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ABSTRACT. In this paper we explore a Bayesian approach for stable distributions in presence of covari-
ates. This class of distribution has great flexibility for fitting asymmetric and heavy-tailed empirical data.
These models are commonly used for data sets in finance and insurance. In this paper we show that these
distributions can also be used to fit clinical data. Since there is not an analytical form for the density prob-
ability function which implies in serious difficulties to obtain the maximum likelihood estimators for the
parameters, we use Bayesian methods with data augmentation techniques to get the inferences of interest.
In this study we also discuss the choice of different prior distributions for the parameters considering re-
gression models for the location and scale parameters of the stable distribution. We use MCMC (Markov
Chain Monte Carlo) algorithms to generate samples from the posterior distributions in order to evaluate the
point and interval estimators. A great simplification is obtained using the OpenBugs software. Two real data

examples illustrate the applicability of the proposed modeling approach.

Keywords: table distributions, Bayesian approach, regression models, prior distributions, MCMC methods.

1 INTRODUCTION

In many areas of applications, the usual assumption of normality of the data needed in many sta-
tistical models is not satisfied in practice, even using data transformations to improve the symme-
try of the data. The assumption of normality is essential for the use of traditional techniques such
as ANOVA (analysis of variance) models, linear regression models, hypothesis tests for compar-
ison of means, medians or variances, especially with small sample sizes. In this situation, usually
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2 BAYESIAN ESTIMATION FOR THE STABLE DISTRIBUTIONS

the data analyst uses existing non-parametrical methods, but this approach usually gives poor
statistical inference results, and in general it is not possible to get predictions, among many other
problems. A recent alternative that has been explored in the literature given the advancement of
computational methods and better computers is the use of super models that generalize the nor-
mal distribution allowing the adjustment to asymmetric data, multimodal data, among others. In
this case we can cite the family of stable distributions that have already been used in areas such
as economics and finance. The family of stable distributions arises from a generalized version
of the central limit theorem (Gnedenko & Kolmogorov, 1954) where the Gaussian distribution is
a particular case of this family of distributions. The stable distribution has great flexibility to fit
data with very different shapes, allowing to fit asymmetric and heavy-tailed data, which makes
it suitable for modeling in different research areas such as complex systems in physics, engi-
neering, biology, sociology and other fields.Several analytical properties of this class of stable
distributions and several practical applications can be seen in Zolotarev (1986).

A major difficulty associated with stable distributions is that, in general, there is no simple and
closed formula for the probability density functions (pdf), making it difficult to apply well-known
estimation methods, such as parameter estimation using maximum likelihood methods. In theory,
the pdf of a stable distribution could be obtained numerically from an integration based on the in-
version formula or using a characteristic function-based estimation method, but these techniques
are often complex and difficult to be used in practice.

Borak et al. (2005) and Kateregga et al. (2017) reviewed some classical approaches proposed to
estimate the parameters of stable distributions and investigated their performance from simula-
tion studies. They observed that the inferences obtained by these approaches can present several
computational difficulties and often inaccurate estimates of model parameters.

In the last decades, Bayesian inference methods have been considered as an efficient and robust
alternative approach to data analysis, especially using more complex models in general with sev-
eral parameters and with great flexibility to be fited by the data. The literature presents several
studies considering the use of Bayesian estimation methods to get the estimators for the param-
eters of stable distributions. In this direction, one of the first papers written to explore the use of
Bayesian methods for stable distribution was introduced by Buckle (1995) proposing a Bayesian
analysis using Markov Chain Monte Carlo (MCMC) methods and data augmentation techniques
(introduction of unobserved latent variables) that made it possible to get precise inferences of
interest to the stable distribution. Lombardi (2004) introduced a novel approach for Bayesian in-
ference in the setting of stable distributions that resorts to a Fast Fourier Transform (FFT) of the
characteristic function in order to approximate the likelihood function; the posterior distributions
of the parameters are then produced via a random walk MCMC method. Oral and Erdemir (2012)
compared the FFT with their Bayesian approach using Metropolis random walk chain and direct
numerical integration.

Achcar et al. (2013a) studied computational aspects for the Bayesian analysis involving stable
distributions. Following in the same direction, Achcar et al. (2013b) presented some robustness
aspects of linear regression models in the presence of outliers or discordant observations consid-
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ering the use of stable distributions for the response in place of the usual normality assumption-
where the main aspects of the methodology, as well as two examples of implementation, were
presented: one using data from the industrial area and other from simulated data. The authors
elaborated the analysis and discussion including measures of goodness of fit of the models. The
influence of outliers in the model fit was also discussed in this publication.

Lemke et al. (2015) considered a fully Bayesian inference for a-stable distributions using a Pois-
son series representation, and more recently Karling et al. (2021) provided a Bayesian algorithm
that makes use only of the power series representation.

The main goal of this paper is to carry out a Bayesian inference with data augmentation tech-
niques and MCMC (Markov Chain Monte Carlo) methods proposed by Buckle (1995) to anal-
yse data under stable distributions in presence of covariates. We provide major applications of
the stable distributions in the medical field involving covariates in order to determine important
prognostic factors.

We also discuss the choice of appropriate prior distributions for the parameters of the model
and some computational issues to obtain accurate Bayesian inferences. The popular existing
free Openbugs software (Spiegelhalter et al., 2003) is used to obtain the posterior summaries of
interest.

The paper is organized as follows: in Section 2, we review the basic concepts of the stable distri-
bution family and some basic properties of the model. Section 3 presents a Bayesian analysis for
the stable distributions not considering the presence of covariates. Section 4 presents a Bayesian
analysis of the model assuming uniform prior distributions for the parameters of the model and
also considering regression models for the location and scale parameters. Section 5 presents two
applications with real medical data sets. Finally, section 6 provides some concluding remarks on
the obtained results.

2 DEFINITION AND BASIC PROPERTIES

The stable distribution does not have an analytic closed form for the probability density and
distribution functions, but can be expressed by its characteristic function given by

exp{iut — |ot|*(1 — i (signt)tan (Z2)}, a#1

. _ itX1 _
Ol Bp ) =BT = 1 i — ale|(1 4 iB 2 (signt)inle)},  a=1]"

ey

where signt =1 if t > 0; signt=01if t=0and signt=-1, if t < 0.

The stable distribution, denoted by S (3, i, 0), requires four parameters , 8, it and ¢ to com-
plete descrition. The parameter e (0,2] defines the index of stability or the shape parameter
(heaviness of the tails), and when o = 2 this class reduces to Gaussian distributions. The pa-
rameter € [-1,1] is the skewness parameter, where for § = 0 we have symmetric distributions.
The location and scale parameters are, respectively, (€ (- o0,00) and o€ (0, o). An important
property of the stable distribution is that if a random variable has a stable distribution, that is, X
" Sa(B, 4, 0)thenZ=X-u) o~ Sq (B,0,1).
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4 BAYESIAN ESTIMATION FOR THE STABLE DISTRIBUTIONS

A great difficulty associated to stable distributions S¢(f8, U, ©) is that in general there is no
simple closed form for their probability density functions except for the case of a Gaussian (¢ =
2), Cauchy (o =1, B =0) and Lévy (o = 0.5, B = +£1) distributions. However, it is known that the
probability density functions of stable distributions are continuous and unimodal. The support
of all stable distributions is given in (- oo,0), except for a< 1 and |B| = 1 when the support is
(- 00, 0) for B =1 and (0, =) for B = -1. It is important to point out that, if o< 1, the variance
is infinite and the mean of the stable distribution does not exist. When o > 1, the mean of the
distribution exists and is equal to y. When the skewness parameter f3 is positive, the distribution
is skewed to the right; when it is negative it is skewed to the left. When = 0, the distribution
is symmetric about 1. As «a approaches 2, B loses its effect and the distribution approaches the
Gaussian distribution regardless the values of . If the scale parameter ¢ = 1 and the location
parameter i = 0, the distribution is called standard stable.

