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Strong Interactions and Gauge-String Duality
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We discuss some recent phenomenological models for strong interactions based on the idea of gauge/string
duality. A very good estimate for hadronic masses can be found by placing an infrared cut off in AdS space.
Considering static strings in this geometry one can also reproduce the phenomenological Cornell potential for a
quark anti-quark pair at zero temperature. Placing static strings in an AdS Schwarzschild space with an infrared
cut off one finds a transition from a confining to a deconfining phase at some critical horizon radius (associated

with temperature).
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I. INTRODUCTION

In this review we are going to discuss some recent phe-
nomenological results concerning the relation between string
theory and QCD inspired in this idea of introducing an in-
frared cut off in anti-de Sitter (AdS) or in Schwarzschild-AdS
spaces. QCD has been tested and confirmed with success in
high energy experiments but it is non perturbative at low ener-
gies. Lattice calculations give us very important results in this
regime. However it seems that we are still far from a complete
description of the complexity of strong interactions. In partic-
ular, important aspects like confinement and mass generation
still lack a satisfactory description. Presently there are many
indications that string theory can be useful in the description
of strong interactions in the non perturbative regime of QCD.

An early connection between SU(N) gauge theories (for
large N) and string theory was realized long ago by 't
Hooft[1]. A few years ago a very important result was ob-
tained by Maldacena[2]. He established a correspondence be-
tween string theory in AdSs x §° space-time and A\’ = 4 super-
conformal Yang Mills SU(N) theory for large N at its four di-
mensional boundary, known as AdS/CFT correspondence[2—
4].

In the AdS/CFT correspondence there is an exact duality
between a four dimensional gauge theory and string theory in
a ten dimensional space. However, in this formulation, the
gauge theory has no energy scale as it is conformal. Although
it involves a conformal gauge theory, the AdS/CFT corre-
spondence has been a very important source of inspiration for
searching QCD results from string theory. The first idea of
breaking conformal invariance in the AdS/CFT context, pro-
posed by Witten, is to consider an AdS Schwarzschild black
hole as dual to a non-supersymmetric Yang Mills theory[5].
This approach was used to calculate glueball masses in [6—
12].

II. QCD SCATTERING AND STRING THEORY

A very important result relating string theory to the behav-
ior of scattering amplitudes for high energy processes at fixed
angles was found by Polchinski and Strassler[13]. In this
regime, that corresponds, in terms of Mandelstam variables,
to s — oo with s/t fixed, the Veneziano amplitude coming

from string theory in flat space shows a soft scattering behav-
ior

Ay, ~exp{—dsf(8)}, (1)

where 0 is the scattering angle and o is related to the string
tension. In contrast, it was known for a long time that hadronic
scattering amplitudes for processes in this regime show a hard
scattering behavior, as reproduced by QCD[14, 15]. That
means, the amplitudes fall of with a negative power of s.
Polchinski and Strassler found a solution to this apparent ob-
stacle in the description of strong interactions by string theory
considering the duality between gauge theory glueballs and
string theory dilatons in an AdS space with an infrared cut
off. This way they found the QCD hard scattering behaviour
for high energy amplitudes at fixed angles.

The hard scattering behavior was also obtained afterwards
in [16] from a mapping between quantum states in AdS space
and its boundary found in [17]. We considered an AdS slice
as approximately dual to a confining gauge theory. The slice
corresponds to the metric

2
ds? = B (d22 + (dx)? — dtz) , )

(2)?
with 0 <z <Zzyua ~ 1/uwhere uis an energy scale chosen as
the mass of the lightest glueball. We used a mapping between
Fock spaces of a scalar field in AdS space and operators on
the four dimensional boundary, defined in [17]. Considering a
scattering of two particles into m particles one finds a relation

between bulk and boundary scattering amplitudes[16]

o/ \ m+2
S ~ S, (L2 )" gm0
u
where d is the scaling dimension of the boundary operators
and K is the boundary momentum scale. This leads to the
result for the amplitude

ABr)undary ~ s<47A>/27 “4)

where A is the total scaling dimension of scattered particles.
This reproduces the hard scattering behavior.

