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Abstract 
The current study addresses the influence of the excitation frequency content on the efficiency of a tuned 
liquid column damper (TLCD) to control the displacement response in structures subjected to seismic 
excitations. A time-domain stochastic stationary analysis is performed, and an equivalent statistical 
linearization for the TLCD is obtained. The results show that the TLCD is more efficient in structures subjected 
to broadband processes. In narrowband processes, the maximum performance of the TLCD occurs when the 
linear equivalent period of the system TLCD-structure tunes the TLCD period, and the frequency of the 
structure matches the predominant frequency of the input motion. Results derived from this analysis are 
validated through two time-history seismic analyses. 
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1 INTRODUCTION 

Different devices have emerged as alternatives to the seismic design, satisfying design requirements when added 
to the structure and then modifying its dynamic properties. Diverse researchers have studied the efficiency of tuned 
damper systems to control the inertial effect (e.g. Den Hartog, 1956; Sadek et al., 1997; Lin et al., 2000; Ueng et al., 2008; 
Almazán et al., 2012). For instance, some of them have proposed tuned mass damper (TMD) and the tuned liquid column 
damper (TLCD). Tuned liquid dampers (TLD) have turned into one of the most usual devices to control structural 
vibrations since they are cost-effective and easy to install. These devices are classified into TLCD and tuned sloshing 
damper (TSD). The TLCD consists of a U-shaped container, filled generally with water. The oscillation of the liquid column 
has a frequency that depends on the properties of the TLCD, and the U-shaped container has a hole in its lower horizontal 
part that produces a head loss. 

First investigations have been focused on determining optimum properties of the TLCD for the control of structures 
subject to wind loads. Xu et al. (1992) studied the behavior of the TLCD as a solution to mitigate vibrations due to wind 
excitations. They compared the TLCD performance with the TMD efficacy, concluding that the TLCD presents practical 
advantages and counts on an efficiency similar to the TMD. 

Optimum parameter estimations for TLCD design purposes have also been proposed. For instance, Wu et al. (2005) 
performed an experimental analysis of free and harmonic structure response through a shaking table, providing empirical 
equations to assist the design of the TLCD. They concluded that the liquid mass and the length ratio (geometrical property 
of the TLCD corresponding to the ratio between the horizontal separation of the liquid columns and the total water 
length contained in the tube) of the TLCD do not affect the natural frequency and the optimum head loss of the TLCD. In 
Shum (2009), a closed-form solution for TLCD optimum parameter calculation is proposed to attenuate the building’s 
maximum displacement response. 

Xu & Shum (2003) studied multiple units of TLCD (MTLCDs) to reduce torsional vibrations in asymmetric structures 
to estimate their optimum parameters. These researchers concluded that the MTLCD is more efficient than a single TLCD 
(STLCD). However, when the number of MTLCDs is higher than five, MTLCD efficiency diminishes. Lee et al. (2010) 
experimentally investigated the dynamic response of a TLCD specimen subjected to harmonic loading with various 
excitation amplitudes using a shaking table. They concluded that the natural frequency and the mass ratio (quotient 
between the liquid mass and the mains structure mass) are independent of the amplitude excitation variation, while the 
damping ratio of a TLCD increases with larger amplitudes. 

Chakraborty et al. (2011) analyzed the behavior of the TLCD when the structure displacement response is 
minimized, considering the influence of the maximum displacement of the liquid column within TLCD and estimating 
optimum parameters. Rozas et al. (2015) studied a device composed of two independent and orthogonally TLCDs for 
controlling the seismic response of structures. According to the authors, this TLCD arrangement requires less liquid than 
two equivalent and independent TLCDs. Their results show that this arrangement has higher displacement reductions for 
low damping ratios and decreases its efficiency as the structure-damping ratio increases. 

Altunişik et al. (2017) also performed an experimental study of a prototype consisting of four columns joined to a 
top and bottom plate. The prototype is excited through a shaking table in different directions. The authors reported 
optimum parameters that were obtained experimentally and numerically. They concluded that the TLCD causes to 
decrease the resonance frequency and a damping ratio increment. 

Park et al. (2018) proposed a different passive damper and TLCD based. The proposed damping mechanism is a 
conventional TLCD using embossments in its inner walls. The researchers named this device ETLCD (TLCD with 
embossments). The study focused on an experimental evaluation of the ELTCD dynamic characteristics and its vibration 
control performance for tall buildings. The results suggest that ETLCD is more efficient than the TLCD in terms of 
amplitude response reduction. 

