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Fierz-Pauli Higher Derivative Gravity
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We consider a model for gravity in which the linear part of the four-derivative terms
fRWR””\/—gd‘lm and fRQ,/—gd‘Lx are included into the Fierz-Pauli gravitational action. Uni-
tarity is discussed at the tree-level. The issue of the gravitational deflection of a light ray is also

considered.

I Introduction

Einstein’s field theory accounts very well for all known
macroscopic gravitational phenomena. The theory is
defined by action

S = /d4m\/_— (1)

where 2 = 32rG, G being Newton’s constant, is the
Einstein’s constant. The possibility of a cosmological
constant, which experimentally must be very small, was

]

ignored.

However, as a quantum theory it is less satisfactory,
since pure gravity has an S matrix which, despite be-
ing finite at one-loop level[l], diverges at the two-loop
order [2].

Thus, it is rather natural for the quantum field the-
orist to view (1) as a long-distance approximation to
some action which exhibits better ultraviolet behavior,
and defines a meaningful quantum theory. Now, as is
well known, (1) is not the most general action allowed
for the symmetries (general covariance) of the theory.
The general action is given by [3]

2 .
S = /d%,/—g {ER + ' R?* + 'R R + 4Ry RVRS + ... |

where o', 3',', etc., are suitable parameters. The so
called higher derivative gravity, in turn, is defined by
the action

2R o, B Y
S = /d4.'L'\/ —g [? + ERz + §R;U/RM ) (2)

where a and § are dimensionless coupling parameters.

Deser and van Nieuwenhuizen [4] argued that such the-
ory would be renormalizable but contain ghosts due
to the k~* propagators. On the other hand, Anto-
niadis and Tomboulis [5] pointed out that the pres-
ence of a massive spin-2 ghost in the bare propagator of
quadratic gravity is inconclusive, since this excitation
is unstable. Stelle [6] proved rigorously the renormaliz-
ability of the action (2).
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Actually, not every higher derivative theory neces-
sarily has ghosts or tachyons [7]. This result led us
to consider a model for gravity which contains, in ad-
dition to the linear part of the four-derivatives terms
J Ry R*\/=gd*z and [ R?\/=—gd*z, the Fierz-Pauli
gravitational action. This model, however, as far as the
tree-level unitarity is concerned, fell far short of our ex-
pectations. But on the other hand, it has its virtues as
well which we think make its study worthwhile. Indeed,
it agrees asymptotically with Newton’s law - besides it
predicts an acceptable value for the gravitational de-
flection. It also allows us to find the effective coupling
constant for Fierz-Pauli gravity.

Having checked that the linear part of the four-
derivative term [ R /—gd'z is the Achille’s heel of
Fierz-Pauli gravity with higher derivatives, we consid-
ered afterward a model wherein only the linear part of
the four-derivative term [ R%,/=gd*z is included into
the Fierz-Pauli gravitational action. The resulting the-
ory is unitary at the tree level and in addition gives, in
the limit of tiny masses, a value of 1.31 arcsec for the
deflection of a light beam passing near to the Sun.

In Sec. II we examine in detail the question of the
tree-level unitarity of quadratic gravity. Our aim in
so doing was in first place to provide a prescription

]

S
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which allowed us to discuss with facility the tree-level
unitarity of whatever theory of gravitation with higher
derivatives we wished; and secondly, to present a rig-
orous treatment of the issue related to the unitarity of
higher derivative gravity at the tree level, filling in this
way a gap in the literature on the subject. In Sec. III
we discuss Fierz-Pauli gravity with higher derivatives.
“Fierz-Pauli +R? gravity” is analyzed in Sec. IV.

In our notation the signature is (+ — ——). The
curvature tensor is defined by R% ; = —0sI'3, + ...,
the Ricci tensor by Ry, = Rf,,,, and the curvature

scalar by R = g*"R,,,, where g, is the metric tensor.
Natural units are used throughout.