Figure 1 shows the density plots for different parameter values of the stable distribution.
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Figure 1 - Densities of the stable distribution S¢ (8, it, 0) with parameters 4 =0, 6 = 1.
Right panel: closed form for the known densities Gauss, Cauchy and Levy.
Left panel: stable density functions for o = 1.2 and f =0, 0.5, 0.8 and 1.

Some properties of the a-stable distribution are:

* The tail of the density function decays like a power function, that is, P(|X| > x) o« Cx®
when x — oo for some constant C.
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¢« B(X|P) < 0,0 < p < a; B([X|P) = o0, p>a.
« B(X)) =, if a > 1;E(X]) = o, if a<l.

 The stability property is preserved under linear transformation.

Although this class of distributions is a good alternative for data modeling in different areas, we
usually have great difficulties to obtain estimates under classical approaches due to the lack of
closed form expressions for their probability density functions. One possibility in applications is
to compute the probability density function from the inversion formula,

fx)=1/2x / e D (1) dt )

—o0

where @ (¢) is the characteristic function. In applications, we must use numerical methods to
solve the integral in (2), usually taking a great computational time.

The literature presents different studies leading to different techniques to compute the density
functions of the family of stable distributions S¢ (8, i, o) (Oral & Erdemir, 2012).

3 BAYESIAN INFERENCES FOR THE PARAMETERS OF THE STABLE DISTRIBU-
TION

An alternative estimation method to obtain inferences for stable distributions is the use of
Bayesian inference (Gelman et al., 2013; O’Hagan & Forster, 2004; Bernardo & Smith, 2007).

In Bayesian inference, a prior distribution is specified for the parameters of the distribution,
which reflects existing knowledge (or lack of knowledge) regarding the probability of the pos-
sible values. The ability to specify a prior distribution is seen as an advantage of the Bayesian
approach because the uncertainty surrounding each parameter is taken into consideration.

It is important to note that, in the Bayesian approach, the inference is based on the posterior den-
sity of the parameters, which is proportional to the product of likelihood and prior distribution,
that is p(0|x) o< f(x|0)m(0). However, for stable distributions the likelihood function based on
the the data is not possible to derive directly from the density (2) since this one is not given in a
closed form. Therefore, an alternative to estimate the parameters of Sy (B, i, ©) is to use latent
or artificial variables.

If it is not possible to obtain the probability density function of x in closed form whereas the joint
density function of x and y exists, then the posterior density is found by taking integration,

w(0lx)e [ £(x.v16)m0(6)dy )
where 7 is the prior distribution for the parameter.

Considering a latent or an auxiliary variable, Buckle (1995) proved a theorem that is very useful
to simulate samples of the joint posterior distribution for the parameters «, 3, Y and 8. This theo-
rem establishes that a stable distribution for a random variable Z defined in (- 0,o0) is obtained as
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6 BAYESIAN ESTIMATION FOR THE STABLE DISTRIBUTIONS

the marginal of a bivariate distribution for the random variable Z itself and an auxiliary or latent
random variable Y. This non-observed random variable Y is defined in the interval (-0.5, aq g),
when Z € (- =, 0), and in (aayﬁ,O.S), when Z € (0, o).

The quantity aq g is given by
ao,Bp = —bgpan 4)

where by, g = (B7/2)min{, 2- a}.

The joint probability density function for the random variables Z and Y is given by

fzyle, B) = {a/ o= 1[H{1/lzlH|z/t0,p )| Yexp{—|2/te s (0)|°} /0 @)

where 6 = o /(o — 1),

top(v) = {sin(mary +be g)/cos(ny)}{cos(my) /[cos(m(et — 1)y) +bg ] }'/® ©)

and Z = (X - u)/ o for c# 0.

Buckle (1995) showed that the marginal distribution for the random variable Z of the bivariate
density (5), is a stable Sq( B, 0, 1) distribution.

Let us assume thatx = (x,x2,...,x,) is arandom sample of size n, where X ~ Sq(f3, it, o) and m
(o, B, u,0) is a joint prior distribution for the parameters ¢, 3, i and 6. Then, from the bivariate
density (5), the joint posterior distribution for o, 3, and o is given by:

I

where 0 = a/(a-1),Zi=(Xi—p)/o,fori=1,....,n, a€ (0,2], BE [-1, 1], HE(-00, +00), GE(0,+00).

0
n

n(a,ﬁ,u,c\x) o<e (ﬁ) exp{—z

Zi
Lap )

<i

1
T s Mo M dy. 7
| preep o 0

|zi]

i=1

We assume a uniform U(-0.5, 0.5) prior distribution h(y;) for the latent random quantities Y; for
i=1, 2, .. ., n. Then the joint posterior probability distribution for &, 3, i, ¢ and y is given by

n n [¢] n
7(0, B0, 0. y) o (ﬁ) exp{—Z }H

i=1
The Gibbs sampler can be implemented through the Openbugs software by the following proce-

(¢] 1 .
mnh(yf)ﬂo(%ﬁ,u,c). ®)
=1

Zi
tap (i)

i
Lo B (}’i)

dure. Firstly, start with the initial values oY, BO, /.LO, 0. For each observation x;, then y; is gen-
erated from 7(y;|a, B, U, 0,x;), for i=1, 2, ..., n. After generating the vector y = (y1,y2,---,¥n)
then the parameters o, 3, 1 and o are generated from the conditional distributions 7( a/f3, U,
ox,y),n(B/o,u,o,xy).xu/a B, oxy and n(c/a,f, U, X, y), respectively.

In this study we assume uniform prior distributions on the domain of each parameter, that is,
o ~ U(0,2), B ~ U(-1,1), o ~ U0, a), u ~ U(-b, b), where the symbol ~ denotes that the
parameter has the distribution, a and b are known hyperparameters, usually very large to have
approximately non-informative prior distributions. Other possibility in the data analysis, is to as-
sume a gamma prior distribution for the scale parameter ¢ and a normal prior distribution for the
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location parameter (1, but it was observed in the examples considered in this study that, assum-
ing uniform priors for all parameters, the obtained posterior inferences were better, especially in
terms of convergence of the simulation algorithms.

With this choice of priors, the simulated Gibbs sampling for the joint posterior distribution is
carried out to obtain the posterior summaries of interest.

4 A BAYESIAN ANALYSIS ASSUMING REGRESSION MODELS FOR STABLE
DISTRIBUTIONS

In this section, let us assume the presence of a vector v = (vq,v,,...,v;) of covariates associated
to the variable X;, i = 1,..., n, under a stable distribution X; ~ S¢ (B, L, 0;),which implies that Z;
=(X; - u)lo; = Sq(B, 0, 1), where the location and the scale parameters y; and o; are assumed
to be dependent of the covariates as follows:

Wi =do+divii+dava+...+dpv
and 9
oi=exp(eg+evij+ewai+....+epv),

i=1,2,...,n,withd = (dy,d,...,d;) and e = (eg,e,...,ex) as the regression coefficients.

