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Abstract 
In this paper, theoretical investigation is performed on two-

dimensional transient heat conduction in multiwall carbon 

nanotubes (MWCNTs) by using a continuum model. Tem-

perature, size and direction dependencies of thermal proper-

ties are considered. Both Fourier and non-Fourier heat 

conduction approaches are used and finite element models 

are developed to solve the nonlinear equations for 

MWCNTs. The presented solutions are verified by compar-

ing the results with those reported in the literature. Three 

types of thick and thin MWCNTs are considered and ther-

mal shock is applied to their cylindrical surfaces or end 

cross sectional areas. Temperature distributions resulted 

from both approaches are obtained and compared together. 

Interesting results are found especially in MWCNTs that 

are exposed to extreme temperature gradient. 
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Non-Fourier heat conduction; multiwall carbon nanotube; 

finite element method; thermal shock. 
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1 INTRODUCTION 

The past decade was full of countless achievements in nano engineering area. One of those ad-

vancements is carbon nanotubes (CNTs) (Usmani and Hassan, 2010; Bokobza, 2007; Cassell and 

Li, 2007; Dasgupta et al., 2011; Du et al., 2008; Endo et al., 2008; Fam et al., 2011; Fraysse et al., 

2002). An individual CNT either consists of single tube and called single wall carbon nanotube 

(SWCNT) or of several tubes called MWCNT. CNTs have attracted great interest from research 

community due to not only their electronic and mechanical properties but also for their unique 
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thermal properties. CNTs have many potential applications such as thermal management of mi-

crosystems, so investigating thermal behavior of CNTs is important. 

In similarity to Ohm’s rule for electrical conductors, Fourier’s law is an empirical law of heat 

transfer in solids which utters that the thermal conductance of a material scales inversely with its 

length or, equivalently, that the thermal conductivity is independent of sample length. While 

Fourier’s law is well founded for virtually all thermal conductors that have been experimentally 

probed, attempts towards supplying a rigorous theoretical basis for it have broke down. Theoreti-

cal examines have established that Fourier’s law is broke for a variety of one-dimensional sys-

tems. CNTs are one-dimensional materials, Thus, they are suited for experimental investigations 

of the validity of Fourier’s law in a low dimension (Chang et al., 2008). On the other hand, Fou-

rier’s law is only an approximate description of the procedure of conduction, missing the time 

needed for acceleration of the heat flow. In fact this time required for acceleration of the heat flow 

is caused by thermal ‘‘inertia”, which is realized as the lag consequence of the gradually increased 

heat flux after the establishment of the temperature gradient like the other ubiquitous generalized 

fluxes and forces. CNTs have this inertia behavior and so, are not following the Fourier’s law 

(Wang et al., 2010). 

Enormous series of studies have carried out to determine the effects of different parameters on 

mechanical properties of CNTs (Won et al., 2012; Ranjbartoreh et al., 2010; Lu et al., 2010; Li et 

al., 2009). However, only small part of them has been focused on the influence of thermal conduc-

tion on mechanical behavior of CNTs, so it is still challenging to investigate thermal properties of 

CNTs. Zhang and Li (2005) proposed dependency of the thermal conductivity of SWCNTs on 

chirality, isotope impurity, tube length, and temperature based on non-equilibrium molecular 

dynamics method. Moreover, Jeng et al. (2004) studied the thermal effects on tensile and com-

pression deformation of CNTs. Zhu and Wang (2007) demonstrated the effect of temperature on 

elastic properties of SWCNTs. Talebian et al. (2012a) investigated the effects of temperature on 

the axisymmetric dynamic behavior of MWCNTs. Later, they (Talebian et al., 2012b) analytical-

ly studied dynamic behavior of MWCNTs under thermal shock synchronized on all tubes. But, if 

thermal shock is applied to a particular boundary of a MWCNT, temperature distributions are 

deferent at any layer and it is not homogeneous so it is necessary to find temperature distribu-

tions by heat conduction analysis.   

