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In this paper we review some important aspects of the global monopole spacetime and present how
this manifold modifies, at classical and quantum points of view, the movement of a charged particle.
The explicit calculations of the renormalized vacuum expectation values of the energy-momentum
tensors, (T,u(Z))Rren., associated with massless bosonic and fermionic fields are also presented.
Moreover the effect of the nonzero temperature in this previous formalism is analyzed. Finally, we
briefly present other applications of this manifold in the topological inflation and condensed matter

system.

I Introduction

It is well known that different types of topological ob-
jects may have been formed during Universe expansion,
such as domain walls, cosmic strings and monopoles[1].
The basic idea is that these topological defects appeared
due to breakdown of local or global gauge symmetries.
Suppose that we have the Higgs field ¢* (a = 1,..., N),
whose potential is

V)= 3@ -m? #=ete ()
where 7y is the vacuum expectation value and A a cou-
pling constant. This model gives rise to different types
of topological defects: Domain wall for N = 1, cosmic
string for N = 2 and monopoles for N = 3. The scalar
matter field plays the role of an order parameter which
outside the defect acquires a nonvanishing value.

In this review we present the field equations for the
global monopole in section II, using a specific model
coupled to the Einstein equations. In section III, we
analyze the classical and quantum motion of a charged
particle in the spacetime of an idealized pointlike global
monopole, considering the induced electrostatic self-
interaction. In section IV, we calculate the Green func-
tions associate with massless scalar and fermionic fields
and obtain the renormalized vacuum expectation val-
ues (VEV) of their respective energy-momentum ten-
sors, (T, (x))Rren.. The effect of the temperature in
the scalar massless Green function and consequently
its influence on the calculation of (T},,) is evaluated in
section V. In section VI, we briefly present other ap-
plications of this formalism. Finally we left for section
VII our concluding remarks.

II Field Equation for a Global
Monopole

A. The Model

A global monopole is a heavy object formed in
the phase transition of a system composed by a self-
coupling iso-scalar triplet ¢, whose original O(3) sym-
metry is spontaneously broken to U(1) [2].

1 nv a a A 2 2\2
L= g™ 0,606 - 3@~ . (@)

The field configuration describing a monopole is

¢ =mof(r)a”, (3)

where 2%2% = r2. The most general static metric tensor
with spherical symmetry can be written as

ds® = —B(r)di® + A(r)dr? +r2(d6® +sin’ ¢ d¢?) . (4)

The Euler-Lagrange equation for the field f(r) in the
metric (4) is:

(2 1 (B)’f,_ 2f

= = M f(fP-1)=0, (5
A"'2 +2B A 7_2 nOf(f ) ) ( )
where the prime denotes differentiation with respect to
r. The energy-momentum tensor associated with the
matter field is given by

2 2
T o= - {%Jr(gjl +2n§(f2 1)2] ,
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In flat space the monopole has size § ~ % Its mass
Ano
is M ~ ’7—0)‘
Outside the core f ~ 1 and the energy-momentum
tensor can be approximated as

2
t r T’O 0 __ d)
TtNT,,N—T—Q, Ty =T; ~0. (7)
B. Einstein Equations

Computing the Ricci tensor for the metric tensor
(4) one finds [3]:

BII BI AI BI AI
%1=‘ﬁ+ﬂ%z+ﬁyﬁm
r (B A 1
Ryg = 1_ﬂ<§_z>_23 (8)
R . B)) BI AI + BI + BI
7 24 44\A4 " B) " rA-

We also have Rgy = sin® # Ryg.
Combining conveniently these equations we get

R Bu Rw _ A 1 1

24 2B r2 rdz r2  Ar2

1

S (R -R) 4R}, ()

and consequently
(r/A)' =1-r*[1/2 (R, - R!) + R}] . (10)

With the aid of the Einstein equations

1
RI“’ =8nG (TI“’ - §gp,yT> ) (]‘]‘)
we obtain
(r/A) =1+ 8xGr’T} . (12)

To find the other component of the metric tensor we
write

By + & — i £ + E
A B  rA\A B
= R.—-R!. (13)
Integrating with the condition
A(T)B(r)lr:oo =1, (14)

we obtain

B(r) = ﬁ exp |:87TG /7" (Tr — T}) rA(r)dr| . (15)

oo

The general solution of (12) is

A(r) ™t =1-8rGn3 —2GM(r)/r , (16)
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where M (r) is given by

M(r) = 4mng /0" [(]20;)12 + f2r2_ ! + /\Tng(]C2 - 1)} r2dr .
(17)

Because T} ~ T outside the core of the monopole, in
this region we have

B(r) = 1/A(r). (18)

Also we can analyze the behavior of the function f.
Introducing news variables defined as[4]

=V pr , A=8xGn} ,
one finds the asymptotic expansion

fy o1 L _32-A

z2 x

+0(1/2% . (19)

Now let us go back to the metric tensor. Neglecting the
mass term and rescaling the ¢ variable we can rewrite
the monopole metric as

2
ds® = —dt® + i% +r2d0? (20)

where a? =1 —87GnZ =1 — A < 1. The above metric
tensor describes an idealized pointlike global monople
(G-M) defect.