Assuming a joint prior distribution 7y (@, 8,d,e) for o, B, d and e, Buckle (1995) shows that the
joint posterior distribution for the parameters ¢, 3 , d and e, is given by

n n ] .
n(a7ﬁ7d,e|x)°</(‘a+1|q) eXp{_Z },Hl

i=1
where 0 = a/(a-1), Z; = (X; — py)lo;, fori=1,....n, @ € (0,2],8 € [-1,1], x = (x1,x2,-- -, Xn)
andy = (y1,y2,...,yn) are, respectively, the observed and non-observed data vectors. Note that

Zi
Lo (Y,)

Zi

1
— (e, B.d.e)dy, (10
P m(a,B.d,e)dy, (10)

|2i]

when ot =2, we have 6 =2 and by, g = 0. In this case, we have a Gaussian distribution with mean
equal to u and variance equal to 262,

For a Bayesian analysis of the proposed model, we assume uniform U(a,b) prior distributions
for the parameters o, 3 , do,d1,da, . ..,dy, ep,e1,€2,. . .,e; Where the hyperparameters a and b are
assumed to be known in each application following the restrictions & € (0,2] and 8 € [—1,1]
.We further assume prior independence among all parameters.

In the simulation algorithm to obtain a Gibbs sample for the parameters o, 3, d and e, hav-
ing the joint posterior distribution (10), it is also assumed uniform distributions for the latent
variable Y defined in the interval (-0.5, 0.5). With this choice of prior distributions, it is used
the standard free Openbugs software to get the posterior summaries of interest, which gives
great simplification to obtain the simulated Gibbs samples for the joint posterior distribution of
1nterest.

Pesquisa Operacional, Vol. 42, 2022: e254533



8 BAYESIAN ESTIMATION FOR THE STABLE DISTRIBUTIONS

From the posterior distribution (10), the joint posterior probability distribution for o, 8, d, e and
¥y =(y1,y2,-..,ya) is given by,
.

o n L i
n(a,B,d,e,yjx)oc | ————— | ex
@B (155;) oo {Zl g 07

where 6 and t, g(y) are respectively defined in (7) and (8) and the variable Y is defined in the
interval (-0.5, 0.5).

°]
1

Z

n
H yi)mo(a, B.d,e), (11)
laﬁ ¥i) i=1

Since we are using the Openbugs software to simulate samples for the joint posterior distribution
we do not present all full conditional distributions needed for the Gibbs sampling algorithm.
This software only requires the data distribution and prior distributions of the interested random
quantities. This gives great computational simplification to get the posterior summaries of interest
as shown in the applications as follows.

5 APPLICATIONS WITH REAL DATA

In this section two examples with real data sets showing the usefulness of the proposed
methodology are introduced.

5.1 Effects of smoking on health

The literature presents many studies on the effects of smoking on health. In this direction, Tager
et.al (1983) reported analyses of a study aimed at assessing children’s breathing in the absence or
presence of smoking cigarettes, as well as exposure to passive smoke from at least one parent (n
= 654 individuals). These studies present some of the earliest attempts to document the obvious
signs of reduced pulmonary function from smoking and from exposure to second-hand smoke.
The data in this investigation comes from an observational study where the subjects self-select
which group they think they belong, to the smoking or non-smoking group. Subjects also self-
report smoking status. Using a spirometer, FEV (Forced Expiratory Volume) is recorded for each
subject.

The following variables are reported associated to each individual: age (age in years), FEV
(forced expiratory volume in litres), ht (height of subject in cm), gender (female (0), male (1)),
smoker (non-smoker (0), smoker (1)). Figure 2 shows the histograms and normal plots of the re-
sponse variable FEV in the original and logarithmic scales. From these plots, it is observed that
the normality is improved in the logarithmic scale. Not considering the logarithm transformation,
the distribution is approximately skewed (Figure 2). In this way, we assume a stable distribution
to have better fit for the data in the original scale.

As a first statistical analysis, it is assumed a linear regression model with normal errors under
a classical approach (least squares estimators-LSE) relating the response FEV in the logarithm
scale with the covariates age, height, gender and smoker. The fitted regression model is given by

log(FEV) = —1.9414 + 0.016819 height + 0.02363 age + 0.0288 gender — 0.0471 smoker.  (12)
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Table 1 shows the summaries for LSE analysis (S = 0.145882; R-sq = 80.96%). From the re-
sults presented in Table 1, it is observed that assuming a linear multiple regression model with
normal errors (response in logarithmic scale) all covariates, height, age, gender and smoking,
show significative effects on the response FEV since the p-values are smaller than 0.05 (assumed

significance level).

Table 1 — Linear normal regression model (FEV data).

LSE SE T-Value | P-Value
Constant -1.9414 | 0.0790 | -24.58 < 0.001
Age 0.0236 | 0.0033 7.04 < 0.001
gendercoded | 0.0288 | 0.0118 245 0.015
smokercoded | -0.0471 | 0.0210 -2.25 0.025
Height 0.0168 | 0.0006 25.34 < 0.001
0{0 0!3 0{6 0{9 1{2 1{5 1,78‘
FEV (liters) log(FEV)
80 90
70 B /oi 80 ;\
60 / 0 _\
60 ]
3 50 ) | \
c — —
g / 50 _z
S 40 \
s 40
30
20 20

0,75 150 2,25 3,00 3,75 4,50 525

Figure 2 — Histograms (original and transformed scales).

Older people have larger FEV; males have larger FEV when compared to females; smokers have
smaller FEV when compared to non-smokers and larger height implies in larger FEV. Figure 3
presents the residual analysis, from where it is observed that the needed assumptions (normality
and constant variance of the residuals) assuming the logarithmic scale for the responses (a log-

normal distribution for FEV) are only approximately verified.
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Figure 3 — Residual plots (normal linear regression model-FEV data).

5.1.1 A Bayesian approach using a stable distribution not considering the presence of
covariates

Now, let us assume a stable distribution for the dataset FEV in the original scale not considering
the presence of covariates, assuming the following prior distributions for the parameters a, 3,
u and o of the stable distribution: o ~ U(1, 2), B ~ U(-1, 1), u ~ U(-2, 2) and o ~ U(0,2),
where U(a, b) denotes an uniform distribution in the interval (a, b). Using informative priors
for the parameters of the model, some information on the parameters of the stable distribution
could be obtained from the histograms presented in Figure 2, as close symmetry leading to prior
distributions that should be concentrated in « = 2. In this way, it is considered a uniform prior
for the parameter o concentrated in the interval (1, 2). Table 2 shows the posterior summaries of
interest (burn-in sample = 100,000 and other 400,000 Gibbs samples taking every 100" sample)
obtained using the Openbugs software. Convergence of the MCMC algorithm was verified from
standard traceplots of the simulated samples. The Openbugs code is presented in Appendix 1.

From the results of Table 2, it is possible to see that the posterior mean for the parameter o
has a Monte Carlo estimator based on the simulated Gibbs samples close to the value 2 (Monte
Carlo estimator of the posterior mean equal to 1.912) indicating that the fitted stable distribution
is close to the usual normal distribution. The convergence of the simulated Gibbs samples was
verified from trace plots of the generated samples for each parameter.

Pesquisa Operacional, Vol. 42, 2022: 254533
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Table 2 — Bayesian analysis - FEV data no covariates.

mean s.d. Lower 95% | Upper 95%
o | 1912 | 0.0467 1.83 1.993
B | -0.0755 | 0.4961 -0.9024 0.9151
w | 1997 | 0.0024 1.991 2.0
o | 0.7389 | 0.0261 0.6908 0.7926

5.1.2 A Bayesian approach assuming a stable distribution in presence of covariates

For a second statistical analysis now considering the presence of a vector of covariates, it is
assumed the regression model for the location and scale parameters of the stable distribution
defined by (9) under a Bayesian approach (use of MCMC methods) relating the location and
scale parameters i and o of the stable distribution for the response FEV with the covariates age,

height, gender and smoke, that is,
W; = do +d height; + d>age; 4 dzgender; + dssmoker;

o; = exp(ep + e height; + epage; + esgender; + essmoker;). (13)

For a Bayesian analysis, we assume an uniform U(1.5, 2) prior distribution for ¢, an uniform
U(-0.5, 0.5) prior distribution for 8 and uniform prior U(-1, 1) distributions for the regression
parameters dg, di, dp, d3, d4, €g, €1, €2, €3, €4. Table 3 shows the posterior summaries of interest.