II Tree-level unitarity and
bending of light in the con-
text of higher derivative
gravity

In the weak field approximation, i. e., gy = Ny +Khuw,

where 7, = diag(+1,—1,—1,—1), the higher deriva-
tive gravity Lagrangian reduces to

L, = - [ by ORMY — (A"yp)z - F,‘f,, + (1 +4c) (4* , — D¢)2}

S

—% [ O + 42 4+ (4, —0,0°] 3)

where A* =M ¢ =h,F, = Ay, — Ay, b= BTNZ,C = . Indices are lowered (raised) using 7, ().

In order to verify whether ghosts and tachyons are absent in (3), we require that the propagator has only first
order poles at k? — M? = 0 with real masses M (no tachyons) and with positive residues (no ghosts) [8]. Let us
then determine the propagator for higher derivative gravity. To do that, we add to (3) the gauge-fixing Lagrangian

b

Lop = A1 (A = 20,0)" + 7

The resulting Lagrangian,

(o (4%, = 206)" + A 2]

L=Ly+Lys

can be cast into the bilinear form

1 v T
L= Eh“ O pah’

where the operator O is given by [9]

_ _ =0
O:lel+:1:2P2+:1:0P0+§:0P0+§:0P ,

whereupon
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To = /2 (Aak™® — 2XAak™ — 8AN1K? /b + Mo APK* + AN A?K? /b + 4N K2 /D)

poWup + Oupwuc + Ovowyp)

1
(@up@mr + @;w'(-)l/p) - g(-);u/(-)pa )
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z1 = b/2 (Ask* + 20 K7 /b)
x2 = b/2 (K* +2k%/b) |
zo = b/2 (4k* — 4k* /b + 12k c + 3X N*K* + 120 N°K?/b)
(
To = b/2 (= Ak — MK /b + Nk + A N°K /)
and
1
Pﬁt/,pa ) (Oppwro +©
. 1
Pju,pa 5
1
PBV,po’ = ggwf@po )
PSV,/)O’ = wl“/wpo' ’
ﬁzy,po = ®;Wwpa + W;w@pa s
with

O = Npw — kuky /K

W = kuky K

_ =0
P, P?,P° P’ and P are the Barnes-Rivers operators [10] and k,, is the momentum of the graviton exchanged.

Then the propagator in momentum space is

1 1 1 _ =
Ol=_plipry — [20P° + 20P° — 7P (4)
T T2 ToZo — 3T
The choice A = 0, gives the propagator
m? m?
O—l — 1 Pl ! 1 P2
k2 (m3X\1 — k2)3) k2 (m? — k2)
2 2
My 0 my 0
=P . - 5
@ —md) TR - uk) (5)
with
e 2 oL
T k2(Ba+p) L7 k28

Note that all parts of the propagator (5) behave like
k—*. This choice corresponds to the Julve-Tonin gauge
[11].

We are now ready to probe the tree-level unitarity of
higher derivative gravity. To accomplish this we couple
the propagator (5) to external conserved currents, T#",
compatible with the symmetries of the theory and then
we examine the residue of the current-current ampli-
tude at the poles. Therefore, the transition amplitude

in momentum space can be written as

A= g*T" (k) O po (k) T*7 (k)

where g is the effective coupling constant of the theory.
Now, taking into account that k, T = 0, we come to
the conclusion that only the spin-projectors P? and P°
will give a non null contribution to the current-current
amplitude. As a consequence,
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2 2
my 2 my

A= g2 . .
g k) 2R —md)

P° T (6)

wv,po

Thus, we have two poles for both the spin-2 sector, i. e.,

=0, k=m?,

and the spin-0 sector, namely,

=0, K=m.

