
,3

9.
1)

(8
.4

%
,5

7.
1%

)
(0

.0
,1

05
.2

)
(7

.2
%

,5
4.

7%
)

(1
81

6.
8,

34
69

.5
)

(7
.2

%
,5

4.
7%

)
(2

10
0.

4,
37

08
.1

)
(5

.8
%

,5
5.

6%
)

(9
42

.6
,3

00
8.

1)
C

la
ss

3
F

2
(0

.0
%

,9
.0

%
)

(0
.0

,0
.1

)
(0

.0
%

,9
.0

%
)

(0
.0

,2
6.

7)
(2

1.
6%

,6
5.

7%
)

(0
.0

,1
30

.6
)

(1
6.

5%
,6

3.
5%

)
(1

67
7.

2,
35

02
.5

)
(2

1.
6%

,6
5.

7%
)

(1
87

8.
4,

35
80

.0
)

(5
.8

%
,5

8.
3%

)
(5

45
.5

,2
62

0.
4)

C
la

ss
4

F
2

(1
.9

%
,7

.3
%

)
(0

.0
,0

.1
)

(1
.9

%
,7

.3
%

)
(0

.0
,3

7.
5)

(5
6.

5%
,9

6.
2%

)
(0

.0
,1

53
.9

)
(2

9.
6%

,8
6.

0%
)

(1
29

8.
5,

32
01

.0
)

(2
6.

2%
,8

4.
1%

)
(1

39
4.

2,
32

69
.0

)
(6

.4
%

,6
8.

1%
)

(5
09

.0
,2

62
3.

6)

C
la

ss
5

F
2

(9
7.

6%
,9

9.
1%

)
(0

.0
,1

2.
2)

(9
7.

7%
,9

9.
4%

)
(0

.0
,1

69
.2

)
(1

00
.0

%
,1

00
.0

%
)

(0
.0

,2
16

.6
)

(9
8.

5%
,1

00
.0

%
)

(1
10

1.
5,

31
84

.4
)

(7
7.

1%
,9

6.
4%

)
(1

48
8.

2,
33

85
.7

)
(4

8.
0%

,8
4.

6%
)

(5
96

.6
,2

74
7.

3)
C

la
ss

6
F

2
(4

3.
3%

,5
9.

2%
)

(0
.0

,1
3.

8)
(4

3.
3%

,5
9.

0%
)

(0
.0

,6
5.

6)
(1

00
.0

%
,1

00
.0

%
)

(0
.0

,2
16

.9
)

(8
4.

8%
,1

00
.0

%
)

(2
14

4.
9,

36
80

.8
)

(7
7.

0%
,1

00
.0

%
)

(2
53

9.
8,

37
76

.2
)

(2
7.

1%
,7

7.
1%

)
(1

04
2.

3,
30

84
.4

)

F
2

A
ve

ra
ge

(2
3.

9%
,3

3.
6%

)
(0

.0
,4

.4
)

(2
3.

9%
,3

3.
6%

)
(0

.0
,6

1.
3)

(4
9.

2%
,7

8.
1%

)
(0

.0
,1

60
.4

)
(4

0.
6%

,7
5.

5%
)

(1
54

1.
6,

33
72

.5
)

(3
6.

0%
,7

5.
5%

)
(1

79
5.

6,
35

08
.5

)
(1

6.
0%

,6
4.

8%
)

(6
90

.3
,2

80
0.

8)
S

ta
n

d
ar

d
D

ev
ia

ti
on

(3
5.

9%
,4

1.
4%

)
(0

.0
,6

.7
)

(3
6.

0%
,4

1.
4%

)
(0

.0
,5

4.
7)

(2
1.

4%
,4

4.
0%

)
(0

.0
,4

7.
0)

(2
0.

6%
,4

1.
9%

)
(2

02
.4

,4
08

.1
)

(2
0.

2%
,3

4.
4%

)
(2

01
.9

,4
70

.0
)

(1
1.

5%
,2

0.
1%

)
(1

84
.8

,2
49

.0
)

L
P

R
el

ax
at

io
n

A
ve

ra
ge

(3
6.

3%
,4

5.
7%

)
(0

.0
,4

.9
)

(3
1.

1%
,4

3.
5%

)
(0

.0
,5

2.
7)

(7
4.

6%
,8

9.
0%

)
(0

.0
,2

05
.2

)
(4

5.
6%

,8
1.

1%
)

(1
27

7.
3,

31
57

.1
)

(3
2.

7%
,7

9.
6%

)
(1

66
3.

0,
33

73
.6

)
(1

2.
3%

,6
7.

9%
)

(5
32

.5
,2

68
1.

1)
S

ta
n

da
rd

D
ev

ia
ti

on
(3

0.
1%

,3
4.