On the other hand, a heat conduction analysis of MWCNTs is not regular because the mecha-

nism of heat conduction in CNTs is complex; Since, non-Fourier heat conduction effects in CNTs, 

cannot be disregarded (Chang et al., 2008). In non-Fourier heat conduction theory, a delay time 

exists between temperature gradient and heat flow. Therefore, even there is not temperature gra-

dient between two points, heat transfer remains and heat fluxes move for a small time. This delay 

may be important in micro/nano-scale and cannot be neglected (Wang et al., 2012). Shiomi and 

Maruyama (2006) investigated non-Fourier heat conduction in CNTs based on classical molecular 

dynamics simulations. Xu and Li (2012) modeled nano-scale heat conduction with use of the 

Boltzmann transport equation. Wang et al. (2010) stated that heat conduction in CNTs can be 

regarded as the motion of the weighty phonon gas governed by its mass and momentum conser-

vation equations. So, it reduces to Fourier heat conduction law as the heat flux is not very high 

and the consequent inertial force of phonon gas is negligible. Also, Wang et al. (2011) investigat-

http://www.scopus.com/authid/detail.url?origin=resultslist&authorId=13608141300&zone=
http://www.scopus.com/record/display.url?eid=2-s2.0-33646764517&origin=resultslist&sort=plf-f&src=s&st1=non+fourier+heat+conduction+in+carbon+nanotubes&sid=O8EsTIKCTfWBe5o-05DYAHV%3a50&sot=q&sdt=b&sl=67&s=TITLE-ABS-KEY-AUTH%28non+fourier+heat+conduction+in+carbon+nanotubes%29&relpos=4&relpos=4&searchTerm=TITLE-ABS-KEY-AUTH(non%20fourier%20heat%20conduction%20in%20carbon%20nanotubes)
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ed non-Fourier heat conduction in nanomaterials by use of the thermomass theory. Hu and Cao 

(2012) investigated heat conduction in CNTs based on non-equilibrium molecular dynamics simu-

lations. By the same method, Zhang et al. (2012) studied thermal transport in a SWCNT bridg-

ing two Silicon slabs under constant high heat flux. 

In several works, rate of heat conduction in CNTs was first obtained by experimental or mo-

lecular dynamics methods (Hu and Cao, 2012; Aliev et al., 2010; Wang and Guo, 2010; Lindsy et 

al., 2010). Then, the effective thermal conductivity coefficients were estimated by employing 

equivalent continuum structures (Thomas et al., 2010; Gonzales et al., 2004; Yang et al., 2002). 

These effective coefficients are useful for estimating general rate of heat conduction in many 

thermal applications. But, they are inaccurate for transient analysis of MWCNTs because there 

exists inaccuracy in estimating transient temperature distributions in MWCNTs by using Fourier 

heat conduction analysis with effective coefficients. In this paper, transient distributions of tem-

perature in MWCNTs under various thermal shocks are obtained with Fourier and non-Fourier 

methods and compared with available results for assessing this inaccuracy. For this purpose, tem-

perature, size and direction dependencies of thermal properties are considered and finite element 

models are developed to solve the nonlinear equations. Also, many remarkable results are found 

for thick and thin MWCNTs under different types of thermal shocks. 

 

2 HEAT CONDUCTION ANALYSIS IN MWCNTS 

Here, the Fourier and non-Fourier heat conduction laws are used to investigate transient heat 

conduction in MWCNTs. A MWCNT is simulated with a continuum model based on multiple 

elastic shells. Due to intense dependency of CNT’s properties on temperature and geometric pa-

rameters, the finite element method is used for analyzing heat conduction behavior of MWCNTs 

under thermal shock. As shown in Fig. 1, the continuum model of a MWCNT is considered with 

cylindrical coordinate system ( , , )r z such that the z axis coincides with axis of concentric shells 

and the origin is at the center of one end of shells. 

