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Abstract - Second law characteristics of heat transfer and fluid flow due to free convection of non-Newtonian 
fluids over a horizontal plate with prescribed surface heat flux in a porous medium are analyzed. Velocity and 
temperature fields are obtained numerically using an implicit finite difference method under the similarity 
assumption and these results are used to compute the entropy generation rate Ns, irreversibility ratio ϕ  and 
the Bejan number Be for both Newtonian and non-Newtonian fluids. The effects of power-law index n, heat 
flux variation parameter λ , and modified duty parameter, G on the dimensionless entropy generation rate Ns, 
and the Bejan number Be are investigated and presented graphically. 
Keywords: Second law; Free convection; Non-Newtonian fluids; Porous medium; Plate. 

 
 
 

INTRODUCTION 
 

The second law analysis of a non-Newtonian 
fluid over a horizontal surface has many significant 
applications in thermal engineering and industries. 
Applications of horizontal surfaces can also be found 
in various industrial exchanger systems. One of the 
fundamental problems of the engineering processes 
is the improvement in thermal systems during the 
convection in any fluid. The second law analysis is 
one of the best tools for improving the performance 
of the engineering processes. It investigates the 
irreversibility due to fluid flow and heat transfer in 
terms of the entropy generation rate. Bejan (1979, 
1984, 1996) employed this method in many 
convection problems and later on several other 

investigators used this method successfully in 
different heat transfer problems.  

Saouli and Saouli (2004) performed the second 
law analysis for Newtonian fluids along an inclined 
heated plate, whereas Saouli and Saouli (2009) and 
Gorla and Pratt (2007) performed the same analysis 
for non-Newtonian fluids with and without viscous 
dissipation effects. They considered the upper 
surface of the liquid film to be free and adiabatic and 
the lower wall fixed with constant heat flux. Their 
results show that the entropy generation number and 
the irreversibility ratio decrease in the transverse 
direction and increase as the viscous dissipation 
parameter increases. Recently, Saouli et al. (2006) 
investigated the entropy generation in a laminar, 
gravity-driven conducting liquid film along an 
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inclined heated plate in the presence of a transverse 
magnetic field.  

In this study we investigated the second law 
analysis of heat transfer and fluid flow due to free 
convection of non-Newtonian fluids over a 
horizontal plate with prescribed surface heat flux. 
The velocity and temperature distributions are 
determined by solving the Darcy and energy 
equations subject to an appropriate set of boundary 
conditions. The dimensionless entropy generation 
rate, irreversibility ratio and the Bejan number were 
computed using numerical values of the velocity, 
temperature and their gradients. The dimensionless 
parameters governing the problem are the 
dimensionless temperature variation parameter, fluid 
behavior index, the dimensionless transverse and 
axial distances, and Rayleigh number.  
 
 

ANALYSIS 
 

Consider a steady free convection of a power-law 
fluid along an impermeable horizontal plate (Fig. 1) 
with prescribed wall heat flux Q(x) = Ax  embedded 
in a porous medium. It is assumed that the physical 
properties of the power-law fluids, except the density, 
are constant and that the Boussinesq approximation 
for the case of maximum density is valid.  
 

 
Figure 1: Flow model and coordinate system. 
 

The ambient temperature is T∞  as shown in Fig. 1, 
where x  and y  are the Cartesian coordinates along 
the horizontal surface and normal to it, respectively. 
The velocity components are u  along and v  normal 
to the wall surface. The acceleration due to gravity g  
acts vertically downwards. Assuming no heat friction 
and the thermal equilibrium between the fluid and 
the porous matrix, the governing equations in 
dimensional form, for this case, can be written as:  

u v 0
x y

∂ ∂
+ =

∂ ∂
               (1) 

 
n *u K g T

x x
∂ ρ β ∂

= −
∂ μ ∂

            (2) 

 
2

2
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∂ ∂ ∂
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with boundary conditions:  
 

Ty 0 : v 0,k Q(x)
y
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∂
= = = −

∂

→ ∞ = →
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where the bars denote dimensional quantities. Using 
the following non-dimensional variables  
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where q0 is the characteristic heat flux, Ra is the 
modified Rayleigh number, which is defined by:  
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oL K g q LRa

k
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we get the following governing equations in 
dimensionless form:  
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with dimensionless boundary conditions:  
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Using the following transformations  
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we get:  
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and the governing equations reduce to:  
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with reduced boundary conditions:  
 
f(0)  = 0, =

f = =

′θ (0)  −1
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where primes denote the derivatives w. r. t. η . 
Equations (13) and (14) were solved numerically   
for the velocity and temperature profiles and 
gradients using an implicit finite difference method, 
where a step size of 0.001Δ η =  was used in all     
the calculations. These gradients are used in the 
calculations of dimensionless entropy generation 
rates. It is important to note that, for 0λ = , 
Equations (13) and (14) reduce to the uniform wall 
flux case. 
 