For some other results concerning QCD scattering proper-
ties from string theory see also [18-24].
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III. SCALAR GLUEBALL MASSES

Using the phenomenological approach of introducing an
energy scale by considering an AdS slice we found estimates
for scalar glueball mass ratios[25, 26]. In the AdSs5 bulk we
took dilaton fields satisfying Dirichlet boundary conditions at

Z = Zmax
D(z,%,1) = i / o o
s Xy = (27‘[)3 Zmax Wp(z)*h (u,,zmax)

« {ap(ié) e—iwp(z)t—kiz-)? + /’l.C.},

where wp(%) = \/u[% 2,

up = 220 )

Zmax

is the momentum associated with the z direction and ¥, , are
the zeroes of the Bessel functions: J2(x, ,) =0.

On the boundary (z = 0) we considered scalar glue-
ball states JP€ = 0*T and their excitations 07+ OFF**
with masses y,, p = 1,2,.... Assuming an approximate
gauge/string duality the glueball masses are taken propor-
tional to the dilaton discrete modes:

u
2 — const.

Hp
So, the ratios of glueball masses are related to zeroes of the
Bessel functions

@ _ X2,p
Hi X2,1

Note that these ratios are independent of the size of the slice
Zmax - Our estimates are in good agreement with the available
lattice[27, 28] and AdS-Schwarzschild [6] results. For a de-
tailed comparison see refs. [25, 26].

For some other results concerning glueball masses using
gauge/string duality see for instance [29-33].

IV. HIGHER SPIN STATES AND REGGE TRAJECTORIES

Recently, very interesting results for the hadronic spectrum
were obtained by de Teramond and Brodsky[34] considering
scalar, vector and fermionic fields in a sliced AdSs x S space.
It was proposed that massive bulk states corresponding to fluc-
tuations about the AdSs metric are dual to QCD states with
angular momenta (spin) on the four dimensional boundary.
This way the spectrum of light baryons and mesons has been
reproduced from a holographic dual to QCD inspired by the
AdS/CFT correspondence.

We used a similar approach to estimate masses of glueball
states with different spins[35]. The motivation was to com-
pare the glueball Regge trajectories with the pomeron trajec-
tories. For soft pomerons [36] experimental results show that
the spin J of the pomeron is

J~1.08+025M> (6)
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Dirichlet | lightest |1 excited |2 excited

glueballs state state state
0T+ 1.63 2.67 3.69
2t 241 3.51 4.56
4+ 3.15 4.31 5.40
61+ 3.88 5.85 6.21
g+ + 4.59 5.85 7.00
10+ 5.30 6.60 7.77

TABLE I: Higher spin glueball masses in GeV with Dirichlet bound-
ary condition. The value 1.63 is an input from lattice.

Neumann | lightest |1 excited |27 excited

glueballs state state state
0% T 1.63 2.98 4.33
2+t 2.54 4.06 5.47
4+ 3.45 5.09 6.56
61+ 4.34 6.09 7.62
g+ 5.23 7.08 8.66
0%+ 6.12 8.05 9.68

TABLE II: Higher spin glueball masses in GeV with Neumann
boundary condition. The value 1.63 is an input from lattice.

where M is the mass in GeV. It is conjectured that the soft
pomerons may be related to glueballs. Recent lattice results
are consistent with this interpretation[37].

We assume that massive scalars in the AdS slice with mass
u are dual to boundary gauge theory states with spin J related
by:

(UR)* = J(J +4). (7)

We consider both Dirichlet and Neumann boundary condi-
tions and the results for the four dimensional glueball masses
with even spin are shown in tables I and II respectively.

We found non linear relations between spin and mass
squared. We considered linear approximations representing
Regge trajectories

J =og+ o M>. (8)

For Dirichlet boundary conditions, taking the states J™+ with
J=2,4,...,10 we found a linear fit with

o = (036+£0.02)GeV2 ; ap=0.32£0.36, (9)
as shown in Figure 1.
For Neumann boundary conditions for the states J™ with J =
2,4,...,10 we found

o = (026+0.02)GeV 2 ; ap=0.80+£0.40, (10)
as shown in Figure 2.