Table 3 — Bayesian analysis — (FEV data presence of covariates).

Mean s.d. Lower 95% | Upper 95%

a 1.975 0.0215 1.923 1.999

B | -0.0138 | 0.2831 -0.4783 0.4713
do | 2.015 0.0157 2.0 2.061

d; | -0.0119 | 3,11E-01 -0.0124 -0.0112
dy | 0.2394 0.0049 0.2292 0.2479
d; | 0.2355 0.0426 0.1491 0.3178
ds4 | 0.0499 0.1060 -0.1615 0.2431
eo | -0.8975 | 0.1053 -0.9978 -0.613
e; | -0.0066 | 0.0013 -0.0095 -0.0044
e, | 0.0854 0.0156 0.0549 0.1167
es | 0.3526 0.0581 0.2427 0.4694
es | 0.1683 0.1060 -0.0281 0.3937

From the results presented in Table 3, it is observed that assuming the stable distribution in pres-
ence of the covariates, the covariate smoker do not show significative effect on the location and
scale parameters of the stable distribution assumed for the response FEV (Forced Expiratory
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Volume) since zero is inside the 95% credible intervals for the corresponding regression param-
eters d4 and e4. All other covariates (age, height and gender) show significative effects on the
location and scale parameters of the stable distribution since the zero value is not included in the
respective 95% credible intervals for the regression parameters d;, d,, ds, €1, e; and e3. The con-
vergence of the simulated Gibbs samples was verified from trace plots of the generated samples
for each parameter.

Figure 4 shows the scatter plots of the response FEV versus each covariate, from where it is
possible to see the great linear dependence between the response FEV and the covariates age and
height.

height age
9 9 . 6,0
]
45
3,0
15
—_
¢
2 0,0
= 120 135 150 165 180 5 10 15 20
o gender code smoker code
w 60
1 8
s | I
3,0 I I
15 I *
0,0

0,00 0.25 0,50 0,75 1,00 0,00 0,25 0,50 0,75 1,00

Figure 4 — Scatter plots of the response FEV versus each covariate.

5.2 Association between hemoglobin (HbAlc) levels and some covariates for type 2
diabetes mellitus (T2DM)

As another illustrative example, we assume in this example, a data set related to the association
between some covariates for type 2 diabetes mellitus (T2DM) patients with different glycated
hemoglobin (HbAlc) levels (data set introduced by Shu et al., 2017). The sample size consists
of n = 154 patients. In this application, we consider some covariates related to the response
glycated hemoglobin (HbAlc) for each patient: age, education in years,duration diagnosis in
months, medication compliance, barrier score, dietary knowledge score, BMI (body mass score),
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gender and total HEI (healthy eating index) score. Figure 5 shows the scatter plots of the response
HbA 1c average versus each covariate.

A first statistical analysis is considered assuming a classical multiple linear regression model
in presence of the covariates (age, education in years, duration diagnosis in months, medication
compliance, barrier score, dietary knowledge score, BMI (body mass score), gender and total
HEI (healthy eating index) score. Table 4 shows the summaries for the LSE analysis. The fitted
regression model (use of Minitab® software) is given by

HBAlc.average=12.37+ 0.0188 age+ 0.0010 educ.years+ 0.00221 duration.diagnosis-
0.0263 medication.compliance- 0.0100 barrier.score- 0.1267 dietary.knowledge.score + (14)
0.0581BMI+ 0.057gender- 0.0221 total. HEL.score

AGE EDUC_YEARS DURATION OF DIAGNOSIS _MONTH
o0

ge

HBA1c_avera

Figure 5 — Scatter plots of the response HbAlc versus each covariate.

From the results of Table 4, it is observed that assuming a multiple linear regression model with
normal errors, the covariates medication compliance, dietary knowledge skill score and BMI
show significative effects on the response FEV since the respective p-values are smaller than
0.05 (assumed significance level). Figure 6 shows the residual analysis, from where it is observed
that the needed assumptions (normality and constant variance of the residuals) assuming the
logarithmic scale for the responses are not well verified, especially the normality of the residuals.
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Table 4 — Linear normal regression model (HbA1c data).

Coef SE T-value | P-Value
Constant 12.37 2.39 5.18 < 0.001
Age 0.0188 | 0.0207 0.91 0.366
Educ years 0.0010 | 0.0459 0.02 0.983
Durationdiagnosis in months 0.0022 | 0.0014 1.52 0.131
Medication_compliance -0.0263 | 0.0127 | -2.07 0.040
Barrier_score -0.0100 | 0.0166 | -0.60 0.549
Dietary_knowledge_skill_score | -0.1267 | 0.0446 | -2.84 0.005
BMI 0.0581 | 0.0289 2.01 0.046
Gender 0.057 0.387 0.15 0.883
total HEI score -0.0221 | 0.0179 -1.23 0.220

5.2.1 A Bayesian approach using a stable distribution not considering the presence of
covariates

In this subsection, let us assume a stable distribution for the dataset, first not considering the
presence of covariates assuming the same uniform prior distributions for the parameters «, 3,
U and o assumed in section 5.1.1. Table 5 presents the posterior summaries of interest (burn-in
sample = 300,000 and other 511,000 Gibbs samples taking every 100th sample) obtained using
the Openbugs software. Convergence of the MCMC algorithm was verified from standard tra-
ceplots of the simulated samples. The convergence of the simulated Gibbs samples was verified
from trace plots of the generated samples for each parameter.

Table 5 — Bayesian analysis - stable distribution not considering the presence of covariates (HbAlc data).

mean s.d. Lower 95% | Upper 95%
o 1.65 0.1424 1.389 1.909
B | -0.2276 | 0.7033 -0.9878 0.975
w | 8791 | 0.1734 8.484 9.153
o | 1.393 0.103 1.208 1.616

5.2.2 A Bayesian approach assuming a stable distribution in presence of covariates

Now, considering the presence of a vector of covariates (age, education in years, duration diag-
nosis in months, medication compliance, barrier score, dietary knowledge score, BMI, gender
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Figure 6 — Residual plots (normal linear regression model- HbAlc data).

and total HEI, it is assumed the regression models for the location and scale parameters of the
stable distribution defined by (9) under a Bayesian approach. That is,

Ui=do +dage; + dyeduc.years; + dsduration.diagnosis;+
damedication.compliance; + dsbarrier.score; + degdietary.knowledge.score;+

d7BMI; +dgtotal . HEI .score; + dogender;

o; = exp(eo + ejage; + exeduc.years; + esduration.diagnosis;+
eqsmedication.compliance; 4 esbarrier.score; + egdietary.knowledge.score;+ (15)

e7BMI; + egtotal . HEI .score; + eggender;)

For a Bayesian analysis, it is assumed an uniform U(0.5,2) prior for ¢ , an uniform U(-1, 1) prior
for B, an uniform U(-10,10) prior for the regression parameter dy, an uniform prior U(-1, 1) for
the regression parameters dg and ep and uniform prior distributions U(-0.5, 0.5) for the other
regression parameters. Table 6 presents the posterior summaries of interest.