Entropy Generation Rate 
 

Following Bejan [1], the local rate of entropy 
generation in convective heat transfer from a power-
law fluid can be written as: 
  

2 2 n 1
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where  
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Using Eqs. (17) and (18) in Eq. (16), we get 

dimensionless local rate of entropy generation:  
 

s C Y FN N N N= + +           (19) 
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with:  
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where 0T  is the reference temperature, NC is the 
entropy generation in the axial direction, NY is the 
entropy generation in the normal direction to the 
horizontal surface, NF is the entropy generation due 
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to fluid friction and G is the modified duty 
parameter.  

The irreversibility ratio  is defined by Bejan 
(1984) as the ratio of the entropy generation due to 
the fluid friction NF to the total entropy generation 
due to heat transfer ( C YN +N ), i.e.  
 

F

C YN +N
Ν

ϕ =              (22) 

 
It is important to note that when ϕ = 1 , both the 

heat transfer and fluid friction irreversibilities make 
the same contribution to generating entropy. But, 
when >ϕ 1 , fluid friction dominates and, when    

<ϕ 1 , heat transfer dominates. Due to importance of 
the contribution of entropy generation due to heat 
transfer, Paoletti et al. (1989) defined the Bejan 
number (Be) as the ratio of the entropy generation 
due to heat transfer to the total entropy generation, 
i.e.  
 

C Y

C Y F

N +N 1Be
N +N 1

= =
+ Ν + ϕ

       (23) 

 
where the Bejan number ranges from 0 to 1. When 
the heat transfer irreversibility dominates, Be = 1, 
when the irreversibility is dominated by fluid 
friction, Be = 0, and when the heat transfer and fluid 
friction entropy generation rates are equal Be = 1/2. 
 
 

RESULTS AND DISCUSSION 
 

Entropy generation rates due to heat transfer and 
fluid flow in free convection of Newtonian and non-
Newtonian fluids over a horizontal plate with 
prescribed surface heat flux are analyzed graphically. 
Velocity and temperature fields are obtained by 
solving Equations (14) and (15) numerically with 
boundary conditions (16) using an implicit finite 
difference method under the similarity assumption. 
In order to validate the accuracy of the numerical 
results for dimensionless entropy generation rates 
and Bejan numbers, dimensionless heat transfer 
coefficients for free convection along a horizontal 
plate with prescribed wall heat flux are compared for 
a Newtonian fluid (n=1) with those of Gorla and 
Kumari (2003), and Aldoss et al. (1994). The 
differences between their results and the present 
results is less than 0.0098. Therefore, our results are 

highly accurate. This comparison is presented in 
Table 1. 
 
Table 1: Comparison of dimensionless heat transfer 
coefficients for free convection along a horizontal 
plate 
 

λ  
Gorla and Kumari

(2003) 
Aldoss et al. 

(1994) 
Present  
Results 

0 0.85835 0.8589 0.8582 
0.5 1.02444 1.0248 1.0239 
1   1.1651   1.165 1.1587 
1.5 1.28963 1.2896 1.2869 
2 1.40317 1.4032 1.3987 

 
The dimensionless entropy generation rates for a 

Newtonian fluid (n=1), a pseudoplastic fluid (n=0.5), 
and a dilatant fluid (n=1.5) over a horizontal plate in 
porous media are plotted in Figures 2-4 respectively. 
In each case, the effects of the viscous dissipation 
parameter G and the Rayleigh number Ra on the 
dimensionless entropy generation rate Ns are shown 
for different values of the temperature variation 
parameter λ . As expected, the entropy generation 
rate for Newtonian fluids is maximum at the plate 
surface due to maximum heat transfer and friction. 
However, there is no contribution to the entropy 
generation rate at the free surface, due to zero 
velocity and temperature gradients (Figure 2). For a 
Newtonian fluid, the entropy generation rates 
increase with the viscous dissipation parameter due 
to the increase in friction and they decrease with the 
increase in the flux variation parameter λ  (Fig. 2(a). 
Figure 2(b) shows that the entropy generation rates 
increase with the increase in the Rayleigh number 
Ra. The variation of the dimensionless entropy 
generation rate with the transverse distance η  is 
shown in Figure 3 for a pseudoplastic fluid (n = 0.5). 
Like Newtonian fluids, the entropy generation rates 
increase with the increase in viscous dissipation G 
and the Rayleigh number Ra. This is due to the 
decrease in heat transfer along the axial distance. 
Again, the dimensionless entropy generation rates 
are lower for higher values of the flux variation 
parameter λ . For dilatant fluids (n = 1.5), the entropy 
generation rates decrease initially with the transverse 
distance and then increase asymptotically for all 
parameters as shown in Figures 4(a) and 4(b), due to 
the increase in heat transfer and fluid friction 
irreversibilities. For this reason, dilatant fluids are 
not recommended for free convection along a 
horizontal plate under uniform surface temperature. 
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(a) (b) 

Figure 2: Effect of λ , G and Ra on the dimensionless entropy generation rate Ns for Newtonian fluids. 
 