The spacetime described by (20) has the following
interesting features:
i) It is not flat: the scalar curvature R = R = 2(1;—32)
ii) There is no Newtonian potential: g = —1.
iii) The surface # = 7/2 has geometry of a cone, with
deficit angle 6 = 872Gn3.
iv) The solid angle of a sphere of unit radius is 472a?,
so smaller than 47%. There is a solid angle deficit
8Q = 32m2Gng.
v) Because Tpg ~ n?/r?, outside the global monopole
the total energy is linearly divergent at large distance:
E(r) ~ 4wGnar.

Now after this brief review about the global
monopole spacetime, let us analyze some classical and
quantum effects produced by this geometry on the
movement of a charged particle.

IIT Classical Effects

It is well known that a charged/massive particle when
placed in the spacetime of a cosmic string becomes sub-
jected to a repulsive/attractive self-interaction[5]. A
similar phenomenon also occur in the spacetime pro-
duced by a global monopole. These self-interactions
are given by[6]:
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where r is the distance from the particle to the
monopole and

K=¢S(a)/2>0, (22)
for the electrostatic case, or
K =-Gm?S(a)/2<0, (23)

for the induced gravitational one. The numerical factor
S(a) is a function of the parameter o

wl 20 +1

Sa) =2 Vol +4il+1) 1] ’

1=0
which is finite and positive for a < 1.

These induced self-interactions are consequence of
the distortion on the particle’s field caused by the cur-
vature and/or the non-trivial topology of the spacetime.

Briefly speaking these effects can be explained by
calculating the Newtonian gravitational self-interaction
of an arbitrary mass distribution outside the monopole
core

Ug = —%G//drdr'pm(r)G(r,r')pm(r'), (24)

where p,, is the mass density. Similarly, for the electro-
static self-interaction of an arbitrary charge distribution
we have

Ugp = %G//drdr'pq(r)G(r,r')pq(r'), (25)

where now p, is the charge density.
For an isolated particle at some specific position r,
we get

Ug = —%Gm2GR(r,r) (26)
and .
UE = §Q2GR(1”71”) ; (27)

where Gg(r,r') is the renormalized Green function de-
fined as

GR(ra I',) = Ga(ra rl) - GH(r7 I',) ) (28)

being Gy (r,r’) the Green function defined in the
monopole space section:

1 & 204+1 [re\M
G = — <) np 29
) = — 102Az+1(r>> (cos)., (29)
where \; = —% + ikl G)

2a )
The Hadamard function, G g (r,r’), associated with
the three-dimensional Laplace-Beltrami operator is

Gu(r,r') = 5 1 (30)

o(r,r')’
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being o(r,r’) the one-half of the geodesic distance be-
tween the two points r and r' is the space section of
(20). Because we are interested to evaluate the renor-
malized Green function in the coincidence limit, let us
take first Q@ = Q'. For this case the three-dimensional
line element in the G-M spacetime is

d 2
e ==,
@
which give us
!
2 ! — |r -r |
orr) = T

So after some intermediate calculations we get
1
GR(rar) = ;S(Oé) ) (31)

which is finite for » > 0.

The presence of this induced electrostatic self-
interaction is relevant in the analysis of the movement
of an electric charged particle placed in the spacetime
of a global monopole. In order to do that we take into
account the self-interaction as the zeroth component of
the four-vector A,. The next subsection is devoted to
this investigation.

A. Classical Analysis of the Motion

For the relativistic classical analysis of this move-
ment we shall use the Hamilton-Jacobi (H-J) formal-
ism. According this formalism, our first set of equation
is given by|7]

dz# 0S
M—— + gA* = gt
ax T T
A being a parameter along the classical trajectory of
the particle.
The second set of equation is given by

oS 0S
7 (s~ o) (g~ o) =30 09

where S is the functional given by

(32)

S=—-Ft+R(r)+0©(0)+ Lz¢ , (34)

with R(r) and ©(f) being unknown functions and E
and Lz constants of the movement.