 

 

 

Figure 1:  A continuum model for heat conduction analysis of MWCNTs. 
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2.1 Fourier heat conduction analysis 

The two-dimensional transient heat conduction equation in axisymmetric finite length cylinder is 

(Reddy, 1993): 
 

 
1

r z p
T T

k r k C
r r z z

T

r t
  (1) 

where T is temperature, rk  and zk  are, respectively, the thermal conductivity coefficients in radial 

and longitudinal directions,  is the mass density and pC denotes the specific heat capacity. In a 

MWCNT, there is a strong covalent bond between atoms of arranged lattice in a layer but weak 

van der Waals connections exist between tubes. Therefore, it is expected that the thermal con-

ductivity coefficient in axial direction to be greater than that of radial direction between tubes. 

That is, heat conduction in radial and axial directions are different and must be considered pre-

cisely in developed model of heat transfer analysis in MWCNTs. 

In this study, the finite element method is used to model transient heat conduction in 

MWCNTs by solving Eq. (1). In this model, rectangular thermal elements are placed between 

layers which consist of different thermal resistances that connect nodes in longitudinal and radial 

directions. Multiplying Eq. (1) by weight function w and integrating over cylindrical volume 

yields: 

 

 
1

 d d 0t pz
T

k
z z

T
w k r C T r r z
r r r

  (2) 

 

where a dot represents the derivative with respect to time. Then by applying integration by parts 

for Eq. (2), weak formulation is obtained: 

 

 d d dr z p n
w T w T
k k w C T r r z wq s

r r z z
  (3) 

 

where nq denotes normal heat flux transfer through a given surface which is defined as: 

 

 n r r z z
T T

q k n k n
r r

  (4) 

 

Temperature is now approximated by summation of linear interpolation function as: 
 

 
1

n

j j
j

T T   (5) 

 

Also, the weight function is replaced by interpolation functions to obtain: 

 

 d d dj ji i
r j z j p i j j i nk T k T C T r r z q s
r r z z

  (6) 
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Eq. (6) can be rewritten in matrix form as: 

 

 e e eK TC T F   (7) 

where 

 

d d

d d

d

e
ij p i j

j je i i
ij r z

e
i i n

C C r r z

K k k r r z
r r z z

F q s

  (8) 

 

It is noted that the superscript e expresses elemental parameters. Because material properties 

are related to temperature and geometry parameter, the matrices [ ]eC , [ ]eK , and eF are calcu-

lated for each individual element at each layer of MWCNT and must be updated in every instant 

of time. Next, through an assemblage process, the global assembled matrices [ ]K , [ ]M  and 

F for the whole MWCNT are obtained. Hence, the global form of Eq. (7) can be written as: 
 

 K TC T F   (9) 

 

where C  and K  are defined as damping and stiffness matrices, respectively, and F  is force 

vector. Since the material properties are not constant, these matrices are time dependent and 

change nonlinearly. Therefore, Eq. (9) is a set of nonlinear equations and since the analysis is 

two-dimensional, the number of its equations is twofold of the number of MWCNT layers and 

they must be solved simultaneously for each instance of time. Eq. (9) can be solved by utilizing 

the Newmark technique to obtain transient distribution of temperature. 

 

2.2 Non-Fourier heat conduction analysis 

In this section, non-Fourier heat conduction for MWCNTs is developed. In a homogenous body 

with usual dimensions, steady temperature distribution in one direction is linear. But in an atom-

ic environment with finite particles, temperature distribution is not linear because heat conduc-

tion between atoms in such environment does not obey the Fourier law. In this case, by consider-

ing the wave theory, longitudinal heat conduction in a CNT is a function of the number of its 

atoms in longitudinal direction. In carbon nanotubes, atoms arrange regularly so the length of a 

CNT is related to the number of its particles. Therefore, thermal conductivity coefficient of a 

CNT in axial direction can be estimated by a function of the length. Several studies verify this 

idea and up to now, many exponential functions with different coefficients are represented for 

thermal conductivity coefficient of CNTs (Chang et al., 2008; Zhang and Li, 2005; Ni et al., 2011; 

Maruyama, 2002; Guo et al., 2009; Volkov and Zhigilei, 2010). 