Concerning the effect of the seismic demand properties on the response of the TLCD, a number of studies can be 
highlighted. Kavand & Zahrai (2006a, 2006b), and Zahrai & Kavand (2008) studied the impact of the characteristics of the 
frequency content and soil conditions on the efficiency of a TLCD by means of nonlinear time-history analyses using 
actual seismic records. They showed a notorious effect of these properties on the effectiveness of the TLCD, finding that 
the efficiency in the reduction of the acceleration response is not significant. 

Based on the known researches carried out so far, it is observed that the influence of the seismic excitation 
frequency content in TLCD performance needs to be addressed. Although there are important efforts in this subject, a 
wider understanding is needed in order to assess its effect in the TLCD’s optimal design parameters and effectiveness to 
reduce the displacements and accelerations. 

Consequently, the current research aims to analyze the behavior of the optimum parameters and the TLCD 
efficiency when the structure is subject to excitations with different frequency content. To have precise and accurate 
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control of the freuquncy content of the seismic demands, and also to optimize the computation effort, the analysis is 
performed using and stochastic stationary approach. 

2 MODEL AND EQUATION OF MOTION 

2.1 Model with TLCD 

The model considered for this study is presented in Figure 1. The model comprises a single-degree-of-freedom linear 
system with a TLCD attached. This device is a U-shaped container and has an orifice plate inside its horizontal section. 

The variables considered to obtain the equations of motion corresponds to the elastic stiffness (𝐾𝐾𝑠𝑠); damping (𝐶𝐶𝑠𝑠) 
and mass (𝑚𝑚𝑠𝑠) of the main system, respectively. The symbol 𝐵𝐵ℎ defines the length of the horizontal section of the 
container, and ℎ is the liquid column’s height. The variable 𝑥𝑥𝑠𝑠 denotes the main structure’s displacement, while y 
corresponds to the liquid surface displacement in the column. The ground acceleration has been denoted as �̈�𝑢𝑔𝑔. 

 
Figure 1 Linear structure model with TLCD attached. 

2.2 Equations of motion of the TLCD – main structure system 

The studied system is a two-degree-of-freedom model: the vertical displacement of the liquid in the tube and the 
lateral displacement of the main structure. The model is excited at the base by an acceleration �̈�𝑢𝑔𝑔. 

The motion equations are expressed in Eq.1 (Sakai et al., 1989) and Eq.2 (Chakraborty et al., 2012). 

𝜌𝜌𝜌𝜌𝐿𝐿𝑒𝑒�̈�𝑦 + 1
2
𝜌𝜌𝜌𝜌𝜌𝜌|�̇�𝑦|�̇�𝑦 + 2𝜌𝜌𝜌𝜌𝜌𝜌𝑦𝑦 = −𝜌𝜌𝜌𝜌𝐵𝐵ℎ��̈�𝑥 + �̈�𝑢𝑔𝑔� (1) 

(𝑚𝑚𝑠𝑠 + 𝜌𝜌𝜌𝜌𝐵𝐵ℎ + 2𝜌𝜌ℎ𝜌𝜌)�̈�𝑥 + 𝐶𝐶𝑠𝑠�̇�𝑥 + 𝐾𝐾𝑠𝑠𝑥𝑥 = −(𝑚𝑚𝑠𝑠 + 𝜌𝜌𝜌𝜌𝐵𝐵ℎ + 2𝜌𝜌ℎ𝜌𝜌)�̈�𝑢𝑔𝑔 − 𝜌𝜌𝜌𝜌𝐵𝐵ℎ�̈�𝑦 (2) 

Where 𝐿𝐿𝑒𝑒 = 2ℎ + 𝐵𝐵ℎ is the total liquid column length, 𝜌𝜌 is the density of the liquid, 𝜌𝜌 is the area of the cross-section, 
and 𝜌𝜌 is the gravity acceleration. The head loss coefficient corresponds to 𝜌𝜌, and it depends on the orifice diameter in 
the plate inside the U-tube horizontal section. 