Integrating (32) and (33) we can obtain the equa-
tions of the trajectories for different situations as shown
below. Defining u = %, we get, for the surface § = 7/2,

the following solutions:

EK VEE )2 1 MPK?
u(¢):L2—K2 + 12 _ K2
VIZ - K?
X cos Ta(qﬁ—d)o) )
z

(35)
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for L2 > K2,
EK JE IO+ MPK?
u((b)_K?—L? + K2 _[2
VEZ _ 12
x cosh | ————a(d - ¢o)| ,
Lz
(36)
for L? < K? and
M2 EQ 2.2 _ 2
u(@) = g - TEX 0 )

2EK 2K

for L? = K2.

From the above equations is possible to see that the
first set of solutions presents bounded trajectory for
E? < M? and K < 0, which happens for the unphysi-
cal case when a > 1.

B. Quantum Analysis of the Motion

For the analysis of the quantum motion we should
use the relativistic Klein-Gordon equation or Dirac one
if the particle is a boson or fermion, respectively.

Bosonic Case

For the spin 0 case the Klein-Gordon equation writ-
ten in a covariant form reads

igAH

[= \/__g(a,,\/—_g) —iq(8,A*) — 2iqA*d),
— AP A, — ER(z) — M?®(x) =0, (38)
with
08 (z) = ——0, [V=9g"3,3()] .  (39)

V=9

where g = det(g,,). In the above equation we also con-
sidered the non-minimal coupling between the scalar
field ® with the scalar curvature R of the manifold.

Now applying this formalism for the G-M spacetime
we have

a? ? K K?
[0 + r—26r(r26T) — 3 27,78t + ey
~ M2 —f%]@(m) —0. (40)

Because our metric tensor is static and the self-potential
is time-independent, we can adopt for the wave function
the form

®(z) = Cexp(—iEt)R(r)Yi,m(0,9) , (41)

where E is the particle’s self-energy. The solution for
the radial differential equation are expressed in terms
of hypergeometric functions as

R(r) = rMe* M\ + 1 +i6,2(\ + 1); —2ikr) , (42)
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where the effective angular quantum number is

1 a2 +4[(+1) +&n— K2
N =—=+
2 2

with 7 = 2(1 — ?) = 2A and

E? — M2 EK
— P =

k= —_.
a ak

From the radial solution is possible to obtain the
phase shift §;, which is the most relevant parameter in
the calculation of the scattering amplitude.

If we are inclined to consider the possibility of this
system to present bound states, we have to assume that
the parameter a > 1, in which case K < 0. So, tak-
ing E? < M?, we get discrete values for the self-energy
given by

2 2 1/2
B, =M af(n+ XN +1)

e K2+a2(n+XN+1) ’

(43)

withn=0,1,2...

Fermionic Case

Considering now a fermionic particle, we must take
the Dirac equation in the covariant form

[iv"(2) (O +iqA, = Tu(z)) = M]¥(2) =0, (44)

where I, (z) is the spin coefficient. Using an appropri-
ated tetrad basis for the G-M spacetime we get[7]:

;
v°0,

[i7 98, + iay "D, + %7(9)39 +
(@—-1)

r

rsin @

+i y) — gy D Ay — MT(z) = ((45)

Also using the standard procedure it is possible to ob-
tain the set of solution for the equation above. They are
expressed in terms of hypergeometric functions. Again
from the solution we can calculate the phase shift, d;.
If again we admit the unphysical situation where @ > 1,
it is possible to find bound states and the explicit ex-
pression for the discrete self-energy

I —1/2

En;=M|1+
’ G+127 —K)

(na +
(46)
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IV  Quantum Effects

The non-trivial topology of the G-M spacetime implies
that the vacuum expectation value (VEV) of the renor-
malized energy-momentum tensor associated with an
arbitrary collection of conformal massless quantum field
must be different from zero[8].

The explicit calculations for (T}, ()) ren for a mass-
less scalar field[9] and fermionic one[12] have been de-
veloped. Also, recently thermal effects have been con-
sidered in this context[13].

Below we present the main effects due to this space-
time in the VEV of some quantum operators.