Also, unlike the Fourier heat conduction theory, heat propagates with finite speed in the non-

Fourier heat conduction theory. That is, a relaxation time exists between temperature gradient 

and heat flow which is modeled by the Cattano-Vernotte equation (Moosaie, 2007): 
 

 {   }  {   }  {   } 

 {    } 

 {   }  {   }  {   } 

 {   } 

 {   } 
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 q k T
t

q
q   (10) 

 

where q  specifies the heat flow vector and q  presents the relaxation time. Substituting Eq. (10) 

into the energy conservation equation, thermal wave equation takes the form (Wang, 2010): 

 
2

2
.( )p q p

T T
C C k T

tt
  (11) 

 

Initial conditions which represent temperature distribution or heat flow at time zero is considered 

as 0( , ,0) ( , )T r z T r z  and 0( , ,0) ( , )r z r zq q . Eq. (11) for an axisymmetric finite length cylinder 

can be rewritten as follows: 

 

 
2

2

1
p q p r z

T T
k r k

r r z z

T T
C C

t rt
  (12) 

 

The weak form of Eq. (12) can be obtained as the same procedure presented in the previous sec-

tion as: 

 

 d d dj ji i
r j z j p i j j p q i j j i nk T k T C T C T r r z q s
r r z z

  (13) 

 

Eq. (13) can be rewritten in matrix form as: 

 

 e e e eK TM T C T F   (14) 

 

where the matrices [ ]eC , [ ]eK , and [ ]eF are given by Eq. (8) and [ ]eM  is defined as: 

 

 d de
ij p i jM C r r z   (15) 

 

After assemblage process, the global form of Eq. (14) is: 

 

 K TM T C T F   (16) 

 

Eq. (16) is a set of nonlinear dynamic equations as Eq. (9) and has the form of a wave equa-

tion for a non-regular size and specific shape of a MWCNT. Solution of this equation is more 

complex than solution of Eq. (9). Wang et al. (2012) developed a numerical technique to solve the 

non-classical heat conduction equations for the time-dependent temperature field. Here, this tech-

nique is generalized for MWCNTs and is applied for solving Eq. (16). Thus, the time the time 

derivatives are approximated as: 

 

 {   }  {   }  {   }  {   } 

 {   }  {   }  {   }  {   }  [   ] 
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 1 1
1 1

{ } { } { } { }
{ } , { }n n n n

n n

T T T T
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  (17) 

 

Substitution of Eq. (17) into Eq. (16) results in: 
 

 1 1 1{ } { } { }n n nA T B   (18) 

where 

 
1 2

1 12

[ ] [ ]
{ } [ ]

( )
[ ] [ ] [ ]

{ } { } { } { }
( )

n

n n n n

D C
A K

tt
D D C

B T T F
t tt

  (19) 

 

With identifying 0{ }T and 0{ }T  from initial conditions, 1{ }T  can be obtained from Eq. (18) 

and then 1{ }T  is found from Eq. (17). So, it is straightforward to calculate time history of tem-

perature from Eqs. (17) and (18). Wang et al. (2012) discussed about the accuracy of this numer-

ical solution and concluded that it is unconditionally stable and has the first order of truncation 

error. 

 

3 RESULTS AND DISCUSSION 

As mentioned earlier, properties of CNTs depend on temperature and geometrical parameters. So, 

there are various values and diagrams for properties of CNTs in literature (Ranjbartoreh et al., 

2010; Wang et al., 2009; Pettes and Shi, 2009; Savin et al., 2009; Jiang et al., 2009; Giannopulos 

et al., 2008). This variety indicates complexity of CNTs behavior and, moreover, diversity of 

methods and models which are assumed for their performance analyses.  