7%
)

(0
.0

,5
.7

)
(2

6.
5%

,3
3.

7%
)

(0
.0

,4
8.

2)
(1

8.
4%

,3
9.

8%
)

(0
.0

,8
0.

5)
(1

5.
0%

,3
0.

7%
)

(3
75

.0
,5

76
.9

)
(1

6.
2%

,2
9.

0%
)

(3
37

.0
,6

43
.3

)
(6

.4
%

,1
5.

6%
)

(2
03

.4
,2

63
.5

)

MIPPROBLEM

C
la

ss
1

F
1

(1
1.

2%
,5

5.
4%

)
(9

62
.9

,3
17

8.
4)

(1
9.

4%
,6

1.
8%

)
(1

51
5.

7,
35

48
.2

)
(2

2.
6%

,7
7.

4%
)

(1
28

2.
2,

34
32

.7
)

(1
2.

4%
,7

1.
8%

)
(1

25
7.

7,
33

04
.3

)
(8

.3
%

,6
8.

9%
)

(1
46

3.
2,

34
78

.5
)

(5
.1

%
,6

7.
6%

)
(4

11
.9

,2
53

7.
3)

C
la

ss
2

F
1

(1
0.

3%
,5

3.
7%

)
(9

33
.9

,3
16

5.
1)

(1
8.

8%
,6

1.
5%

)
(1

56
1.

1,
36

15
.9

)
(2

0.
6%

,7
8.

3%
)

(1
26

1.
4,

34
13

.5
)

(5
0.

4%
,9

6.
7%

)
(2

97
9.

2,
38

14
.5

)
(2

0.
1%

,8
0.

3%
)

(1
99

0.
3,

35
59

.6
)

(1
3.

1%
,7

7.
8%

)
(8

32
.4

,2
93

1.
4)

C
la

ss
3

F
1

(7
.9

%
,4

8.
1%

)
(7

72
.9

,3
00

4.
6)

(1
6.

0%
,5

4.
3%

)
(1

50
4.

9,
35

43
.7

)
(2

2.
2%

,7
5.

6%
)

(1
37

1.
9,

34
57

.4
)

(2
7.

4%
,8

0.
1%

)
(2

07
9.

4,
37

12
.7

)
(2

1.
0%

,7
5.

8%
)

(2
07

3.
7,

37
24

.4
)

(7
.7

%
,6

8.
9%

)
(5

82
.6

,2
74

6.
8)

C
la

ss
4

F
1

(1
.2

%
,1

6.
5%

)
(4

59
.3

,2
70

6.
9)

(3
.6

%
,2

0.
8%

)
(9

89
.1

,3
17

6.
9)

(1
3.

2%
,6

9.
6%

)
(1

13
5.

8,
33

01
.4

)
(8

.2
%

,6
8.

9%
)

(1
01

4.
4,

30
64

.3
)

(5
.9

%
,6

7.
9%

)
(1

06
3.

1,
31

10
.9

)
(5

.1
%

,6
7.

6%
)

(3
51

.8
,2

51
8.

7)

C
la

ss
5

F
1

(9
.9

%
,5

4.
1%

)
(8

64
.6

,3
09

1.
9)

(1
7.

3%
,6

0.
2%

)
(1

47
9.

9,
35

14
.1

)
(2

2.
1%

,7
8.

1%
)

(1
27

0.
6,

34
29

.9
)

(1
6.

4%
,7

6.
2%

)
(1

29
6.

9,
32

48
.5

)
(8

.8
%

,6
9.

2%
)

(1
39

7.
7,

33
55

.2
)

(7
.6

%
,6

8.
8%

)
(3

47
.2

,2
51

0.
3)

C
la

ss
6

F
1

(1
.3

%
,1

4.
7%

)
(4

79
.9

,2
72

1.
5)

(3
.5

%
,1

8.
8%

)
(1

00
1.

7,
31

96
.2

)
(1

3.
9%

,7
2.

0%
)

(1
12

5.
5,

32
62

.5
)

(3
5.

5%
,9

0.
1%

)
(3

01
2.

1,
37

37
.2

)
(4

3.
2%

,9
7.

2%
)

(2
66

5.
5,

38
56

.6
)

(1
3.

3%
,7

7.
9%

)
(9

21
.1

,2
98

1.
9)

F
1

A
ve

ra
ge

(7
.0

%
,4

0.
4%

)
(7

45
.6

,2
97

8.
1)

(1
3.

1%
,4

6.
2%

)
(1

34
2.

1,
34

32
.5

)
(1

9.
1%

,7
5.

1%
)

(1
24

1.
2,

33
82

.9
)

(2
5.

0%
,8

0.
6%

)
(1

94
0.

0,
34

80
.2

)
(1

7.
9%

,7
6.