So, comparing these results with eq. (6) we see that Neu-
mann boundary conditions give a glueball trajectory consis-
tent with that of pomerons. These kind of boundary conditions

appear in the Randall Sundrum model[38] as a consequence of
the orbifold condition.
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FIG. 1: Spin versus mass squared for the lightest glueball states with
Dirichlet boundary conditions from table I. The line corresponds to
the linear fit.
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FIG. 2: Spin versus mass squared for the lightest glueball states with
Neumann boundary conditions from table II. The line corresponds to
the linear fit.

V. WILSON LOOPS AND QUARK ANTI-QUARK
POTENTIAL

Wilson loops are an important tool to discuss confinement
in gauge theories since they show the behavior of the energy
associated with a given field configuration. In the AdS/CFT
correspondence Wilson loops for a heavy quark anti-quark
pair in the gauge theory can be calculated from a static string
in the AdS space[39, 40]. The corresponding energy is a non
confining Coulomb potential as expected for a conformal the-
ory. For an excellent review and extension to other metrics see
[41]. We calculated Wilson loops for a quark anti-quark pair
in D3-brane space finding different behaviors, with respect to
confinement, depending on the quark position[42].

The static potential energy of a heavy quark anti-quark pair
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is described by the phenomenological Cornell potential

4
_ 4 + oL + constant , (11)

Ecorneli (L) 3L

where @ = 0.39 and 6 = 0.182GeV?.
The metric (2) of the AdS space can be rewritten as

ds® = (;—Z)(—dtz—&-d)'c’z)—i- (I:—j)drz, (12)

where r = R? /z. We have calculated the energy of a static
string in an AdS slice defined by r» < r < ry [43]. The quark
anti-quark pair (string endpoints) is located at r = ry, sepa-
rated by a four dimensional (x coordinates) distance L and
there is an infrared cut off in the space at r = r,. From now on
we choose » = R. Note that there are two kinds of geodesics,
as shown in figure 3, depending on the value of L. For small
quark separation L < L, the geodesics are curve (like curve
a ) with one minimum value of the coordinate » = rg which is
related to L by

2R?
L(ro) = Toll(rl/ro) (13)

where [1(§) is the elliptic integral

g dp
1 (&) :/1 pz\/ﬁ- (14)

The critical value corresponds to L..;; = L(rop = R) as in curve
b of figure 3.
The energy for L < L.,;; can be calculated as

_ 2R2 ]1 (h/l‘())

£ = = LELO (1 /r0) — 1. as
where 1/27o/ is the string tension and we have subtracted the
constant r; /To!’ in such a way that the energy is finite even in
the limit 7; — co. The integral I is

g p?
L :/ [74}(1 . (16)
For L > L., the geodesics reach the infrared brane as
shown in curve ¢ of figure 3. The energy can be calculated
again subtracting the constant r;/mo, associated with the
quark mass. We obtain

2R* I R
EW = na/fl(ﬁL/ro) Iz(rl/ro)—lz(R/r())} =
L Li(R/r) a7

2nod I (}’1/}’0) ’
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FIG. 3: Schematic representation of geodesics in the AdS slice.

Taking the limit r; — oo, we find a potential which is ap-
proximately Coulombian for small L and has a leading linear
confining behavior for large distances

1

EW® )
2mo

(18)

The identification of this potential energy with the Cornell po-
tential leads to

1

=3CiR*/2nd/ ; 6= —
¢ iR/ 2mo!

19)

with C; = v/2m%/2/[[(1/4)]>. So that we find an effective
AdS radius R = 1.4GeV~!. Then the energy takes the form

4a

EC) = —370  L<Lew (20)
4a 4a
E® = -2 —[171 R }
ATy A
4ac [1(R/r0)
3C]2 +GLT7 L>L.; (21)

The shape of this potential energy is very similar to the Cor-
nell potential as shown in figure 4.