To determine an equivalent continuum structure, tube thickness h and h  are selected as 

0.066 nmh and 8 27.82 10  g/cmh , respectively (Talebian et al., 2010). But, the thermal 

conductivity coefficient is a complicated parameter for CNTs because it is a nonlinear function of 

temperature, diameter and length of nanotubes. Here, to state the dependency of thermal conduc-

tivity coefficient on diameter, ratio of thermal conductivity of CNTs to the thermal conductivity 

of graphene sheets is used. Variation of this ratio with respect to diameter is considered from 

studies of Lindsay et al. (2010). Also, variation of the thermal conductivity coefficient of CNTs 

with respect to length is selected as 0.32k L  based on the Maruyama model (2002). Moreover, 

variations of the thermal conductivity coefficient of CNTs via temperature are considered with 

those obtained by Gu and Chen (2007). Finally, Alive et al. (2010) introduced the ratio of longi-

tudinal thermal conductivity to radial thermal conductivity coefficients between tubes of 

MWCNTs and estimated it as 342. The same value is assumed in the present study. It is noted 

that these extracted values of thermal conductivity coefficient are the effective values according 

to continuum shells model of CNTs. These effective values are generally obtained by applying 

temperature gradient to two ends of CNT and thermal conductivity coefficients are estimated by 

calculating heat flow from experimental or computational methods. So, normal equivalent cross 

section area of CNT affects on thermal conductivity coefficient. In aforesaid investigations, to 
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calculate equivalent cross sectional area, thickness of each layer is considered to be 0.34 nm which 

is equal to the distance between tubes and it is deferent with the mentioned value in this paper. 

Therefore, the extracted values of thermal conductivity coefficient are multiplied by 0.34/0.066 

for the present study.  

Dependency of chirality and size on the specific heat of CNTs is negligible (Kahaly and 

Waghmare, 2007). But specific heat in CNTs is a nonlinear function of temperature and should 

be considered according to the results of Kahaly and Waghmare (2007). The present study is 

validated by comparing the results of a non-Fourier heat conduction problem with those obtained 

by Wang et al. (2010). They developed a finite element/finite difference scheme for the non-

classical heat conduction and associated thermal stresses. For example, a cylinder with inner and 

outer radius a and b is considered that is exposed under a thermal shock. Dimensionless parame-

ters are adjusted as follows: 
 

 0 0, ,q q pt t r r l l K C   (20) 

 

It is assumed that 2a  and 5b and the initial temperature of cylinder is 0◦ Celsius. Tem-

perature T0 is applied suddenly to the outer surface while the inner surface is maintained at zero 

temperature. Radial temperature distributions at 1t  and 2t are illustrated in Fig. 2 which 

are in excellent agreement with the results obtained by Wang et al. (2010). 
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Figure 2: Comparison of radial temperature distributions for a cylinder under external thermal shock. 

 

In the following investigations, three examples of 5- and 13-layer MWCNTs are selected which 

their geometric data are given in Table 1. The ratio of innermost radius to thickness is named  

and MWCNTs with 1  and 5  can be approximately considered as thick and thin, respec-

tively. It is noted that examples 1 and 2 have the same outermost radius and examples 2 and 3 

have the same thickness. For all MWCNTs, it is assumed that the ratio of length to outermost 

radius is equal to 100. Also, boundary thermal conditions are assumed isolated except the surfaces 

under thermal shock. 
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3.1 Radial thermal shock 

It is necessary to determine the value of relaxation time q . Various values of this parameter for 

CNTs are reported from 0.025 ps to 226 ps (Nemilentau et al., 2007; Shenogin et al., 2004; 

Donadio and Gali, 2007). This variety of values can be explained by specific geometry of CNTs 

which include nano-value in radius and micro-value in length. Small values of q  (~1 ps) reveal 

difference between the Fourier and non-Fourier heat conduction in nano-scale but only larger 

values of q  in range of 100 ps can show this difference in micro-scale. Hence, the values 

1 psq  and 100 psq  are, respectively, proper for heat conduction analysis in radial and 

longitudinal directions of CNTs. 

 

 CNT examples 

 1 2 3 

Number of layers 13 5 5 

Internal radius rin, (nm) 4.08 6.80 1.36 

Outermost radius rout, (nm) 8.16 8.16 2.72 

Thickness hm, (nm) 4.08 1.36 1.36 

Length (nm) 816 816 272 

/in mr h  1 5 1 

 

Table 1:  Geometric data for three examples of MWCNTs. 