6%
)

(1
77

5.
6,

35
14

.2
)

(8
.6

%
,7

1.
4%

)
(5

74
.5

,2
70

4.
4)

S
ta

n
d

ar
d

D
ev

ia
ti

on
(4

.5
%

,1
9.

4%
)

(2
13

.0
,2

24
.2

)
(7

.5
%

,2
0.

6%
)

(1
92

.3
,2

70
.7

)
(3

.0
%

,4
.8

%
)

(7
1.

9,
10

1.
0)

(1
0.

6%
,1

6.
1%

)
(2

90
.9

,9
00

.1
)

(1
0.

9%
,1

4.
2%

)
(2

51
.5

,5
85

.0
)

(3
.5

%
,5

.1
%

)
(2

10
.7

,2
54

.1
)

C
la

ss
1

F
2

(0
.0

%
,1

.2
%

)
(0

.0
,4

05
.8

)
(0

.5
%

,4
8.

8%
)

(1
46

.6
,2

06
4.

8)
(0

.8
%

,5
7.

6%
)

(2
08

.9
,2

20
8.

1)
(1

2.
4%

,7
4.

9%
)

(6
54

.2
,2

77
3.

1)
(1

8.
0%

,8
0.

1%
)

(7
80

.6
,2

95
6.

4)
(1

8.
0%

,8
0.

1%
)

(8
43

.2
,3

02
7.

0)
C

la
ss

2
F

2
(0

.0
%

,7
.6

%
)

(0
.0

,1
44

1.
4)

(0
.0

%
,4

6.
1%

)
(1

31
.2

,2
02

4.
6)

(2
.3

%
,5

5.
3%

)
(2

00
.8

,2
12

0.
7)

(2
8.

6%
,8

7.
8%

)
(1

55
7.

9,
33

10
.6

)
(3

7.
1%

,9
3.

8%
)

(1
60

2.
9,

34
79

.7
)

(2
9.

6%
,9

0.
4%

)
(1

57
9.

9,
34

47
.2

)

C
la

ss
3

F
2

(0
.0

%
,0

.0
%

)
(0

.0
,1

25
.9

)
(0

.0
%

,3
4.

3%
)

(3
6.

9,
17

71
.2

)
(0

.0
%

,5
2.

6%
)

(1
20

.2
,2

09
3.

8)
(1

7.
8%

,7
6.

7%
)

(8
55

.2
,2

89
3.

8)
(2

1.
8%

,8
1.

4%
)

(1
01

5.
5,

30
69

.8
)

(2
5.

2%
,8

3.
9%

)
(1

25
2.

6,
32

91
.8

)

C
la

ss
4

F
2

(0
.0

%
,0

.0
%

)
(0

.0
,4

06
.7

)
(0

.0
%

,3
2.

5%
)

(7
49

.7
,2

85
9.

1)
(4

.9
%

,6
3.

9%
)

(3
73

.4
,2

55
0.

2)
(1

1.
4%

,7
2.

8%
)

(5
94

.0
,2

76
1.

5)
(9

.6
%

,7
0.

4%
)

(6
81

.6
,2

79
9.

6)
(1

8.
0%

,8
0.

1%
)

(8
20

.8
,2

97
2.

4)
C

la
ss

5
F

2
(1

3.
3%

,7
0.

9%
)

(7
48

.7
,2

92
8.

3)
(2

1.
4%

,7
8.

2%
)

(1
20

7.
4,

33
44

.0
)

(2
0.

0%
,8

1.
4%

)
(1

09
5.

3,
32

58
.7

)
(3

4.
6%

,9
1.

1%
)

(1
91

7.
4,

36
66

.3
)

(3
8.

6%
,9

2.
4%

)
(2

17
1.

0,
37

25
.0

)
(2

8.
0%

,8
2.

8%
)

(1
97

4.
0,

35
86

.6
)

C
la

ss
6

F
2

(2
.5

%
,2

4.
5%

)
(4

33
.3

,2
65

9.
0)

(8
.3

%
,4

3.
9%

)
(9

83
.1

,3
10

2.
2)

(1
4.

3%
,7

3.
5%

)
(9

76
.7

,3
12

8.
5)

(6
7.

9%
,1

00
.0

%
)

(3
24

1.
9,

37
23

.7
)

(6
2.

8%
,1

00
.0

%
)

(3
01

7.
2,

37
26

.5
)

(3
1.

2%
,8

6.
9%

)
(1

99
6.

5,
35

98
.7

)

F
2

A
ve

ra
ge

(2
.3

%
,1

7.
4%

)
(1

54
.2

,1
32

7.
9)

(3
.9

%
,4

7.
3%

)
(5

42
.5

,2
52

7.
7)

(6
.8

%
,6

4.
0%

)
(4

95
.9

,2
56

0.
0)

(2
8.