From the model motion equations, it is observed that Eq.1 is nonlinear; therefore, it must be linearized through the 
equivalent statistical linearization method (Iwan & Yang, 1972). This method consists of the replacement of the nonlinear 
term in the motion equations by a linear coefficient, corresponding to 𝐶𝐶𝑝𝑝, that relies on an element of the covariance 
matrix, which in turn also depends on the 𝐶𝐶𝑝𝑝 value, implying that the process is iterative. 

Linearizing statistically Eq.1 yields: 

𝜌𝜌𝜌𝜌𝐿𝐿𝑒𝑒�̈�𝑦 + 2𝜌𝜌𝜌𝜌𝐶𝐶𝑝𝑝�̇�𝑦 + 2𝜌𝜌𝜌𝜌𝜌𝜌𝑦𝑦 = −𝜌𝜌𝜌𝜌𝐵𝐵ℎ��̈�𝑥 + �̈�𝑢𝑔𝑔� (3) 
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where the 𝐶𝐶𝑝𝑝 value, for a zero-mean Gaussian stationary process, can be calculated as: 

𝐶𝐶𝑝𝑝 = 𝜉𝜉𝜎𝜎�̇�𝑦
√2𝜋𝜋

  (4) 

Eq. 4 shows the equivalent damping coefficient 𝐶𝐶𝑝𝑝, being 𝜎𝜎�̇�𝑦 the standard deviation of the liquid velocity. By 
normalizing Eq. 3 with respect to the liquid mass 𝜌𝜌𝜌𝜌𝐿𝐿𝑒𝑒, Eq.5 is obtained: 

�̈�𝑦 + 2𝐶𝐶𝑝𝑝
𝐿𝐿𝑒𝑒
�̇�𝑦 + 2𝑔𝑔

𝐿𝐿𝑒𝑒
𝑦𝑦 + 𝑝𝑝�̈�𝑥 = −𝑝𝑝�̈�𝑢𝑔𝑔  (5) 

Where 𝑝𝑝 = 𝐵𝐵ℎ 𝐿𝐿𝑒𝑒⁄  is the length ratio of the TLCD. 
From Eq. 5, the natural frequency of the liquid column is 𝜔𝜔𝑙𝑙 = �2𝜌𝜌 𝐿𝐿𝑒𝑒⁄ , where 𝛾𝛾 = 𝜔𝜔𝑙𝑙 𝜔𝜔𝑠𝑠⁄  is the tuning ratio with 

respect to the natural frequency of the main structure 𝜔𝜔𝑠𝑠. 
On the other hand, Eq.2 can be rewritten as 

(𝑚𝑚𝑠𝑠 + 𝑚𝑚𝑙𝑙)�̈�𝑥 + 𝐶𝐶𝑠𝑠�̇�𝑥 + 𝐾𝐾𝑠𝑠𝑥𝑥 = −(𝑚𝑚𝑠𝑠 + 𝑚𝑚𝑙𝑙)�̈�𝑢𝑔𝑔 − 𝜌𝜌𝜌𝜌𝑝𝑝𝐿𝐿𝑒𝑒�̈�𝑦 (6) 

where 𝑚𝑚𝑙𝑙 = 𝜌𝜌𝜌𝜌𝐵𝐵ℎ + 2𝜌𝜌ℎ𝜌𝜌 is the mass of the liquid. 
The term 𝜇𝜇 stands for the ratio between the mass of the liquid and the main structure mass, i.e., 𝜇𝜇 = 𝜌𝜌𝜌𝜌𝐿𝐿𝑒𝑒 𝑚𝑚𝑠𝑠⁄ . 

Normalizing Eq. 6 with respect to the mass 𝑚𝑚𝑠𝑠 

(1 + 𝜇𝜇)�̈�𝑥 + 𝐶𝐶𝑠𝑠
𝑚𝑚𝑠𝑠
�̇�𝑥 + 𝐾𝐾𝑠𝑠

𝑚𝑚𝑠𝑠
𝑥𝑥 = −(1 + 𝜇𝜇)�̈�𝑢𝑔𝑔 − 𝜇𝜇𝑝𝑝�̈�𝑦  (7) 

The parameters 𝜔𝜔𝑠𝑠 = �𝐾𝐾𝑠𝑠 𝑚𝑚𝑠𝑠⁄  and 𝜌𝜌𝑠𝑠 = 𝐶𝐶𝑠𝑠 (2𝑚𝑚𝑠𝑠𝜔𝜔𝑠𝑠)⁄  are the natural frequency and damping of the main structure. 
Therefore, Eq. 7 becomes into Eq. 8 as follows: 