 

Here, it is focused on the distributions of temperature in MWCNTs as illustrated on Figs. 3 

and 4. It is assumed that thermal shock with temperature 800 K is applied suddenly to the 

outermost layer of MWCNTs while the innermost layer remains at initial temperature 300 K. 

Time histories of transient temperature of layers for middle length point of MWCNTs are illus-

trated in Fig. 3. In this figure, the results of the Fourier and non-Fourier heat conduction analysis 

are compared together for three mentioned examples of MWCNTs. Layers of a MWCNT are 

numbered form the innermost tube to the outermost one and number of each layer is indicated 

beside each curve. It is seen that with the Fourier heat conduction analysis, temperature of inner 

tubes increases continuously until it reaches to its equilibrium. But results of the non-Fourier 

heat conduction analysis for examples 2 and 3 reveals an extremely temperature rise for inner 

tubes which their temperatures instantly jump to higher temperatures than their equilibrium 

temperatures. This phenomenon can be simulated mechanically by radial displacements of a 

MWCNT layers under external pressure shock which displacements increase to values higher than 

the equilibrium states (Talebian et al., 2013). Therefore, the non-Fourier heat conduction analysis 

reveals a wave like behavior of heat conduction between layers of a MWCNT. 

Heat wave properties depend on geometry parameters of MWCNTs. For example, as illustrat-

ed in Fig. 3, rate of temperature variation in 13-layer MWCNT is smaller than 5-layer MWCNTs. 

Hence, by increasing the number of layers in a MWCNT, intensity of radial heat transfer between 

its layers decreases. But, the rates of temperature variation in examples 2 and 3 of MWCNTs are 

approximately the same. So, tubes diameter has not a significant effect on the heat transfer be-

tween layers of a MWCNT under external thermal shock. 
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Here, it is assumed that the temperature 800 K is applied suddenly to the both innermost and 

outermost layers of MWCNTs. Time histories of transient temperatures for middle length point of 

three mentioned examples of MWCNTs are illustrated in Fig. 4 which the results of the Fourier 

and non-Fourier heat conduction analysis are compared together. Layers are numbered from the 

innermost tube to outermost one which is shown near the curve of each tube. It is seen that with 

the Fourier heat conduction analysis, the rate of temperature increase is high initially and de-

creases gradually. So, temperature of each layer increases continuously until it reaches to its equi-

librium state. Since the temperatures of innermost and outermost tube remain at 800 K, tempera-

ture of all layers finally reaches to this temperature. 
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(c) (f) 

Figure 3: Fourier temperature distributions of examples (a) 1, (b) 2 and (c) 3 of MWCNTs under external ther-

mal shock. (d), (e) and (f) are, respectively, corresponding non-Fourier distributions. 
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Figure 4: Fourier temperature distributions of examples (a) 1, (b) 2 and (c) 3 of MWCNTs under external and 

internal thermal shock. (d), (e) and (f) are, respectively, corresponding non-Fourier distributions. 

 

With the non-Fourier heat conduction analysis, it is notable that the temperature of internal 

layers of examples 2 and 3 increases rapidly which reach to a higher temperature than the tem-

perature of thermal shock source. This phenomenon can be explained only with wavelike behavior 

of heat transfer in the non-Fourier heat conduction analysis. Thus, thermal waves propagate from 

innermost and outermost layers toward internal layers. Thus, internal tubes are influenced by 

duplex thermal wave and as a result, their temperature increase intensely. Just similar to a spring 
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which is under initial displacement at both ends and binary displacement is occurred at the mid-

dle length of spring while the generated axial waves interference together. It is seen from Fig. 4 

that maximum increase of internal layers temperature for examples 2 and 3 of MWCNTs are, 

respectively, about 40% and 30% greater than the temperature of thermal shock source. There-

fore, it is concluded that in MWCNTs with the same thickness and under thermal shock on their 

innermost and outermost surfaces, greater temperature occurs in MWCNT with larger outermost 

diameter. But thermal waves in MWCNTs have damping behavior and become weak after pass-

ing from many layers. Therefore, as it is seen from Fig. 4, despite the non-Fourier heat conduc-

tion analysis, temperatures of internal tubes of 13-layer MWCNT do not increase as expected and 

the temperature of each layer is less than the temperature of thermal shock source. Thus, here, 

damping property of thermal waves overcomes the effect of their interference. 