From the results presented in Table 6, it is observed that assuming the stable distribution in
presence of the covariates, the covariate duration of diagnosis, dietary knowledge score and BMI
show significative effect on the location parameter of the stable distribution assumed for the
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Table 6 — Bayesian analysis — stable regression model (HbAlc data).

mean s.d. Lower 95% | Upper 95%

o 1.82 0.1479 1.47 1.994
B 0.0196 0.6218 -0.9489 0.9678
do 8.92 0.2138 8.506 9.3380
di 0.0267 0.0186 -0.0098 0.0629
dy | -4,75E-01 | 0.0413 -0.0804 0.0879
ds 0.0021 0.0014 4.09E-4 0.0059
ds | -0.0164 | 0.0129 -0.0404 0.0121
ds | -0.0428 | 0.0228 -0.0897 0.0014
de | -0.1468 | 0.0404 -0.2229 -0.0646
dy 0.0734 0.0309 0.0100 0.1313
dg | -0.0251 | 0.0179 -0.0603 0.0093
dog 0.2887 0.3430 -0.4444 0.91
) 0.192 0.0995 0.0026 0.3804
el 0.0157 0.0080 0.0031 0.0316
e, | -0.0213 | 0.0193 -0.0592 0.0163
e;3 | -6,85E-01 | 0.0010 -0.0027 0.0012
€4 0.0014 0.0058 -0.0113 0.0117
es | -0.0116 | 0.0067 -0.0246 0.0013
ec | -0.0384 | 0.0206 -0.0813 0.0020
7 0.0155 0.0126 -0.0105 0.0393
eg | -0.0079 | 0.0081 -0.0233 0.0098
€9 0.2315 0.1399 -0.0732 0.4706

response HbAlc data since zero is not inside the 95% credible intervals for the corresponding
regression parameters ds, dg and d;. Also the covariate age shows significative effect in the scale
parameter since zero is not inside the 95% credible interval for the corresponding regression
parameter e;. The convergence of the simulated Gibbs samples was also verified from trace plots
of the generated samples for each parameter.

6 CONCLUDING REMARKS

The use of stable distributions can be a good alternative to analyze data from different applica-
tion areas when the data indicate in some way (descriptive analyses, theoretical interpretations)
that the normality assumption usually necessary for several traditional statistical techniques as
ANOVA models, multiple linear regression models, among many others, is not satisfied. The
stable distribution presents great fit flexibility for asymmetric or heavy tail data sets and good ro-
bustness to the presence of outliers, as pointed out by Achcar et al. (2013a,b). For the situation of
non-normality of the data, usually data analysts (especially non statisticians) use non-parametric
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techniques that often do not respond adequately to the objectives of a research, especially in the
medical area. The literature presents several alternatives to analyze data when there is no indi-
cation of normality, such as the use of appropriate distributions for heavy tails or finite mixtures
of parametric distributions, among several other possibilities, but the use of stable distributions
could be a good alternative in the data analysis. The two examples with medical data presented
in the study show that stable distributions can be very useful in clinical studies, in addition to
what is already considered in other areas of application, such as in particular, the area of finance
where the use of stable distributions is already very popular.

The results of this study show, especially for regression models, that the assumption of errors with
stable distribution could be considered in medical studies, where the computational costs for the
determination of Bayesian estimators are not very high using MCMC simulation methods and
data augmentation techniques, especially using existing Bayesian software to simulate samples
of the joint posterior distribution of interest like the Openbugs software used in this study.

We also point out that the use of the proposed methodology could be useful to check the normality
of the errors in multiple regression parameters since the parameter ¢ of the stable distribution
indicates a Gaussian distribution if o = 2, that is, if the value 2 is inside a 95% credible interval
for a, there is an indication of normality for the residuals.

Although the stable distribution probability density function does not have a closed form, we
obtained satisfactory results for parameter estimation in the presence of a vector of covariates by
applying the Bayesian inference method based on data augmentation techniques.

In both examples presented in Section 5, it was shown that using joint regression models for
the location and scale parameters of the stable distribution under a Bayesian approach and us-
ing existing MCMC methods assuming uniform priors for all parameters, good inferences were
obtained for the model parameters. It is important to note that using a simple linear regression
model for the location parameter of the stable distribution, assuming normal distributions as prior
distributions for the regression parameters, it was not possible to obtain good convergence results
from the MCMC simulation algorithm even after a large number of iterations.

We also showed that the MCMC methods for a Bayesian analysis of these models using the
Openbugs software give a great simplification to obtain very accurate posterior summaries of
interest, not requiring large computational time to perform, even when the simulation of a large
number of Gibbs samples is necessary for the convergence of the algorithm.

Other important issue to use Bayesian methods is the choice of prior distributions for the pa-
rameters of the proposed model. In the two applications with medical data, we have used non-
informative prior distributions since we did not have prior opinion of medical experts for the
elicitation of priors. The data sets were obtained from the literature to illustrate the proposed
methodology. In practical work, usually we can use informative priors based on the information
of medical experts leading to more accurate inference results. This is a great advantage of the use
of Bayesian methods in applications in medical studies and applied work in general.
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APPENDIX 1 (OPENBUGS-APPLICATION FEV DATA OF APPLICATION 4.1)

¢ Stable distribution for the data (no presence of covariates)

model {
for (i in 1:n) {
dummy [i] <= 0
x[1] <= FEV[i]
dummy[i] ~ dloglik (logLike[il])
z[1] <- (x[i]-mu)/sigma

w[i] <- abs(z[1]/t[i])
al[i] <- (sin(3.14159xalphaxy[i]+bl))/cos(3.14159xy[1])
a2[i] <- (cos(3.14159 xy[i]))/cos(3.14159% (alpha-1)=*y[i]+bl)
a3[i] <- pow(a2[i],theta?)

t[i] <- alli]*a3[i]
logLike[i] <- log(alpha)-log(abs(alpha-1))-log(sigma)-pow(w[i],thetal)+
thetalxlog(w[i])-log(abs(z[i])

y[i] 7 dunif(-0.5,0.5)
}
thetal<-alpha/ (alpha-1)
theta2<-(alpha-1) /alpha
bl<- (betasmin (alpha, 2-alpha) «*3.14159) /2
alpha = dunif (1, 2)
beta 7 dunif (-1, 1)
sigma” dunif (0,2)
mu”~ dunif (-2,2)
}