A. Scalar Case

The Euclidean version of the G-M metric tensor is
given by

2 ,  dr? 2 7002
ds® =dr” + — +r7dQ” . (47)
@

The massless scalar field propagator obeys the differen-
tial equation below
8 (x, ")

V9
where we have included the non-minimal coupling be-
tween the propagator with the geometry. The Eu-

(_D +£R) GE('Ta'T,) = ) (48)

K(z,2';s) =
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clidean Green function can be evaluated using the heat
kernel approach:

§*(x,2")
V9
/0 dsK(z,2';s) . (49)

Guloa) = [ dsexpl-s(-0+€m)

In order to obtain the heat kernel, K(z,z';s), let us
solve the eigenfunction equation below

(—O+€R) p(z) = XN (2) . (50)

The complete result for the equation above is:

(@) = /g €xp (—ist) Ly (pr)¥im (89, (51)

with eigenvalues \2 = w? + p?a? > 0 and v, =
a™ /(I +1/2)2 +2(1 — a?)(£ — 1/8). These solutions
obey the completeness relation

§*(x,z")

NG (52)

Y Ba(2)23(2) =
A

Now we are in position to obtain the heat kernel by

/_Oo du}/0 dphzm:éx(a?)tﬁ,\(a:')exp(—s)?)

exp (_ Ar2afc—:—27;2+r'2 )
16(ms)3/2(rr')1/2
X i(2l+ 1)1, o Pi(cos7) . (53)
— "'\ 2a2s
We can easily verify that for « =1, vy =14 1/2 and in (55)

this case it is possible to get a closed expression for the

heat kernel [14]:
1 (v —a')?
16252 O P <_ 4s ' (54)

Finally we can obtain the Euclidean Green function by
integrating (53). Our result is

1 oo
8m2rr! Z(Ql +1)
1=0
Q2 ATZ 412 42
Qu,71/2 < ; ) Py(cos ).

K(z,2';s) =

G(z,z') =

X

2rr

The Computation of (®%(x))ren

The VEV of the square of the quantum field opera-
tor is given by
(®*(x)) = lim G(z,2") . (56)
z'—x
However the above expression is divergent. So in order
to obtain a finite and well defined value for (®2(z)),
we have to renormalize it. We shall use the standard
procedure as shown below:

(@ (@) ren = lim [G(r,a') — Gl 2")] , (57)
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where G (x,z") is the Hadamard function given by[9]

1 2
Gr(z,2) = 1672 [a(a:,a:’)

€~ 1/s R (2T gy

where p is an arbitrary scale introduced in order to
avoid the infrared divergence and o(z,z') the one-half
of the square of the geodesic distance between the
points x and 2’. Because we are interested in the coin-
cidence limit, let us set first Q' = Q in (57). For this

_ (r=r)?
- 2a?

+

case we get o(x,z’) . Our above expressions
reduce themselves to

o0

1 r2 4 2
G(r,r') = o > @+ 1D)Qu—1/2 ( 5 ) (59)
=0

and

GH (7“, TI)

1 4a?
1672 | (r —r')?

+ % (€=1/6)In <%>] (60)

Because the dependence of v; with [ is not simple one, it
is not possible to develop the summation in the angular
quantum number [ in (59) in an exact way; however if
we remember that the parameter a® = 1 — A is close
to the unity for realistic models!, it is possible to ex-
pand v in powers of A and consequently to obtain an
approximate expression for (59). So in lowest order in
A and using appropriate integral representation for the
Legendre function we get:

_t / P S
V22! J, V/cosht — cosh p

> @+ et (61)

=0

G(r,r') =

X

with coshp = (r + /)2 /2rr’. Moreover evaluating the
summation in [ up to the first order in A, we have:

S(t) = i(gz +1)et

=0
_ —t/2 1 + B_t |:1 2At
¢ T A—en| T 1-ew
[0 —e™)?+e]] - (62)

Also the logarithmic term in the Hadamard function

can be expressed in term of Qo(cosh p) = In (L::) and

—
consequently in integral form. So taking into account
all these considerations we found, up to the first order
in A

(®%(2))pen = lim [G(r,7") — Gr(r,r")]

r'—r
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(p—28g) , (£-1/6)
—A W A 13,2 In(ur) ,
(63)

where p and g are two numbers given by the integrals
below

e e~t/? 1 t
p= dt {— + [ - - 1}
0 vcosht —1 |3 sinh ¢
1+et
—_ 64
= oy
and

oo —t/2 1 —t

g= [ di—= { i+ e%)} (65)
0 vcosht — 1 1—e

These two integrals are finite and can be evaluated nu-
merically. The results are p = —0.39 and ¢ = —1.41[9].

2. Evaluation of (T} (x))Ren

In Ref. [9] the general structure of the renormalized
VEV of the energy-momentum tensor for a massless
scalar field in the G-M spacetime is presented. There,
this expression was obtained on basis of dimensional
arguments, symmetries, trace anomaly and the explicit
calculation of the VEV of the square of the field opera-
tor. Their conclusion is that the VEV for this energy-
momentum tensor has the following structure:

1

(T (@) ren = 7557 |

AL (& A) + BJ(€, M) In(ur)]
(66)
where B}, and A}, are diagonal tensors The explicit ex-

pression for the latter is

AV = diag (T + AT — By, AT, —AT +1/2B,
— A" +1/2B) . (67)

For the particular value £ = 1/6, T is given by the
trace anomaly. We have (T¥(x))ren = T/167°r* =
A/77073r% (1 — A/2).