(1 + 𝜇𝜇)�̈�𝑥 + 2𝜌𝜌𝑠𝑠𝜔𝜔𝑠𝑠�̇�𝑥 + 𝜔𝜔𝑠𝑠2𝑥𝑥 + 𝜇𝜇𝑝𝑝�̈�𝑦 = −(1 + 𝜇𝜇)�̈�𝑢𝑔𝑔  (8) 

Expressing Eq. 5 and 8 in matrix form results 

𝐌𝐌�̈�𝐗 + 𝐂𝐂�̇�𝐗 + 𝐊𝐊𝐗𝐗 = −𝐑𝐑𝟏𝟏�̈�𝑢𝑔𝑔  (9) 

𝐗𝐗 = {𝑦𝑦 𝑥𝑥}𝑇𝑇  (10) 

Where 

𝐌𝐌 = �
1 𝑝𝑝
𝜇𝜇𝑝𝑝 (1 + 𝜇𝜇)� 𝐂𝐂 = �

2𝐶𝐶𝑝𝑝
𝐿𝐿𝑒𝑒

0

0 2𝜌𝜌𝑠𝑠𝜔𝜔𝑠𝑠
� 𝐊𝐊 = �

2𝑔𝑔
𝐿𝐿𝑒𝑒

0

0 𝜔𝜔𝑠𝑠2
� 𝐑𝐑𝟏𝟏 = �

𝑝𝑝
(1 + 𝜇𝜇)�  (11) 

Hence 

�
1 𝑝𝑝
𝜇𝜇𝑝𝑝 (1 + 𝜇𝜇)� �

�̈�𝑦
�̈�𝑥� + �

2𝐶𝐶𝑝𝑝
𝐿𝐿𝑒𝑒

0

0 2𝜌𝜌𝑠𝑠𝜔𝜔𝑠𝑠
� ��̇�𝑦�̇�𝑥� + �

2𝑔𝑔
𝐿𝐿𝑒𝑒

0

0 𝜔𝜔𝑠𝑠2
� �𝑦𝑦𝑥𝑥� = −�

𝑝𝑝
(1 + 𝜇𝜇)� �̈�𝑢𝑔𝑔  (12) 

The vector 𝐗𝐗 denotes the TLCD-main structure system degrees of freedom vector, while M denotes the mass matrix, 𝐂𝐂 
and 𝐊𝐊 are the damping and stiffness matrices of the system. The matrix 𝐑𝐑𝟏𝟏 is the influence matrix of the input, defined 
in Eq.11. 



Influence of the excitation frequency content on the efficiency of a tuned liquid column damper G. Espinoza et al. 

Latin American Journal of Solids and Structures, 2021, 18(7), e404 5/20 

3 SEISMIC EXCITATION 

A time-domain stochastic analysis was performed on the model, considering the two random processes: broad 
bandwidth (BBP) and narrow bandwidth (NBP). A Clough-Penzien double filter was used to characterize the frequency 
content of the seismic excitation. The Clough-Penzien double filter consisted of a filter derived from the soil layer’s 
properties and an additional filter for the low frequencies. The parameters that characterize the Ckough-Penzien double 
filter for the random process of broad bandwidth (high content of frequencies) and narrow bandwidth (low-frequency 
content) are given in Table 1. 

The BBP filter parameters were estimated employing the least-squares adjustment of the Power Spectral Density 
(PSD) function. The PSD was calculated for an artificial earthquake compatible with the NCh2745:2013 (INN, 2013) B soil 
class elastic spectrum. According to this standard, a B soil type represents a soil profile with a shear wave velocity Vs30 
larger than 500 m/s (but lower than 900 m/s). The NBP filter was obtained through the parameter setting to establish a 
narrow bandwidth motion compatible with the component N90E of the SCT station of the 1985 Mexico earthquake 
recording. The predominant period of the narrow bandwidth filter was 𝑇𝑇𝑝𝑝 = 1.93 seconds generated by a very soft layer 
of clay with shear wave velocities between 60 m/s to 100 m/s (Mayoral et al., 2019). 