In summary, the theory of quadratic gravity yields a massless and two massive excitations. Absence of tachyons
requires that 3 < 0 and 3a + 8 > 0.
From (6) we promptly obtain

 [LwT™ =122 T,T"-T%3 T
k2 k? —m? 6 (k2 —m)| ~’

A=g

where T' = 1, TH" =T",.
Now we expand the sources in a suitable basis. The set of independent vectors in momentum space,
k= (k%) , k"= (k",-k) , =(0,&) , i=12,

where €] and €3 are mutually orthogonal unit vectors which are also orthogonal to k, serves our purpose. Accordingly,
the symmetric current tensor T+ (k) can be written as

TH = aktk” + bk"k” + cTele?) + d Uk + e'kle) + fikkey)

The current conservation, k,T*” = 0, gives the following constraints for the coefficients a, b, d, ' and f*

ak? + (kg + kz) d/2=0 , 8)
b(k§+k2) vk /2=0 9)
ek + f (ké + k2) =0 . (10)

If we saturate the indices of T#” with momenta k,, we obtain the equation k,k,T*" = 0, which yields a consistency
relation for the coeficients a, b and d

ak4+b(k§+k2)2+dk2 (k§+k2) =0 . (11)

From (7), (8), (9) and (10) we conclude that the residue of A at the pole k? = 0 is

Res A =g [3E) +2@)+ 3(@)]  >o0

2 k2=0

k2=0

So, the necessary condition for tree-level unitarity, i. e., ResA > 0 at the pole, is ensured as far as the pole k% = 0
is concerned.
Similarly, we find the residue at the pole k> = m?. The result is
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Res A

2,2
k2=m7

_% (kg +k2) eifi - B (fi)2 _

_ _92{ ab(k3+-k2)2-+b2k4-+bdk2(k3+-k2)-+(C”)

%PW+M¥—w+d@ﬁ+ﬂﬂ2}

2

2,2
k2=mj

2

== { (=0 RP 4 (@) + [ - ()]

Q| =

[w—aﬂﬁ—aﬂQ}wﬂﬁ,

where use has been made of (8), (9), (10) and (11). This expression can also be written as

Res A

2,2
k2=m7

3

Now, assuming as usual that T' > 0, we get that ¢ < 0,
which implies that Res A|k2:m% < 0. So, we have a
massive spin-2 ghost in the bare propagator of higher
derivative gravity. This ghost is nontachyonic since
we have assumed that 8 < 0 (m} >0). In short,
quadratic gravity is nonunitary.

Of course, Res A |j2—,,2 > 0. Thus, the scalar mas-
sive particle is a physical one. Note that we have sup-
posed that 3a+ >0 (m3 > 0).

Let us take for granted, for a while, that the mas-
sive spin-2 particle of negative residue, i. e., the ghost,
is unstable [6]. Now, according to Feynman, The test

]

2

::_f{§W—wa+

—gm—www}

k?2

Sl A (NN

@ -5

2_,.2
k2=mj

of all knowledge is experiment [12]. In this vein, we
should expect that higher derivative gravity, viewed as
a classical theory, passed the tests suggested by Ein-
stein for general relativity. Since we are dealing with
the linearized version of higher derivative gravity, we
will concentrate our attention only on the issue of the
gravitational deflection of a light ray. Let us then con-
sider the interaction between a fixed source, like the
Sun, and a light ray. The associated energy-momentum
tensors will be designated respectively as T#” and F*".
The current-current amplitude for this process is given
by

2
PO Fro

uv,po

% (nupnua + nuanup) - %nuunpa n

A = Q27w ml 2 My ‘
g [WW%W>*VWW—M>
P vo + 77 0"’71/ - 77 1/77 o
= 2pev | Muel pollvp — Nuvps
g 2k
NypvNpo :| p
e Tpo | por
6 (k2 —m2)

Taking into account that the energy-momentum
tensor for light (electromagnetic radiation) is traceless,
while TH = §*6",T% for a static source, we get

- 1 1
_ 2400 700

k? —m?

Note that the harmless massive scalar mode gives no
contribution at all to the gravitational deflection. In-
cidentally, it does not contribute either to the light
deflection in the framework of R + R? gravity [13,14].
From (13) we see that the value of the deflection angle,
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0q.q., at the Sun’s limb predicted by quadratic gravity
is always smaller than that predicted by general rela-
tivity (g = 1.75"). Fig. 1 shows a qualitative plot
of deflection versus mj for rays passing by the Sun.
In the measurement of the solar gravitational deflec-

549

tion of radio waves Robertson and al. [15] found that
% = 1.0001 £ 0.0001 for the deflection at the solar

limb, where Oipeor is the deflection predicted by general
relativity. SO, HQ_G. < Omeasured-

Y

IIT Fierz-Pauli
tive gravity

higher deriva-

To arrive at the Lagrangian for Fierz-Pauli higher
derivative gravity we add the linear part of the La-

]

Figure 1 — Deflection vs. mj.