B. Fermionic Case

The spinor Feynman propagator is defined as
follows[10]

iSr(z,2") = (T (Y (z)¥(z))) - (68)
This propagator obeys the following differential equa-
tion

(iY — M) Sp(z,z') = §*(z, 2" 4y (69)

b
V=9

n fact for a typical grand unified theory the parameter 7 is of order 106 Gev. So 1 —a? = A ~ 107%
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where g = det(g,,). The spinor covariant derivative is
given by
Y= el @@ (8, +T,.) | (70)

with the spin connection I', given in terms of the «
matrix and the basis tetrad e‘(‘a) in the usual way:

1 v
Fu = _17(a)7(b)6(a)e(b)V;u .

If a bispinor Dp(z,z') satisfies the differential equation

(EI - M? - iR(w)) Dp(z,2') = ———6W (z,2") ,
(71)

where the generalized d’Alembertian operator is ex-
pressed by

O = gl‘l"/v“v'/ = guu (aﬂv,, + FMVV - Fzyva) ;
(72)
then the spinor Feynman propagator may be written as

Sp(z,x') = (iVY+ M) Dp(z,x') . (73)

Now after this brief review, let us specialize in the cal-
culation of the spin Feynman propagator in the G-M
spacetime.

Using appropriate basis tetrad for this spacetime,
the only non-vanishing spin connections are[12]:

ol ; oY [7(1)7(2) cos ¢ + 72 sin ¢] (74)
and
Py =L ; a [7(1>7<2) sin @ +7M~® sin ¢ cos §
— vP3) cos 6 cos gb] sinf . (75)

We also adopt the following representation for the ~y-
matrix

(0) _ 1 0 (k:) _ 0 O'k
Y _<0 _1>77 _<_a.k 0 . (76)

These matrices obey the anticommutator relation
{7(@) )} = —2p(a)(®),
After some intermediate steps we get?

-

1., a®_, L?
o = _gat + r_26r(7' ar) - 7"_2
1-a)? l1-ags =
- 55 " 3 L, (77)

where

= ad 0

s-(70). -
The system that we shall consider consists of a mass-
less left-handed fermionic field. For this case the Dirac
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equation reduces to a 2 x 2 matrix differential equation
as shown below:

iPx=0, (79)

where

1 1
Pr=i Eat —aocMd, — ;0(9)89

1-—
@, + 1250

rsinf » (80)

with 0(*) = &4, 4 denoting the usual unit vector along
the three spatial directions in spherical coordinates.

The Feynman two-component propagator obeys
now the equation

b
V=9

and can be given in terms of the bispinor G (z,z’) by

’LlDlSF(QZ,CUI) = 6(4) (ZIZ,ZL'I)I@) ; (81)

Sp(z,z') = iPLGp(z,2") , (82)

where now this bispinor obeys the 2 x 2 differential equa-
tion below:

N 1
KGrp(z,2') = —\/—_—g5(4) (@,2")]2) , (83)
with
- 1 a? 9 I 1-a L
K:—gat +T—28r7" 8r—r—2— 7‘2 (1+0’L)

(84)
The VEV of the energy-momentum tensor can be
expressed in terms of the Euclidean Green function
Gg(z,2') = —iGp(z,2'). Now we shall calculate
Gg(z,z") by using the solution of the eigenvalue equa-
tion below

K&, (z) = —\2®y(z) , (85)
with A2 > 0, so we can write
i) (I>+ ’
Gg(r,z') = Z M . (86)
A

The normalized eigenfunction can be written as

8 (2) = | [5e=e T L (r)oll, L k=1,2, (87)
with o
)\2:§+a2p2, (88)
and I+1 1 o1
M=o, = +§. (89)

In the above equation ¢§k,)n] are the spinor spherical har-

monic eigenfunctions of the operators L2 and o - L[11].