Generally, according to the non-Fourier heat conduction analysis, the internal temperatures of 

MWCNTs may be rise greater than the temperature of thermal shock source for a very few time. 

In order to explain this event, it is noted that according to Eq. (10) a relaxation time exist be-

tween temperature gradient and heat flow. Also, thickness of MWCNT may be so small that even 

this low delay time causes an intense increase of temperature. For better explanation of this con-

cept, time histories of middle layer temperature and its gradient are compared in Fig. 5 for ex-

ample 2 of MWCNTs under thermal shock on the internal and external surfaces. The illustrated 

temperature gradient in Fig. 5 is calculated by considering variations of temperature from the 

external surface to internal layers. 
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Figure 5:  Time histories of middle layer (a) temperature and (b) its gradient, for example 2 of MWCNTs under 

thermal shock on the internal and external surfaces. 
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Thus, according to the Fourier heat conduction theory, when temperature gradient is negative, 

the temperature of internal tubes is lower than the temperature of outer tubes and heat flows 

towards the internal tubes and therefore, their temperatures must be increase. As soon as the sign 

of temperature gradient changes to positive, the temperature of internal tubes are greater than 

the temperature of outer tubes and thus, heat must flows from internal layers to outer layers and 

therefore, internal temperatures must be reduced. But as it is seen from Fig. 5, this process hap-

pens with a delay which is approximately equal to relaxation time q . In fact, thickness of a 

MWCNT is so small that despite a tiny delay time, its inside temperature gradient is great 

enough for development intense temperature jump in initial instants and cause to increase tem-

perature over than the temperature of thermal shock source. If these explanations are correct, 

with decreasing relaxation time, lower jump of temperature must be expected for internal layers. 

Fig. 5 confirms this idea and it is seen that by decreasing the relaxation time to 0.2 ps, the tem-

perature of internal layers never reach the temperature of thermal shock source. Also by increas-

ing dimensions, temperature gradient decreases and the same result must be observed. This case 

takes place in 13-layer MWCNT as it is seen from Fig. 4 that the temperature of none of layers 

reach the temperature of thermal shock source. For bodies with usual dimensions in meter-scale 

under thermal shock, generated temperature gradients are much smaller than those of CNTs. 

Hence, so extreme jumps of temperature do not happen. 

 

3.2 Axial thermal shock 

In this section, it is assumed that initial temperature of MWCNTs is 300 K and the temperature 

of one end of MWCNTs suddenly jumps to 800 K while the opposite end is kept at its initial 

temperature. Time histories of transient temperature at middle length of MWCNTs are shown in Fig. 

6 which the effects of the Fourier and non-Fourier heat conduction analysis are compared for three 

mentioned examples of MWCNTs. For this case of thermal loading, because the thermal shock is ap-

plied to cross sectional area of all layers at the same time, heat flows along all layers simultane-

ously in axial direction and so, time histories of all layers approximately coincide to each other. 

It is seen from Fig. 6 that by considering the Fourier heat conduction, temperature of middle 

length points start to rise as soon as thermal shock is applied. Moreover, the rate of temperature 

increment for examples 1 and 2 is lower than that of example 3. Therefore, it is revealed that the 

rate of temperature increment, decreases when the length of MWCNT increases. These behaviors 

can be explained only with the Fourier heat conduction analysis. According to this theory, heat 

flows with infinitive speed and so, from beginning of applying thermal shock, no point remains 

without any temperature changes. Since, longer MWCNT has more number of atoms; the longer 

MWCNT, the more time is needed for reaching the equilibrium state at any point. 