 
(a) (b) 

Figure 3: Effect of λ , G and Ra on the dimensionless entropy generation rate Ns for pseudo-plastic fluids.
 

 
(a) (b) 

Figure 4: Effect of λ , G and Ra on the dimensionless entropy generation rate Ns for dilatant fluids. 
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The variation of the Bejan number with the 
transverse distance for Newtonian, pseudoplastic and 
dilatant fluids is shown in Figures 5-7, respectively. 
They show the effects of the viscous dissipation 
parameter and Rayleigh numbers on the Bejan 
number. It is clear from Figure 5 that, for the 
Newtonian fluids, the Bejan number is a decreasing 
function of the dimensionless transverse distance and 
it decreases with the increase in the viscous 
dissipation parameter and the Rayleigh number, as 
shown in Figures 5(a) and 5(b), whereas the Bejan 
number increases with the increase in the 
temperature variation parameter in both cases. The 
Bejan number is higher at the plate surface due to 
higher heat transfer irreversibility. Unlike Newtonian 
fluids, the Bejan number for pseudoplastic fluids is 
an increasing function of the dimensionless 
transverse distance and it decreases with the increase 
in the viscous dissipation number and the Rayleigh 

number, as shown in Figures 6(a) and 6(b). The 
Bejan number increases with the increase in the flux 
variation parameter in both cases. This is due to the 
fact that the heat transfer irreversibility increases 
with the increase in the flux variation parameter. In 
the case of dilatant fluids, the heat transfer 
irreversibility is higher at the plate surface and 
remains constant initially, then fluid friction 
irreversibility dominates and, as a result, the Bejan 
number decreases with the transverse distance, as 
shown in Figures 7(a) and 7(b). Due to the nature 
and rheological properties of dilatant fluids, the heat 
transfer irreversibilities decrease with the increase in 
viscous dissipation and Rayleigh numbers and, as a 
result, the Bejan number decreases. However, with 
the increase in the flux variation and axial distance, 
heat transfer increases and, as a result, the Bejan 
number increases, as shown in Figures 7(a) and 7(b), 
respectively. 

 

 
(a) (b) 

Figure 5: Effect of λ , G and Ra on the Bejan number Be for Newtonian fluids. 
 

 
(a) (b) 

Figure 6: Effect of λ , G and Ra on the Bejan number Be for pseudo-plastic fluids. 
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(a) (b) 

Figure 7: Effect of λ , G and Ra on the Bejan number Be for dilatant fluids. 
 
 
 

CONCLUSIONS 
 

Second law analysis of heat transfer and fluid 
flow due to free convection of Newtonian and non-
Newtonian fluids over a horizontal plate is 
performed for prescribed surface flux boundary 
conditions. Velocity and temperature fields are 
obtained numerically using an implicit finite 
difference method under the similarity assumption. 
These results are then used to determine the 
dimensionless entropy generation rates and Bejan 
numbers. It is observed that the entropy generation 
rate and Bejan number depend upon the viscous 
dissipation parameter G, the temperature variation 
parameter λ , the Rayleigh number Ra, the fluid 
behaviour index n, and the transverse and axial 
distances.  
 
 

NOMENCLATURE 
 
Be Bejan number 
f dimensionless stream 

function 
G modified duty parameter 
g acceleration due to gravity m/s2

K* permeability of the porous 
medium, 

m2

NC dimensionless entropy 
generation rate in the axial 
direction  

NY  dimensionless entropy 
generation rate in the  
normal direction 

NF dimensionless entropy 
generation rate due to fluid 
friction  

Ns  dimensionless local entropy 
generation rate  

Nu Nusselt number  
n  power-law index  
Ra  modified Rayleigh number  
T  dimensionless temperature  
u, v velocity components in the 

x- and y- directions  
x, y coordinates along and 

normal to the surface  
 
Subscripts 
 
∞ free stream conditions  
0 reference temperature  
n free convection dominated 

regime 
 

w wall  
 
Greek Symbols 
 
α  thermal diffusivity of  

porous medium  
m2/s

β  thermal expansion 
coefficient for non-
Newtonian fluid  

oC-2

η  similarity variable  
λ  temperature variation 

parameter  
μ  absolute viscosity  kg/ms
ν  kinematic viscosity  m2/s
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ρ  fluid density  kg/m3

Φ  irreversibility ratio  
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