2Here in this section we are using the following metric tensor: g,, = diag(—a?,1/a?,72,r?sin?(0)).
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The expression for Gg(z,z') can be given by

/dE/ dp

GE(QZ,QZI) =

5 o\ (@) (') +
E2/a2 _|_ a2p2

Jjm;

(90)

Substituting @g\k) (z) in the equation above we get

Crlea) = 37 [Qu 1 p W, (2,2)

2mrr! 4
Jim;

+Quo1p(W)C (@, 0)] (91)

where @, (z) is the Legendre function u=1+(a*AT>+
2 (k) (k)+

Ar2)/2rr" and O (,0) = o) (@)pF ().
Again we can see that for a = 1 v =1 =14+1/2

and we get a closed form for Gg(z, :U’)

1 1

Gp(r,z') = 82 0@ 2) 2) >

(92)

where 20(z,2') = AT? + (F — )2
Now we can express the spinor Green function as

1 1 "
Sp(z,2') =i {—at —acMd, + -G L
[0 r

11—«
+

a(r)] Gg(z,z) . (93)

1. Vacuum Ezxpectation Value

Also, as in the scalar case, the general structure of
the VEV of the energy-momentum tensor associated
with a massless fermionic field in the G-M spacetime
has the following structure:

(T2 (2)) Ren = 55— | AL + By In (%)] . (94)

872 ré
where
A}, = diag (A9, —T + AJ + BY,
T — Ay —1/2By,T — Ay — 1/2Bg) (95)

and
B! =B) diag(1,1,-1,-1). (96)
: T _ _1
Because for this system T := == = 63‘ , our

problem of finding (94) consists to obtain the two com-
ponents A and BY only.

Using the point-splitting approach, the VEV of the
respective energy-momentum tensor for spinor field has
the following form

(T (2)) = 1/4 lim Tr[0,,(V, = Vo)

+ 0,(Vu — V)] Sr(,2') . (97)

20 (@)l @)
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For us it is necessary only to compute (T (z)), so we
have

(T9(z)) = —— lim Tro*Gg(z,z') . (98)

Ozzza

The above limit is divergent, so in order to obtain a
well defined result we should renormalize it subtracting
from the Euclidean Green function, G g, the Hadamard
one, which for this case presents structure similar to
the scalar case. After a long calculation we found:
By = —1g(‘)"4 and AJ a complicated integral; however
we write down this latter component for specific values
of the parameter a.

1) For large solid angle deficit (a << 1),

1
A ~ —%mourco , Co =0.0104 .

2) For small solid angle deficit or excess (o —1] << 1),

AS~ Ci(1—a), Cy =0.0773.

3) For large solid angle excess (a >> 1),

A ~ —C3a* , C3 =0.0173 .

V Thermal Effects

Now we would like to present the effects of the nonzero
temperature in the formalism of quantum field theory
for a massless scalar field in the G-M spacetime. We
shall develop first the calculation of the respective Eu-
clidean thermal Green function. Our subsequent anal-
ysis concerns in the calculation of the corrections to
the VEV of ($%(z))s and (T, (z))s due to the nonzero
temperature[13].

A. The Euclidean Thermal Green Function

The thermal Green function, Gz(z,z'), for a mas-
sive scalar field, non-minimally coupled with the geom-
etry of the background spacetime, satisfies the following
conditions:

(i) It obeys the differential equation

0 (@, a')

(O —m? —€R) Ga(z,2') = — Ve

(99)
and
(ii) is periodic in the Euclidean time 7, with period S
given by
1
K,BT ’

where kp is the Boltzman constant and T the absolute
temperature.
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Because the Euclidean version of our spacetime is an
ultrastatic one®, the Euclidean thermal Green function
can be obtained by the Schwinger-De Witt formalism
as follows:

Gp(z, ") :/ dsKg(z,z';s) , (100)
0

where the thermal heat kernel can be factorized as

—iBAT @
4s |47ws

Kg(l‘,l‘l;s) = (‘)3 ( ) Koo(xaxl;s) ’ (101)

being ©3 the third theta Jacobi function

O3(z|lw) = Z exp (imn’w + 2inz) , (102)

n=—oo

with Im(w) > 0. K (z,2';s) is the zero temperature
heat kernel previously defined by Eq. (53) in the anal-
ysis of the massless scalar field.

After some intermediate steps we get the Euclidean
thermal Green function for a scalar massless field which

<(I)2(95)>B7Ren =

'
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reads
1 [o @] o0
Gs(z,2') = Sn2p n;oo ZO:(W + 1)Pi(cosy)
@® (AT —npB)? 4+ r? + r'?
X Qu-1/2 ( ( QBr)r’ > ,  (103)

where we see that this Green function is a sum of a
zero temperature one plus some thermal correction:
Gs(z,2') = Goo(w,2") + Ga(x, 7).

Now we are in position to calculate the thermal cor-
rection to the VEV of (%(z))s and (T}, (2))3.