Also, as illustrated in Fig. 6, with the non-Fourier heat conduction method, temperature of 

middle length points in MWCNTs start to increase with a time delay after applying the thermal 

shock. Furthermore, the rates of temperature increments are the same for all 3 examples. These 

behaviors are explanatory of heat wave propagation in axial direction of MWCNTs which can be 

explained only by the non-Fourier heat conduction analysis. As temperature variations of exam-

ples 1 and 2 are almost identical, it can be concluded that axial heat wave properties are approx-

imately independent from radius and thickness of MWCNTs. Moreover, Fig. 6 shows that by 
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considering the non-Fourier heat conduction theory, temperature of examples 1 and 2 increase 

continuously until they reach to the equilibrium state. But in example 3, at initial moments, 

temperature rises immediately over 130% of the equilibrium temperature and then it decreases to 

its equilibrium value. Thus, in short length MWCNTs under one end thermal shock, temperature 

can become greater than the equilibrium temperature.   
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Figure 6: Fourier temperature distributions of examples (a) 1, (b) 2 and (c) 3 of MWCNTs under one end axially 

thermal shock. (d), (e) and (f) are, respectively, corresponding non-Fourier distributions. 

 

In the next thermal loading case, it is assumed that MWCNTs are under both ends thermal 

shock synchronously. Temperature distributions in longitudinal directions are illustrated in Fig. 7 
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for three aforesaid examples of MWCNTs using the non-Fourier heat conduction analysis. These 

figures are plotted in four regular times with a time interval of
 
t and are compared for states of 

one end and two ends thermal shock. The selected time interval values are 200ps, 400ps and 

400ps , respectively, for examples 1 to 3 of MWCNTs under one end thermal shock and alterna-

tively 150ps, 300ps and 300ps for both ends thermal shock. 
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Figure 7: Temperature distributions thorough length of example (a) 1, (b) 2 and 

(c) 3 of MWCNTs under thermal shock on one end and 

(d), (e) and (f) are, respectively, corresponding distributions for thermal shock on two ends. 
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It is seen from Fig. 7 that when thermal shock is applied to both ends of MWCNTs, tempera-

ture increase of different points starts from shock source temperature and develop until all points 

reach to the equilibrium temperature. This behavior confirms thermal wave propagation in axial 

direction of MWCNTs according to the non-Fourier heat conduction theory. While thermal shock 

is applied to both ends of MWCNTs, the temperature of example 3 slightly increases higher than 

the temperature of thermal shock source. As length-to-diameter ratio in all three examples of 

MWCNTs are the same and the length of example 3 is lower than those of other examples, it can 

be concluded that because of occurring more intense temperature gradient in smaller CNTs, their 

internal temperature may be increase higher than the temperature of thermal shock source. As 

explained in previous section, it is due to the effects of relaxation time q  between temperature 

gradient and heat flow in nano-scale environments. 

 

4 CONCLUSIONS 

In the present work, the non-Fourier heat conduction equations are expanded and validated suc-

cessfully for MWCNTs. A finite element model is developed to solve nonlinear equations and cal-

culate transient temperature distribution in MWCNTs subjected to various thermal shock condi-

tions. In this model, dependency of thermal properties on the size, direction and temperature is 

considered. The present results are compared with those obtained by the Fourier heat conduction 

analysis and it is concluded that with the Fourier heat conduction analysis, temperature of all 

points of a MWCNT is simultaneously affected from the thermal shock source. It is also found 

that as the size of a MWCNT increase, time rate of temperature increments decreases. However, 

for the non-Fourier heat conduction analysis, heat wave generates in location of thermal shock 

and propagates axially and radially. Therefore, time rate of temperature change of a point is ap-

proximately independent of MWCNT size.  

Also, it is revealed that temperature gradients between sections of MWCNTs are size depend-

ent and for small MWCNTs may be so much that cause to a significant temperature rise even 

higher than the temperature of thermal shock source. These situations are due to the effects of 

relaxation time between temperature gradient and heat flow, and generally are happened in syn-

chronized thermal shocks applied on two different opposite surfaces of MWCNTs. Therefore, 

transient temperature distributions obtained by use of effective thermal properties and the Fouri-

er heat conduction analysis, can be approximately accepted only for rather large and thick 

MWCNTs which are under thermal shock on one of their surfaces or cross sectional areas. 
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