. .. . . «
grangian containing the four-derivative terms 5R2\/ —g

and ngw\/—g, namely,

b : g ‘
Loa =2 [Bhu B — (4#,)" = F2, + (1 +40) (4%, ~ 09)°]

)
where bzﬁ% , C= %,

grangian, i. e.,

1 . . 1
Lop =5 [MOhu + (4)" + (4, - 8,0)°] = 5m

#? being the “Einstein’s constant” for Fierz-Pauli gravity [16], to the Fierz-Pauli La-

9 2 (hfw - ¢2)

In momentum space the resulting Lagrangian can be written as

1 b .
— _puv 1.4 2 _
L 2h |:<2k +k

2) P2 _mZPl

+ (2bk* — 2k2 + Gbek? + 2m?) P* + m2P" e (14)

wv,po
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Since this theory is not gauge invariant owing to the Proca-like mass term, we do not need to introduce any
gauge fixing term into (14) in order to find the propagator. As a result, all we have to do in this case is to invert
the operator

b . A A
0= <§k4 + k- m2> P? - m2P' 4 (2bk* — 2k + 6bek? + 2m?) PO + m2P"

Using the algorithm presented in Ref. [9] for computing the propagator for higher derivative gravity theories,
we promply obtain

1 . 1 2bk* + 6bck* — 2k + 2m? - 1 =o0
P — - S - - PP P . 15
%k“ + k2 —m? m? 3m4 + 3m2 (15)

If we take b = ¢ = 0 in (15) we recover the propagator concerning Fierz-Pauli gravity [16], namely,

0-1  _ % (7711«9771/0 + n;wnup) - %nuu"?pa
wv,po = 52 — m2 )

where we have omitted the terms proportional to the graviton momentum.

Our task now is to find out whether or not Fierz-Pauli higher derivative gravity gives an acceptable Newtonian
limit. To succeed in doing this we compute the effective nonrelativistic potential for the interaction of two identical
massive bosons of zero spin via a graviton exchange. The expression for the potential is

1 1
(r) = el (27r)3

/dngN.R.efik'r ) (16)
whereupon My g is the nonrelativistic limit of the Feynman amplitude for the process s + s — s + s, where s

stands for a spinless boson of mass M. The corresponding Feynman diagram is shown in Fig. 2.
The Lagrangian for the interaction of gravity with a free, massive scalar field ¢, is

k -1 - o~
Ling = —5h" {@uxﬁ@yaﬁ = 5w (8a¢8”‘¢ - MZW)}

From the previous expression the Feynman rule for the elementary vertex may readily be deduced. It is shown
in Fig. 3. Accordingly, the invariant amplitude for the process shown in Fig.2 is

7.2
M:—2m%{ L ]k

k2—M2)(R2—M2)| 2 [ P-a@-d)+@d)0q
+@p)(M>—q-¢)+(q-) (M —p-p)+2(M>—p-p) (M*—q )

2 (2M? —p-p') 2M* —q- ') ] :

3
whereupon
M? =m3 + /m} — 2m3m2 , M3 =mi—/m}—-2m?m? |
9 1 2 . 2 2
where mj = 3= g Absence of tachyons requires that § < 0 and mj > 2m?~.
K

In the nonrelativistic limit this expression reduces to

My = — 25204 mi
NET T3 (k2 + M?) (K2 + M32)

(17)
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Substituting (17) into (16) and performing the integration we obtain the expression for the nonrelativistic potential

1

U(r) = -M*G

3 V1-=2m?/m?

e*er 67M2T
- )
r r

from which it follows immediately the expression for “Fierz-Pauli generalized potential”