The seismic motions defined as objective inputs for the stochastic stationary processes are presented in Figure 2. 
For both BBP and NBP cases, this figure shows the acceleration time series considered to define the mean Power Spectral 
Density (mean PSD) from which the modified Clough-Penzien double filter (Modified CPF) is derived and adjusted. In the 
case of the BBP process, the power spectral density denotes a broad frequency content, with frequencies ranging from 
0.2 Hz to around 6 Hz. Moreover, for the NBP case the narrow frequency content is concentrated at approximately 0.5 Hz. 
Additionally, the response spectrum is shown to better characterize the seismic demands, evidencing the NBP artificial 
earthquake motion fitting to the elastic spectrum of the B soil class NCh2745:2013 code (INN, 2013). 

 
Figure 2 Stochastic seismic demands characterization for BBP and NBP processes. 

Table 1 Clough-Penzien filter parameters for the two random processes considered. 

 Parameters 
Process 𝑺𝑺𝟎𝟎 𝝎𝝎𝒈𝒈 (𝒓𝒓𝒓𝒓𝒓𝒓 𝒔𝒔⁄ ) 𝝃𝝃𝒈𝒈 𝝎𝝎𝒇𝒇 (𝒓𝒓𝒓𝒓𝒓𝒓 𝒔𝒔⁄ ) 𝝃𝝃𝒇𝒇 

BBP 1335.6 16.57 0.491 3.02 0.48 
NBP 207.23 3.14 0.1 8.48 0.9 

The modified Clough-Penzien filter equation is defined as follows (Clough & Penzien, 1975). 
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𝑆𝑆𝑔𝑔(𝜔𝜔) = 𝑆𝑆0
𝜔𝜔𝑔𝑔
4+2𝜉𝜉𝑔𝑔2𝜔𝜔𝑔𝑔

2𝜔𝜔2

�𝜔𝜔𝑔𝑔
2−𝜔𝜔2�2+4𝜉𝜉𝑔𝑔2𝜔𝜔𝑔𝑔

2𝜔𝜔2
∙ 𝜔𝜔4

�𝜔𝜔𝑓𝑓
2−𝜔𝜔2�

2
+4𝜉𝜉𝑓𝑓

2𝜔𝜔𝑓𝑓
2𝜔𝜔2

  (13) 

Where 𝑆𝑆0,𝜔𝜔𝑔𝑔,𝜔𝜔𝑓𝑓, 𝜌𝜌𝑓𝑓 , 𝜌𝜌𝑔𝑔 are the filter parameters to be adjusted. The variable 𝑆𝑆0 is the white noise intensity; 𝜔𝜔𝑔𝑔 and 𝜔𝜔𝑓𝑓 
stand for the soil layer frequency and the filter frequency, respectively. The variables 𝜌𝜌𝑔𝑔 and 𝜌𝜌𝑓𝑓 denote the damping 
coefficients of the soil and the filter, respectively. 

4 PROBABILISTIC ANALYSIS IN TIME DOMAIN 

4.1 State-space representation 

The state-space representation of the main structure with TLCD, and the state vector, are shown in Eq.14, Eq.15, 
and Eq.16, respectively. The 𝐀𝐀 and 𝐁𝐁𝐮𝐮 matrices (Eq.17 and Eq.18) are the state and influence matrices of the input. The 
𝐗𝐗𝟏𝟏 vector is the state vector (Eq.16). The soil acceleration is defined by the output equation (Eq.15), which depends on 
the response vector of the filter, 𝐗𝐗𝐟𝐟 (Eq.19), and the filter matrix, 𝐂𝐂𝐟𝐟 (Eq. 21), where the frequency content of the input 
is stated. Eq. 18 represents the filter state equation. The state matrices of the filter, 𝐀𝐀𝐟𝐟 and 𝐁𝐁𝐟𝐟, are defined according to 
Eq.20 (Saitua et al., 2018). 