B. The Thermal Average (®*(z))s

The singular contribution for (®?(x))s comes from
the zero-temperature term in the Euclidean thermal
Green function. So the procedure to renormalize this
thermal average is identical to the previous one defined
in Sec. 4.4.1:

lim [Gg(z,2') — Gu(z,z")]

= lim [Goo(z,2") + Gs(z,2") — Gu(z,2")]

'z

= (‘I)Z(-T»oo,Ren

1 o0
+ Am2r2 Z Z(Ql + 1)Quz—1/2(23)a

n=11>0

2 292
where z& =1+ 2 2”7,26 . Because the first term in the

r.h.s. of the above equation has already been discussed
let us concentrate on the thermal correction. Also, here
it is necessary to calculate this correction expanding a
series in powers of the parameter A. After some inter-
mediate steps we get the following expression:

Py, — 63

(@ (2))s W(l +A) - ASWTTQSI (B/r)
b A S (B/r) (105)

where

Si(B/r) = n; /p et oo, swh(t/2)
(106)

(104)

and

S (B/r) = /p . oot —coh g s’ (1/2)
(107)

n262
where p,, = arcosh (1 + 5z )

Unfortunately it is not possible to obtain explicit
results for both integrals above in terms of any set of
elementary functions. So, if we want to get some con-
crete information about the behavior of the thermal
average of (®2(z)) we should proceed a numerical eval-
uation for S; and Ss for some interval of the variable
@ := B/r. Specifically we are interested to know this
behavior in the high temperature, or great distance re-
gion, i. e., when @ << 1. By our numerical analyses[13]

3An ultrastatic spacetime admits a globally defined coordinate system in which the components of the metric tensor are time-

independent and the conditions goo = 1 and g,; = 0 hold
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we found the following dependences for both integrals
above when @ belong to the interval [0.01,0.1]:

C1
= 1
51 = =~ (108)
and .
Sy = —, (109)
w 2

where ¢; = 14.26 with a; = 0.92 £ 0.07 and ¢ = 17.82
with as = 2.02 & 0.02. From these results we can in-
fer the approximate behavior for (®?(z))s in the high
temperature limit:

_ 1 A
(@ (2))5.Ren = 5 (1+ 1.68A) — 0. 25ﬂ—£ . (110)
]
Tiw(z) = (1-29)V,2(z
+ (25 - %) g;w
— 289, (v)R(2)®

where G, (z) and R(x) are, respectively, the Einstein
tensor and the scalar curvature.

The thermal average of the operator energy-
momentum tensor can be obtained using the thermal
Green function defined as usual

Tr [e PH(T®(z)®(2'))]
Tre—BH

Gs(z,2') = (112)

So the thermal average of the energy-momentum tensor
is given by

Tw@)s = lim [(1- 29,9, Gs(r,)
- 26V,V.,Gs(z,z") — £GGa(z, x)
+ (262 3) 00V, Vo Galon)
- 2f2g“,,R(a?)G5(a?,ar'))]. (113)

We have already mentioned that the thermal Green
function associated with a scalar field in G-M space-
time can be written as a sum of a zero temperature one
plus thermal corrections; so the above expression can
be written as

(Tuw (@))5 = (Tuw (#)) o0 + (T ()5 - (114)
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We can see that the leading term is independent on the
non-minimal coupling ¢ and also on the distance from
the point to the global monopole.

C. The Thermal Average (T,,(z))3.

The energy-momentum tensor associated to the
scalar field in a general spacetime with a non-minimal
coupling is given by:

2)V, ®(z) = 26(V,V, &(2))®(z)

2)V,8(2)V, ()

(@) = §Gu (2) 9% (2) |

(111)

The general structure of the independent temperature
term in the r.h.s. of the above equation has already
been discussed previously in Sec. 4.4.2. So, by this
reason, we shall concentrate on the purely thermal cor-
rection, (T, (z))s. For the sake of simplicity we shall
analyze its zero-zero component only:

(Too)s = lim [-07G(w,a")

x>z
1 ' _
+ (25 — 5) "7 (z,2")V, Vo Ga(z,z")

1

b S OR@G )] )

The development of this equation is a long one. Our
final result is

2
T 2 @A D [E0 QL (e

n>11>0

+ n Q£111/2(Zn) + \I'l Ql/lfl/Q(Z’ﬂ)] 9
(116)

(Too)s =

where Q,(,k) (z) are the associated Legendre functions,
zn =14 #02 and
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E, = m [2¢(n’®% —4) — 1/2(n*@” +4)] , (117)
_ 1 2-2 2 _
0, = Ny e T [2¢[(3n*w? — 2)a” — 2]
- 1/2[3n%0* +2)a® - 2]] , (118)
B I(1+1) ¢ a? -1
U= (-1 S s (1-4)——;
(119)