list (FEV=c(1.708,1.724,1.720,1.558,1.895,2.336,1.919,1.415,1.987,1.942,1.602
,1.735,2.193,2.118,2.258,1.932,1.472,1.878,2.352,2.604,1.400,1.256
.839,2.578,2.988,1.404,2.348,1.755,2.980,2.100,1.282,3.000,2.673
.093,1.612,2.175,2.725,2.071,1.547,2.004,3.135,2.420,1.776,1.931
.343,2.076,1.624,1.344,1.650,2.732,2.017,2.797,3.556,1.703,1.634
.570,3.016,2.419,1.569,1.698,2.123,2.481,1.481,1.577,1.940,1.747
.069,1.631,1.536,2.560,1.962,2.531,2.715,2.457,2.090,1.789,1.858
.452,3.842,1.719,2.111,1.695,2.211,1.794,1.917,2.144,1.253,2.659
.580,2.126,3.029,2.964,1.611,2.215,2.388,2.196,1.751,2.165,1.682
.523,1.292,1.649,2.588,0.796,2.574,1.979,2.354,1.718,1.742,1.603
.639,1.829,2.084,2.220,1.473,2.341,1.698,1.196,1.872,2.219,2.420
.827,1.461,1.338,2.090,1.697,1.562,2.040,1.609,2.458,2.650,1.429
.675,1.947,2.069,1.572,1.348,2.288,1.773,0.791,1.905,2.463,1.431
.631,3.114,2.135,1.527,2.293,3.042,2.927,2.665,2.301,2.460,2.592
.750,1.759,1.536,2.259,2.048,2.571,2.046,1.780,1.552,1.953,2.893
.713,2.851,1.624,2.631,1.819,1.658,2.158,1.789,3.004,2.503,1.933
.091,2.316,1.704,1.606,1.165,2.102,2.320,2.230,1.716,1.790,1.146
.187,2.717,1.796,1.335,2.119,1.666,1.826,2.709,2.871,1.092,2.262
.104,2.166,1.690,2.973,2.145,1.971,2.095,1.697,2.455,1.920,2.164
.130,2.993,2.529,1.726,2.442,1.102,2.056,1.808,2.305,1.969,1.556
.072,2.042,1.512,1.423,3.681,1.991,1.897,1.370,1.338,2.016,2.639
.389,1.612,2.135,2.681,3.223,1.796,2.010,1.523,1.744,2.485,2.335
.415,2.076,2.435,1.728,2.850,1.844,1.754,1.343,2.303,2.246,2.476
.239,2.457,2.382,1.640,1.589,2.056,2.226,1.886,2.833,1.715,2.631
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.550,1.912,1.877,1.935,1.539,2.803,2.923,2.358,2.094,1.855,1.535
.135,1.930,2.182,1.359,2.002,1.699,2.500,2.366,2.069,1.418,2.333
.514,1.758,2.535,2.564,2.487,1.591,1.624,2.798,1.691,1.999,1.869
.004,1.427,1.826,2.688,1.657,1.672,2.015,2.371,2.115,2.328,1.495
.884,2.328,3.381,2.170,3.470,3.058,1.811,2.524,2.642,3.741,4.336
.842,4.550,2.841,3.166,3.816,2.561,3.654,2.481,2.665,3.203,3.549
.222,3.111,3.490,3.147,2.520,2.292,2.889,2.246,1.937,2.646,2.957
.007,2.386,3.251,2.762,3.011,4.305,3.906,3.583,3.236,3.436,3.058
.007,3.489,2.864,2.819,2.250,4.683,2.352,3.108,3.994,4.393,2.592
.193,2.346,3.515,2.754,2.720,2.463,2.633,3.048,3.111,3.745,2.094
.183,3.977,3.354,3.411,3.171,3.887,2.646,2.504,3.587,3.845,2.971
.891,1.823,2.417,2.175,2.735,4.273,2.976,4.065,2.318,3.596,3.395
.751,2.673,2.556,2.542,2.608,2.354,1.458,3.795,2.491,3.060,2.545
.993,3.305,3.774,2.855,2.988,2.498,3.169,2.887,2.704,3.515,3.425
.287,2.434,2.365,2.696,2.868,2.813,3.255,4.593,4.111,1.916,1.858
.350,2.901,2.241,4.225,3.223,5.224,4.073,4.080,2.606,4.411,3.791
.089,2.465,3.200,2.913,4.877,2.358,3.279,2.581,2.347,2.691,2.827
.873,2.538,2.758,3.050,3.079,2.201,1.858,3.403,3.501,2.578,1.665
.081,2.974,4.073,4.448,3.984,2.250,2.752,3.680,2.862,3.023,3.681
.255,3.692,2.356,4.591,3.082,3.258,2.216,3.247,4.324,2.362,2.563
.206,3.585,4.720,3.331,5.083,2.417,2.364,2.341,3.231,3.078,3.369
.529,2.866,2.891,3.022,3.127,2.866,2.605,3.056,2.569,2.501,3.320
.123,3.780,3.847,3.924,2.132,2.752,2.449,3.456,3.073,2.688,3.329
.271,3.530,2.928,2.689,2.332,2.934,3.110,2.894,2.435,2.838,3.035
.831,2.812,2.714,3.086,3.519,4.232,2.770,3.341,3.090,2.531,2.822
.935,2.568,2.387,2.499,4.130,3.001,3.132,3.577,3.222,3.280,2.659
.822,2.140,4.203,2.997,2.562,3.082,3.806,2.458,2.391,3.141,2.579
.100,2.785,4.284,2.906,5.102,4.429,4.279,4.500,2.635,3.082,3.387
.793,3.985,4.220,4.724,3.731,3.500,3.674,5.633,3.645,2.887,3.960
.299,2.981,4.504,5.638,2.853,3.211,1.953,2.236,3.428,3.208,1.694
.957,4.789,2.384,3.074,2.387,3.835,2.599,4.756,3.086,4.309,3.413
.975,3.169,3.343,3.751,2.216,3.078,3.186,3.297,2.304,3.102,2.677
.297,3.498,2.759,2.953,3.785,2.276,4.637,3.038,3.120,3.339,3.152
.104,4.045,4.763,3.069,4.506,3.519,3.688,2.679,2.198,3.345,3.082
.903,3.004,3.406,3.122,3.330,2.608,3.799,4.086,4.070,2.264,4.404
.278,4.872,4.270,3.727,2.795) ,n = 654)

N D W WD W& 0NN DND B BN WWWDNDE WWDNDDNDDNDDNDWWWs WS NP RPN

 Stable distribution (regression in the location parameter and scale parameters)

model {

for (1 in 1:n) {

dummy [i] <= 0

x[1] <= FEV[i]

dummy [i] ~ dloglik (logLike[i]

z[1] <= (x[i]-mu[i])/sigmali]

mu[i] <- dO+dlxheight[i]+d2xage[i]+d3xgender[i]+d4xsmoker[i]

sigma[i] <- exp(eO+elxheight[i]+e2xage[i]+e3xgender[i]+edrsmoker[i])
w[i] <- abs(z[1]/t[i])

al[i] <- (sin(3.14159xalphaxy[i]+bl))/cos(3.14159xy[1])

a2[i] <- (cos(3.14159 xy[i]))/cos(3.14159* (alpha-1)xy[i]+bl)

a3[i] <- pow(a2[i],theta?)
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t[i] <= all[i]*a3[i]
logLike[i] <- log(alpha)-log(abs(alpha-1))-log(sigma[i])-pow(w[i],thetal)+
thetalxlog(w([i])-log(abs(z[i]))

y[i] 7 dunif(-0.5,0.5)
}
thetal<-alpha/ (alpha-1)
theta2<-(alpha-1) /alpha
bl<- (betaxmin (alpha, 2-alpha) *3.14159) /2
alpha ~ dunif (1.5, 2)
beta 7 dunif(-0.5, 0.5)
d0 © dunif(2,5)
dl” dunif(-0.5,0.5)
d2” dunif(-1,1)
d3” dunif(-1,1)
d4” dunif(-1,1)
e0 ” dunif(-1,1)
el” dunif(-1,1)
e2” dunif (-1,1)
e3” dunif(-1,1)
e4” dunif(-1,1)
}

list (height=c(145,171,138,135,145,155,147,142,149,152,135,137,149,154,147
,135,127,135,150,156,124,133,122,159,165,131,152,132,152,152
,124,166,152,146,132,150,150,140,145,145,152,150,130,145,127
,145,137,133,140,154,138,156,157,138,137,145,159,152,127, 146
,152,152,130,124,150,146,147,141,132,154,145,147,152,150,151
,142,135,130,175,135,145,135,160,138,147,160,132,156,133,157
,156,164,146,152,152,155,147,156,140,140,132,137,160,119,154
,142,149,140,149,130,151,137,147,147,133,154,138,118,144,140
,145,138,137,135,145,150,140,141,131,155,161,146,135,144,137
,132,135,156,149,132,147,155,130,157,164,149,133,147,168,161
,163,149,163,154,140,135,122,149,164,154,142,149,137,147,164
,128,152,131,150,135,135,136,132,163,160,147,149,151,130,146
,119,141,145,155,141,136,127,156,156,140,144,145,132,133,159
,165,127,146,144,146,137,151,151,147,145,140,152,144,152,150
,160,150,135,156,122,160,141,164,150,149,117,157,135,126,173
,151,141,140,131,142,160,122,144,150,154,165,140,140,130,133
,163,150,136,154,151,144,160,144,156,132,145,161,160,165,156
,157,140,130,137,145,142,156,135,150,142,150,133,133,127,151
,163,155,146,152,140,142,130,151,128,146,137,145,147,152,124
,145,132,132,151,147,163,145,135,157,135,144,145,122,126,130
,151,142,137,146,141,127,152,145,175,163,160,147,169,154,145
,163,155,174,177,183,180,160,156,161,157,165,155,160,168,173
,183,168,170,163,154,160,163,154,157,152,164,170,156,168,152
,163,174,170,170,168,159,155,157,169,152,157,147,174,156,164
,170,174,165,178,150,171,166,166,164,157,166,171,173,149,166
,179,160,161,160,171,156,152,164,174,164,155,145,159,147,159
,184,166,169,150,173,170,160,164,157,157,168,157,145,174,150
,156,165,169,165,170,164,178,152,163,159,155,163,166,155,166
,161,168,157,156,168,175,180,154,147,175,151,163,188,164,178
,170,164,165,173,174,171,152,165,163,185,150,179,168,156,170