Vi) = gMG

It is easy to see that (18) tends to the Fierz-Pauli
potential, i. e.,

efmr

4 ~
VF,p, (T)Z_EMG . y

as m? — oo. Comparison of this result, in the limit of

an extremely small mass, with the Newtonian potential
Un(r) = —MTG, shows that G = %G. As a consequence,
3*/g*> = G/G = 3/4, where § is the effective coupling
constant for Fierz-Pauli theory.
A cursory look at (18) allows us to conclude that
at the origin that expression tends to the finite value
m2
1 — —-. It is interesting to note
m
1

that only in the absence of tachyons (both positive
and negative energy) in the dynamical field does Fierz-
Pauli higher derivative gravity agree asymptotically

%MG(MZ - M)/

with Newton’s Law.

B
Il

B 1 efer eszr
_ 18
V1 —2m?2/m? [ r r } (1

Let us now examine the question of unitarity (at
the tree level) of Fierz-Pauli higher derivative theory.
To begin with we analyze the poles to get information
on the physicality of the masses. As we have already
mentioned, tachyons are excluded from the spectrum
whenever 8 < 0 and m? > 2m?. It is trivial to see in
this case that we have two massive spin-two particles,
one with square mass M# and another with square mass
M2. One can verify promptly, that the residue of the
transition amplitude at the pole k? = M? is negative,
which implies that Fierz-Pauli higher derivative gravity
is nonunitary. The residue of the transitions amplitude
at the pole k? = M2, in turn, is positive. Thereby, the
particle of mass M, is a physical one, while that of mass
M is a ghost.

The transition amplitude for the interaction be-
tween a static source and a light beam is given, in turn,
by (see Sec. II)

-1 1
—2m2m? {kz - M? - k2 _M22:|

2

-1 1
e
p— {kz—Mf kZ—Mg}

For m? extremely small, this expression tells us that 0 < fr pnu.a. < 1.31", where Or p .q. is the deflection
predicted by Fierz-Pauli higher derivative gravity. As a consequence, in this limit 0r p .. < @measured-
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Figure 2 — Lowest order contribution to the reaction s +s — s+ s,

where s stands for a spinless massive boson.

1%

Vi (0,0") = 55 [publ, + 0 — Nuw (P + M?)]

Figure 3 — The relevant Feynman rule for boson-boson interaction.

IV  Final remarks

Despite its interesting properties, Fierz-Pauli higher
derivative gravity did not come up to our expectations
as far as the issue of unitarity is concerned. However,
it is easy to see that the massive spin-2 ghost that
appears in the bare propagator of Fierz-Pauli higher
derivative gravity is entirely due to the linear part of

]

L= (4, = 06)" — 3 [ Ok + () + (A — 0,0)7] -

the four-derivative term [ R2,/—gd*z. So, it is worth-
while to consider a model for gravity in which only the
linear part of the four-derivative term [ R?\/=gd*z is
included into the Fierz-Pauli gravitational action. For
the sake of simplicity, let us call this theory “Fierz-Pauli
+R? gravity”. The corresponding Lagrangian is given
by

1 . .
S, = 6)
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which, in momentum space, reduces to

353

L= %h’“’ [ (K —m?) P? = m2P' + (<2K2 + 302K +2m%) PO+ P’ | o

Thus, the propagator in momentum space is

uv,po

Of course, the inclusion of the linear part of the four-
derivative term [ R%\/=gd*w into the Fierz-Pauli grav-
itational action does not improve the ultraviolet behav-
ior of the usual Fierz-Pauli theory.

It is easy to see that Fierz-Pauli +R? gravity is uni-
tary at the tree-level. On the other hand, the transition
amplitude for the interaction between a static source
and a light beam is given by (see Sec. II)

L 1
A = G200 00 <k2—m2)

3 2100 £00 1
= -g¢°T"F —_
19 k2 —m?2

In the limit of an extremely small mass, Fierz-Pauli
+R? gravity gives a value for the bending of a light ray
passing close to the Sun which is % of that predicted by
general relativity. So,

1.31" = Or pirr2 < Omeasured

Note that the prediction of both Fierz-Pauli+R? grav-
ity and Fierz-Pauli gravity for the solar gravitational
deflection are one and the same (as expected).
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