Also in this case it is not possible to obtain some
concrete information about the behavior of (Tpo(z))s
with the temperature without to adopt the following
procedures: (i) To expanding a series in powers of the
parameter A = 1 — o2, and (ii) to proceed the sum-
mation in the angular quantum number [. After doing
that, some expressions obtained allow us to proceed the
summation in n. Unfortunately we also could not de-
velop all the integrals that appears and consequently
the summations in n; again, here we had to develop
some numerical evaluations for these terms in the re-
gion where w << 1. Our final result is:

_ 2 1 &\ 1 1
(Too(z))sg = —%64 + <ﬂ - 6) poyE + [Ql(f)@
1 1 -
+ 92(5)7%2 +4\/§W2T4F(w)} A, (120)
where )
™
(&) = —7g5 (11 +528) (121)
and
0y (6) = —% (64€ + 1725¢ — 832) . (122)

The function F (@) contains all the integrals which were
not possible to be expressed in terms of elementary
functions and consequently to proceed the summations
in n. Analyzing all the terms in F(©) numerically, in
the high temperature regime we have obtained that the
leading term are, approximately proportional to 1/w?,
followed by terms proportional to 1/@® and 1/&?.

As our final conclusion about the thermal effects
in the renormalized VEV of the operators ®?(z) and
Too(z) we can say that in the high temperature regime
we have:

i)(®% (%)) en, = (% () fer + T f(7) (123)
and

i1){Too (%)) fen = (To0 () fren + T9(7) (124)

where f and g are functions of the dimensionless param-
eter v = kprT. The analytic form for these functions
were obtained by us, up the first order in A.

VI Other Applications

A. Topological Inflation

Topological defects can be seeds for inflation[15].
Vilenkin and Linde claimed that topological defects ex-
pand exponentially if no > O(mp).

In the particular case of a global monopole, a? =
1 —87Gn3 becomes negative and the solid angle deficit
(6Q = 4w(87Gn?)) bigger than 4. The role of the ra-
dial and time coordinates interchanges. The exterior
solution corresponds to the G-M solution is no longer
static.

B. Gravitating Magnetic Monopole

The occurrence of a deficit angle is a consequence
of the nontrivial topology of the bosonic field config-
uration outside the the monopole. The non vanishing
gradients along nonradial directions imply an energy
density that falls off slowly:

2
Too ~ @6~ T
(This result also points out that the total Newtonian
mass contained within r is M(r) ~ 4nGndr. If we
take the radial extent of a Galaxy to be Rg ~ 15 Kpc
and consider a typical grand unified theory with ny ~
10'%Gev, this mass turns out to be of order 10%°Geuv,
which is ten times the total mass of a typical Galaxy.)

However considering a gravitating magnetic
monopole, the gauge covariant derivative of the scalar
filed vanishes outside the monopole:

(Dig)" = 0;9" — e€ancAjpr —0 .
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So there is no deficit angle.

C. Condensed Matter

The effective gravity arise in many condensed mat-
ter system. The typical examples are the crystals with
dislocations and disclinations linear defects. However
it appears that the superfluid *He — A provides the
most adequate analogies for relativistic models of the
effective gravity.

The quasiparticles in > He— A are chiral and massless
fermions. Under specific circumstances these fermions
are ‘relativistic’ with the spectrum|[16]

E2(k) + gij (k, - eAZ) (k] - eAj) =0. (125)

Here A is the dynamical vector potential of the induced
electromagnetic field, A= krl and [ is the unity vector
in the moment space.

The metric tensor of the effective space which gov-
erns the motion of the fermions is given by

g =~ (67 1) — 1V, g =1.

Here c; and ¢ = vr (c1 << ¢) are the speed of the
light propagating transverse to [ and along f, respec-
tively.

For the specific case where [ = 7, we get

2
ds? = ar> —
a

—r2dQ? ,

where a® = ¢fi/c} > 1. In this case we have a metric
spacetime anallogous to the G-M one with a solid angle
excess.

VII Concluding Remarks

In the present paper we have reviewed some of the most
important aspects about the global monopole spacetime
and its consequences on the the classical and quantum
movement of a charged particle. Also we have calcu-
lated the vacuum polarization effects due to massless
scalar and fermionic fields in this manifold, and the ef-
fects of the nonzero temperature on these quantities.
Besides the main results exhibited in this paper as
mentioned above, the formalisms developed here can
be applied to other sub-areas of physics since the infla-
tion problem in cosmology to condensed matter system.
For all these reasons we believe that the physics in the

E.R. Bezerra de Mello

global monople spacetime is very rich and deserves to
be studied.
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