Pesquisa Operacional, Vol. 42, 2022: 254533



JORGE ALBERTO ACHCAR, ROBERTO MOLINA DE SOUZA, DAIANE BUSSOLA and FERNANDO A. MOALA

23

,159,133,180,166,152,152,154,150,157,164,160,145,160,157,174
,175,180,147,161,170,155,171,173,169,170,154,178,161,160,155
,166,171,155,160,161,178,182,166,188,155,155,155,160,171,179
,179,157,157,156,157,154,159,160,160,157,166,165,178,168,173
,150,174,160,160,168,157,173,184,163,166,156,145,163,164,170
,165,160,157,180,155,166,157,166,179,157,166,165,155,177,166
,161,154,165,170,161,151,161,155,168,163,157,154,180,164,159
,164,173,152,151,155,160,147,175,178,168,183,178,171,178,163
,164,169,175,180,173,179,170,157,171,185,187,160,178,168,168
,183,178,152,169,147,168,163,155,152,183,175,161,165,168,177
,159,173,171,175,168,160,159,173,183,173,168,170,165,169,163
,170,165,173,156,170,160,168,183,165,155,174,157,171,175,173
,165,180,168,173,168,157,166,170,160,163,175,163,174,157,169

,170,177,160,179,152,183,170,173,

FEV=c(1.708,1.724,1.720,1.558,1.895,2.336,1.919,1.415,1.987,1.942,1.602
.256

,1.735,2.193,2.118,2.258,1.932,1.
.839,2.578,2.988,1.404,2.348,1.
.093,1.612,2.175,2.725,2.071,1.
.343,2.076,1.624,1.344,1.650,2.
.570,3.016,2.419,1.569,1.698,2.
.069,1.631,1.536,2.560,1.962,2.
.452,3.842,1.719,2.111,1.695,2.
.580,2.126,3.029,2.964,1.611,2.
.523,1.292,1.649,2.588,0.796,2.
.639,1.829,2.084,2.220,1.473,2.
.827,1.461,1.338,2.090,1.697,1.
.675,1.947,2.069,1.572,1.348,2.
.631,3.114,2.135,1.527,2.293, 3.
.750,1.759,1.536,2.259,2.048,2.
.713,2.851,1.624,2.631,1.819, 1.
.091,2.316,1.704,1.606,1.165,2.
.187,2.717,1.796,1.335,2.119,1.
.104,2.166,1.690,2.973,2.145,1.
.130,2.993,2.529,1.726,2.442,1.
.072,2.042,1.512,1.423,3.681,1.
.389,1.612,2.135,2.681,3.223,1.
.415,2.076,2.435,1.728,2.850,1.
.239,2.457,2.382,1.640,1.589,2.
.550,1.912,1.877,1.935,1.539,2.
.135,1.930,2.182,1.359,2.002,1.
.514,1.758,2.535,2.564,2.487,1.
.004,1.427,1.826,2.688,1.657,1.
.884,2.328,3.381,2.170,3.470, 3.
.842,4.550,2.841,3.166,3.816,2.
.222,3.111,3.490,3.147,2.520,2.
.007,2.386,3.251,2.762,3.011,4.
.007,3.489,2.864,2.819,2.250,4.
.193,2.346,3.515,2.754,2.720,2.
.183,3.977,3.354,3.411,3.171, 3.
.891,1.823,2.417,2.175,2.735,4.
.751,2.673,2.556,2.542,2.608,2.
.993,3.305,3.774,2.855,2.988,2.
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160),

472,1.
755,2.
547,2.
732,2.
123,2.
531,2.
211,1.
215,2.
574,1.
341,1.
562,2.
288, 1.
042,2.
571,2.
658, 2.
102,2.
666,1.
971, 2.
102,2.
991,1.
796,2.
844,1.
056,2.
803, 2.
699,2.
591,1.
672,2.
058, 1.
561, 3.
292,2.
305, 3.
683,2.
463,2.
887,2.
273,2.
354,1.
498, 3.

878,2.
980, 2.
004, 3.
017,2.
481,1.
715, 2.
794,1.
388,2.
979, 2.
698, 1.
040,1.
773,0.
927, 2.
046,1.
158, 1.
320, 2.
826,2.
095, 1.
056, 1.
897, 1.
010,1.
754,1.
226,1.
923,2.
500, 2.
624,2.
015,2.
811,2.
654,2.
889,2.
906, 3.
352, 3.
633, 3.
646,2.
976,4.
458, 3.
169,2.

352,2.
100,1.
135,2.
797, 3.
481,1.
457,2.
917,2.
196,1.
354,1.
196,1.
609,2.
791,1.
665,2.
780, 1.
789, 3.
230,1.
709,2.
697,2.
808,2.
370, 1.
523, 1.
343,2.
886,2.
358, 2.
366,2.
798,1.
371,2.
524,2.
481,2.
246,1.
583, 3.
108, 3.
048, 3.
504, 3.
065,2.
795,2.
887,2.

604,1.
282, 3.
420,1.
556, 1.
577,1.
090, 1.
144,1.
751, 2.
718, 1.
872,2.
458, 2.
905, 2.
301, 2.
552, 1.
004,2.
716, 1.
871, 1.
455,1.
305,1.
338,2.
744,2.
303,2.
833, 1.
094,1.
069,1.
691, 1.
115,2.
642, 3.
665, 3.
937,2.
236, 3.
994, 4.
111, 3.
587, 3.
318, 3.
491, 3.
704, 3.

400, 1
000, 2.
776, 1.
703, 1.
940,1.
789, 1.
253,2.
165,1.
742,1.
219,2.
650,1.
463,1.
460,2.
953, 2.
503, 1.
790, 1.
092,2.
920,2.
969,1.
016,2.
485,2.
246,2.
715, 2.
855,1.
418,2.
999,1.
328, 1.
741,4.
203, 3.
646,2.
436, 3.
393, 2.
745,2.
845,2.
596, 3.
060,2.
515, 3.