VI. QUARK ANTI-QUARK POTENTIAL AT FINITE
TEMPERATURE

A gauge/string duality involving a gauge theory at finite
temperature was proposed by Witten in [5] inspired by the
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FIG. 4: Energy in GeV as a function of string end-points separation
Lin GeV~!, for AdS slices with 7| = nR and r, = R . For n — oo the
energy behaves as the Cornell potential eq. (11).

work of Hawking and Page[44]. In this approach, for high
temperatures, the AdS space accommodates a Schwarzschild
black hole and the horizon radius is proportional to the tem-
perature. For low temperatures the dual space would be an
AdS space with compactified time dimension, known as ther-
mal AdS. The gauge string duality using AdS Schwarzschild
space has recently been applied to obtain the viscosity of a
quark gluon plasmal[45, 46].

In ref. [47] we considered an AdS Schwarzschild black
hole metric as a phenomenological model for a space dual to
a theory with both mass scale and finite temperature. The
corresponding metric is

1

——dr?* + R?d*Qs,

£(r) ’
(22)

where r <r<oo, f(r) =1—r}/r* and the horizon radius
rr is related to the Hawking temperature by rr = TR>T. At
zero temperature this space becomes an Anti-de Sitter (AdS)
slice. The problem of static strings in a space with metric (22),
without any cut off, was discussed in detail in[48, 49].
Calculating the energy of static strings in this space we
found a deconfinement phase transition at a critical tempera-
ture. This transition shows up because, depending on the hori-
zon radius (temperature) relative to the cut off position ry, we
have different behaviors for the energy. If r7 > r; the string
will not be affected by the presence of the brane since it does
not cross the horizon. So the energy will be that described in
ref. [48, 49] and there will be no confinement. If r;y < ry the
energy for large endpoint separation L will grow linearly with
L with a temperature dependent coefficient and the quarks are

ds? = (;—Z)(—f(r)drz Y dR)+ (I:—zz)
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FIG. 5: Energy as a function of string end-points separation for dif-
ferent temperatures.

confined. The critical temperature T¢ corresponds to rr = ;.

As in the zero temperature case we choose r» = R from
now on. We show in figure 5 the energies obtained in [47] for
temperatures 7 = 0,7 = 0.8T¢,T = Tc and T = 2T¢. This
figure illustrates the fact that in our model the energy of static
strings associated with the quark anti-quark potential present
a confining behavior for temperatures below Tc = 1/%R. In
this case there is a linear term in the energy, for large quark
distances L given by E ~ o(T)L with

o(T) = —— /1

2no’ Vo (=RT)*

(T < T¢). (23)
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At zero temperature this coefficient is identified with the string
tension of the Cornell potential 1/(2mo’) = 0.182 Gev?. For
temperatures T > T¢ there is no confinement since the energy
is finite when L — oo, Choosing the brane position to have the
value R = 1.4GeV~! as in the zero temperature case[43] we
find a critical temperature 7¢c ~ 230MeV .

Our results agree qualitatively with lattice calculations
for QCD at finite temperature [50-53]. However, it is
important to mention that the results from fluctuations of
strings in flat space at finite temperature[54] and from lattice
calculations[55] imply corrections to the string tension of or-
der —T? at low temperatures, while our model predicts cor-
rections of order — T, as can be seen from eq. (23). If we
had considered the thermal AdS metric for low temperatures,
instead of the AdS Schwarzschild black hole metric, we would
get no thermal corrections to the string tension. It would be in-
teresting to find a holographic phenomenological model that
gives the expected low temperature corrections. It is worth
mentioning the recent articles [56] and [57] that also discuss
thermal effects in the gauge/string duality context. There is
also a very recent result by Herzog[58] which indicates that
the dual space for temperatures below 7¢ should be the ther-
mal AdS.

For other interesting results concerning gauge/string duality
and QCD see for instance [59-69].
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