8%
,8

4.
0%

)
(1

47
0.

1,
31

88
.2

)
(3

1.
3%

,8
6.

8%
)

(1
54

4.
8,

32
92

.8
)

(2
5.

0%
,8

4.
0%

)
(1

41
1.

2,
33

20
.6

)
S

ta
n

d
ar

d
D

ev
ia

ti
on

(5
.4

%
,2

7.
9%

)
(3

01
.6

,1
23

8.
3)

(8
.2

%
,1

7.
2%

)
(4

96
.7

,6
59

.2
)

(8
.3

%
,1

1.
5%

)
(4

15
.9

,5
28

.6
)

(1
0.

4%
,2

1.
5%

)
(4

00
.5

,1
03

2.
3)

(1
1.

1%
,1

9.
3%

)
(3

71
.1

,9
27

.4
)

(3
.1

%
,6

.3
%

)
(2

69
.2

,5
28

.1
)

M
IP

A
ve

ra
ge

(4
.7

%
,2

8.
9%

)
(4

49
.9

,2
15

3.
0)

(8
.5

%
,4

6.
8%

)
(9

42
.3

,2
98

0.
1)

(1
2.

9%
,6

9.
6%

)
(8

68
.6

,2
97

1.
4)

(2
6.

9%
,8

2.
3%

)
(1

70
5.

0,
33

34
.2

)
(2

4.
6%

,8
1.

7%
)

(1
66

0.
2,

34
03

.5
)

(1
6.

8%
,7

7.
7%

)
(9

92
.8

,3
01

2.
5)

S
ta

n
da

rd
D

ev
ia

ti
on

(5
.3

%
,2

5.
9%

)
(3

76
.4

,1
21

5.
8)

(6
.9

%
,1

9.
0%

)
(5

45
.0

,6
78

.5
)

(8
.1

%
,1

0.
7%

)
(4

77
.8

,5
66

.1
)

(1
0.

0%
,1

8.
3%

)
(3

59
.4

,9
58

.3
)

(1
1.

6%
,1

7.
8%

)
(3

15
.3

,7
52

.6
)

(7
.2

%
,1

0.
3%

)
(3

85
.1

,5
96

.2
)

Pesquisa Operacional, Vol. 39(1), 2019



�

�

“main” — 2019/4/4 — 12:11 — page 134 — #26
�

�

�

�

�

�

134 ANALYSIS OF MIP FORMULATIONS FOR SMSP WITH SEQUENCE DEPENDENT SETUP TIMES
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6 CONCLUDING REMARKS

In this article, we proposed and compared six different MIP formulations for two single machine
scheduling problems with sequence-dependent setup times and release dates. Not only exten-
sive computational experiments were performed but also their dominance relations regarding the
strength of their linear relaxations bounds were analyzed. Aforementioned allowed illustrating
the wealth of the formulations. We provided a comparative literature review of several works
about SMSP formulations. Besides, we presented a new Arc-Time-Indexed formulation for the
single machine scheduling scenario treated, proving its dominance. The analyzed MIP formula-
tions could be easily adapted to other objective functions and machine environments (i.e., par-
allel machines, flow-shop, and job-shop). The performances of MIP formulations depend on the
problem, the number of jobs, the characteristic of the instances (class) and the length of the
planning horizon.

The formulations “Completion Time and Precedence” and “Time-Indexed” seems the most
widely used formulations in the Scheduling literature. “Completion Time and Precedence” and
“Assignment and Positional Date” formulations are the oldest and “Arc-Time-Indexed” proposed
formulation is the newest one.

Time-Indexed based formulations (TI, TII, and ATI) present better bounds in general. However,
these formulations cannot be directly applied to many instances due to their large number of
variables, preventing the use of commercial solvers within a reasonable computational time.
Therefore, they recommend using when the length of the time horizon is small or when integrated
into a methodology that could deal with their size, as column-generation, Lagrangean relaxation
algorithms, and heuristic combinations.

Even though providing weaker lower bounds, CTP and AFCTP formulations managed to solve a
significant number of instances. Methods that could take advantage of their capacity in generating
feasible solutions in a reduced computational time will best fit with these paradigms. Future
directions of research include their integration with heuristic approaches, for instance, in a relax-
and-fix framework.
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146 ANALYSIS OF MIP FORMULATIONS FOR SMSP WITH SEQUENCE DEPENDENT SETUP TIMES
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148 ANALYSIS OF MIP FORMULATIONS FOR SMSP WITH SEQUENCE DEPENDENT SETUP TIMES
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154 ANALYSIS OF MIP FORMULATIONS FOR SMSP WITH SEQUENCE DEPENDENT SETUP TIMES
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28.8%
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331.4
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48.0%
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