673
931
634
747
858
659
682
603
420
429
431
592
893
933
146
262
164
556
639
335
476
631
535
333
869
495
336
549
957
058
592
094
971
395
545
425
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.287,2.
.350,2.
.089,2.
.873,2.
.081,2.
.255,3.
.206,3.
.529,2.
.123,3.
.271, 3.
.831,2.
.935,2.
.822,2.
.100,2.
.793,3.
.299,2.
.957,4.
.975,3.
.297,3.
.104,4.
.903,3.
.278,4.
8,7,9,9,8,6
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434,2.
901, 2.
465, 3.
538,2.
974,4.
692,2.
585, 4.
866,2.
780, 3.
530, 2.
812,2.
568, 2.
140,4.
785, 4.
985,4.
981, 4.
789, 2.
169, 3.
498,2.
045,4.
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365, 2.
241,4.
200, 2.
758, 3.
073,4.
356, 4.
720, 3.
891, 3.
847, 3.
928, 2.
714, 3.
387,2.
203,2.
284,2.
220,4.
504, 5.
384, 3.
343, 3.
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225, 3.
913,4.
050, 3.
448, 3.
591, 3.
331,5.
022, 3.
924,2.
689,2.
086, 3.
499,4.
997,2.
906,5.
724, 3.
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751,2.
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868,2.
223,5.
877,2.
079,2.
984, 2.
082, 3.
083,2.
127,2.
132,2.
332,2.
519,4.
130, 3.
562, 3.
102,4.
731, 3.
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387, 3.
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224,4.
358, 3.
201,1.
250,2.
258,2.
417,2.
866,2.
752,2.
934, 3.
232,2.
001, 3.
082, 3.
429,4.
500, 3.
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835,2.
078, 3.
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519, 3.
608, 3.
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255, 4.
073,4.
279,2.
858, 3.
752, 3.
216, 3.
364,2.
605, 3.
449,3.
110,2.
770, 3.
132, 3.
806,2.
279,4.
674,5.
953, 2.
599, 4.
186, 3.
637,3.
688,2.
799,4.

6,8,9,6,8,8,8,8,7,5,6

593, 4.
080,2.
581,2.
403, 3.
680,2.
247,4.
341, 3.
056,2.
456, 3.
894,2.
341, 3.
577, 3.
458,2.
500, 2.
633, 3.
236, 3.
756, 3.
297,2.
038, 3.
679,2.
086,4.

111,1.
606,4.
347,2.
501, 2.
862, 3.
324,2.
231, 3.
569,2.
073,2.
435,2.
090, 2.
222, 3.
391, 3.
635, 3.
645,2.
428,3.
086, 4.
304, 3.
120, 3.
198, 3.
070,2.

1,10,14,11,11,12,10,11,10,14,13,14,12,12,10,13

,10,11,10,11,10,13,11,10,11,13,10,10,12,10,10,10,11,11
,11,10,11,11,13,13,11,11,14,11,10,10,10,13,10,14,10,11
,13,12,10,13,11,11,11,10,11,11,10,11,13,10,10,11,10,11
,11,13,13,10,11,11,12,10,10,11,10,11,14,13,11,11,11,14
,12,10,12,11,10,11,10,10,11,13,10,11,10,11,10,11,11,14
,11,13,11,11,10,13,10,10,12,10,12,11,14,12,10,10,10,12
,13,11,12,11,12,11,12,12,13,11,10,12,13,10,12,10,12, 10
,11,10,14,10,10,12,10,10,12,12,11,10,11,11,12,13,13, 10
,12,14,10,11,11,13,12,10,10,12,11,10,11,11,11,11,11,14
,12,13,13,12,10,10,12,11,11,12,12,14,11,10,11,12,13,12
,11,11,11,14,11,12,10,12,13,10,10,10,10,14,12,11,11,12
,14,10,11,10,10,12,12,11,12,10,12,13,10,12,10,13,12,12
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916, 1
411, 3
691, 2
578,1
023,3
362,2
078, 3
501, 3.
688, 3.
838, 3.
531,2.
280,2.
141,2.
082, 3.
887, 3.
208, 1.
309, 3.
102,2.
339, 3.
345, 3.
264,4.

.858
.791
.827
.665
.681
.563
.369
320
329
035
822
659
579
387
960
694
413
677
152
082
404
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,10,11,12,11,12,10,13,12,11,11,11,11,12,14,11,12,14,11

,10,13,12,10,11,15,18,19,17,15,15,15,18,16,15,15,18,17
,15,17,16,17,16,15,17,16,16,16,17,18,15,9,14,14,13,11

,14,13,12,14,10,12,13,13,13,14,10,10,11,12,12,13,13,12
,13,12,11,13,13,10,12,11,13,14,11,10,11,11,13,11,13, 14

,11,15,19,16,15,15,19,17,16,15,17,15,15,16,15,18,16,15

,18,15,16,16,15,16),

c(0,0,0,1,1,0,0,0,0,0,0,1,0,1,1,2,1,0,1,1,0,0,0

gender

,1,0,1,1,1,0,0,0,1,0,0,0,0,1,1,1,1,0,1,1,0,0,0
,1,0,1,1,1,0,1,1,1,1,0,0,0,0,1,0,0,0,1,1,1,0,0
,0,1,0,1,1,1,1,1,1,1,0,0,0,1,1,0,0,1,1,1,1,0,1
,1,0,0,1,1,1,1,1,0,1,1,1,0,1,1,1,0,0,0,0,1,1,0
,0,0,0,0,1,1,0,0,1,1,0,1,0,0,0,1,1,1,0,1,1,1,0
,1,0,1,0,1,0,1,1,1,0,0,1,0,1,1,0,0,1,1,0,0,1,1
,0,0,0,1,1,0,1,1,1,1,1,1,0,1,0,0,0,0,0,1,0,0,1
,1,1,0,0,1,1,0,1,1,1,0,1,0,1,1,0,0,1,0,1,0,0,0
,1,1,0,0,0,0,0,0,0,1,0,0,0,0,1,0,1,1,1,1,0,0,1
,0,0,1,0,1,0,0,1,0,1,0,0,0,1,1,0,0,0,0,0,1,1,0
,1,1,0,0,0,1,1,0,1,1,1,1,0,0,0,0,1,1,0,1,1,0,1
,1,0,1,0,1,1,0,0,0,0,1,0,1,0,0,0,1,1,1,0,1,1,1
,1,0,1,0,0,0,1,0,0,1,1,1,0,1,0,1,1,0,1,1,1,1,0
,0,0,1,0,1,0,1,1,1,1,0,0,0,1,0,1,1,1,1,1,0,1,0
,0,1,1,1,0,1,1,1,1,0,0,0,1,1,1,1,1,1,1,0,1,0,1
,1,0,0,1,0,1,0,1,1,0,0,1,0,0,1,1,1,0,0,1,0,0,1
,1,1,0,1,0,0,0,0,0,1,0,0,1,0,0,1,1,0,0,1,1,1,0
,1,0,0,1,0,0,0,1,0,0,0,1,1,1,1,1,1,1,1,0,1,1,1
,0,1,1,1,1,1,1,1,0,1,1,0,0,0,1,0,1,0,0,1,1,0,0
,0,1,0,0,1,1,1,0,0,1,0,0,0,0,1,0,1,0,0,1,1,1,0
,0,1,1,1,0,1,0,1,1,1,1,1,1,0,0,0,1,0,0,0,0,0,1
,1,1,1,1,1,1,0,1,0,0,1,1,1,1,0,1,0,1,1,0,0,0,1
,1,0,0,0,1,1,0,1,1,1,1,0,1,1,1,0,0,0,0,1,1,0,0
,1,0,0,0,1,0,1,0,0,1,1,1,0,1,1,1,1,0,0,0,1,1,1
,1,1,0,0,1,1,0,1,1,0,1,1,0,0,1,0,0,0,1,1,1,0,0
,0,0,0,1,0,1,0,0,0,1,1,0,0,0,0,1,0,0,0,1,0,0,0
,1,1,0,0,1,0,0,1,1,0,1,0,1,0,0,0,1,0,0,1,0,0,0

,1,1,1,0,1,0,1,1,1,0),

c(o,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0

smoker

,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
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,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,1,1,1,1,1,1,1,1
,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1
,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1

654)

(11,1,1,1,1,1,1,1,1),n =
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