�̇�𝐗𝟏𝟏 = 𝐀𝐀𝐗𝐗𝟏𝟏 + 𝐁𝐁𝐮𝐮�̈�𝑢𝑔𝑔  (14) 

�̈�𝑢𝑔𝑔 = 𝐂𝐂𝐟𝐟𝐗𝐗𝐟𝐟  (15) 

𝐗𝐗𝟏𝟏 = {𝑦𝑦 𝑥𝑥 �̇�𝑦 �̇�𝑥}𝑇𝑇  (16) 

𝐀𝐀 = � 𝟎𝟎2𝑥𝑥2 𝐈𝐈2𝑥𝑥2
−𝐌𝐌−1𝐊𝐊 −𝐌𝐌−1𝐂𝐂

�  (17) 

𝐁𝐁 = � 𝟎𝟎2𝑥𝑥2
−𝐌𝐌−1𝐑𝐑

�  (18) 

�̇�𝐗𝐟𝐟 = 𝐀𝐀𝐟𝐟𝐗𝐗𝐟𝐟 + 𝐁𝐁𝐟𝐟𝑊𝑊(𝑡𝑡)  (19) 

𝐗𝐗𝐟𝐟 = �𝑥𝑥𝑔𝑔 �̇�𝑥𝑔𝑔 𝑥𝑥𝑓𝑓 �̇�𝑥𝑓𝑓�
𝑇𝑇

  (20) 

𝐀𝐀𝐟𝐟 =

⎣
⎢
⎢
⎡

0 1
−𝜔𝜔𝑔𝑔2 −2𝜌𝜌𝑔𝑔𝜔𝜔𝑔𝑔

0 0
0 0

0 0
𝜔𝜔𝑔𝑔2 2𝜌𝜌𝑔𝑔𝜔𝜔𝑔𝑔

0 1
−𝜔𝜔𝑓𝑓2 −2𝜌𝜌𝑓𝑓𝜔𝜔𝑓𝑓⎦

⎥
⎥
⎤

𝐁𝐁𝐟𝐟 = �
0
−1
0
0

�  (21) 

𝐂𝐂𝐟𝐟 = �𝜔𝜔𝑔𝑔2 2𝜌𝜌𝑔𝑔𝜔𝜔𝑔𝑔 −𝜔𝜔𝑓𝑓2 −2𝜌𝜌𝑓𝑓𝜔𝜔𝑓𝑓�  (22) 

The Eq.24 is the extended state equation, that is, the main structure-TLCD-filter. Therefore, the variable 𝐗𝐗𝟐𝟐 is the 
extended state vector, and it contains the state vector of the main structure-TLCD system and the status vector of the 
filter (Eq.23). The matrices of the expanded system state equation are the state matrix 𝐀𝐀𝟐𝟐 and the input matrix 𝐁𝐁𝟐𝟐, and 
they are shown in Eq.25. 

𝐗𝐗𝟐𝟐 = {𝐗𝐗𝟏𝟏 𝐗𝐗𝐟𝐟}𝑇𝑇  (23) 

�̇�𝐗𝟐𝟐 = 𝐀𝐀𝟐𝟐𝐗𝐗𝟐𝟐 + 𝐁𝐁𝟐𝟐𝑊𝑊(𝑡𝑡)  (24) 

𝐀𝐀𝟐𝟐 = �𝐀𝐀 𝐁𝐁𝐂𝐂𝐟𝐟
𝟎𝟎 𝐀𝐀𝐟𝐟

� 𝐁𝐁𝟐𝟐 = � 𝟎𝟎𝐁𝐁𝐟𝐟
�  (25) 
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4.2 Covariance matrix calculation 

The covariance matrix was calculated from the Lyapunov equation (Eq. 27) solution, assuming a steady-state and 
white noise as input. As depicted in Eq. 26, the soil acceleration variance was considered to calculate the white noise 
intensity as a function of time. 

𝜎𝜎�̈�𝑢𝑔𝑔
2 = 𝑃𝑃𝑃𝑃𝑃𝑃

3
  (26) 

Where the PGA (Peak Ground Acceleration) taken into account was 0.25g to ensure the linearity of the main system. 

𝐀𝐀𝟐𝟐𝑇𝑇𝐑𝐑 + 𝐑𝐑𝐀𝐀𝟐𝟐 + 𝐁𝐁𝟐𝟐𝑇𝑇𝑊𝑊(𝑡𝑡)𝐁𝐁𝟐𝟐 = 𝟎𝟎  (27) 

In Eq. (27) 𝐑𝐑 defines the covariance matrix of the complete main structure-TCLD-filter system. 

4.3 Optimization procedure 

The TLCD design parameters addressed were the frequency ratio 𝛾𝛾 and its head loss coefficient 𝜌𝜌. They were 
optimized by establishing an objective function to minimize the standard deviation of the main structure displacement 
(Eq.28), subject to the height restriction of the liquid inside the U-tube container, as shown in Eq.29c. 

𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀: 𝐽𝐽(𝛾𝛾, 𝜌𝜌) = 𝑀𝑀𝑀𝑀𝑀𝑀(𝜎𝜎𝑥𝑥)  (28) 

0.5 < 𝛾𝛾 < 1.5  (29a) 

0.01 < 𝜌𝜌 < 30  (29b) 

ℎ − 𝑐𝑐𝜎𝜎𝑦𝑦 ≥ 0  (29c) 

Where 𝑐𝑐 is a safety factor that avoids air ingress to the horizontal line where the energy is dissipated. 

5 RESULTS AND DISCUSSION 

5.1 Analysis of the system characteristics influence 

The sensitivity of each TLCD optimum parameter was analyzed, with respect to the following system parameters: 
the mass ratio (Figures 3 and 4), the length ratio (Figures 5 and 6), the main structure damping (Figures 7 and 8), and the 
main structure period (Figures 9 and 10). The first row shows the optimum TLCD tuning ratio in all those figures, and the 
second row shows its optimum head loss coefficient. 

5.1.1 Influence of the mass ratio 𝝁𝝁 

Figures 3 and 4 collect three length ratios of the TLCD (𝑝𝑝 = 0.5, 0.6, 0.7) and three main structure periods sets 
(𝑇𝑇𝑠𝑠 = 1.5, 2.0, 2.5 𝑠𝑠) to show the optimum TLCD parameters as functions of mass ratio (𝜇𝜇) for BBP and NBP cases. 

The behavior of the TLCD design parameters depends strongly on the frequency content of the excitation. For the 
BBP, as it is depicted in the upper graphs of Figure 3, the optimum frequency ratio of the TLCD �𝛾𝛾𝑜𝑜𝑝𝑝𝑜𝑜� does not depend 
on the value of the length ratio of the TLCD. In contrast, as shown in the upper graphs in Figure 4, for the NBP excitations, 
the optimum frequency ratio depends on the value of the length ratio of the TLCD. Furthermore, 𝛾𝛾𝑜𝑜𝑝𝑝𝑜𝑜 is also sensitive to 
the structure flexibility, but is not dependent on the 𝑝𝑝 value for high values of the main structure period. 

Besides, the optimum head loss coefficient �𝜌𝜌𝑜𝑜𝑝𝑝𝑜𝑜� also shows a different behavior relying on the type of excitation. 
For BBP (lower graphs of Figure 3), it is showed a linear decrease up to a specific mass ratio value where a slope change 
occurs, which depends on the value of the length ratio of the TLCD. While the 𝑝𝑝 value is higher, the mass ratio length 
ratio value, at a slope change occurs, will also be higher. 
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Figure 3 Optimum tuning ratio �𝛾𝛾𝑜𝑜𝑝𝑝𝑜𝑜� and head loss coefficient �𝜌𝜌𝑜𝑜𝑝𝑝𝑜𝑜� as functions of the mass ratio (𝜇𝜇), with a system damping 

𝜌𝜌𝑠𝑠 = 0.05 for a BBP. 

 
Figure 4 Optimum tuning ratio �𝛾𝛾𝑜𝑜𝑝𝑝𝑜𝑜� and head loss coefficient �𝜌𝜌𝑜𝑜𝑝𝑝𝑜𝑜� as functions of the mass ratio (𝜇𝜇), with a system damping 

𝜌𝜌𝑠𝑠 = 0.05 for a NBP. 

5.1.2 Influence of the length ratio of the TLCD 𝒑𝒑 

Figures 5 and 6 represents three mass ratios of the TLCD (𝜇𝜇 = 0.02, 0.03, 0.05) and three main structure periods 
sets (𝑇𝑇𝑠𝑠 = 1.5, 2.0, 2.5 𝑠𝑠), to address the influence of the length ratio of the TLCD on the optimum TLCD parameters for 
the BBP and NBP cases, respectively. 

Similarly to Figure 3, the TLCD design parameters behavior depends on the frequency content of the excitation. 
While in BBP, the TLCD is perfectly tuned to the main structure and is insensitive to the mass ratio and the flexibility of 
the structure (see upper graphs in Figure 5). For the NBP case, the optimum tuning ratio depends on the main structure 
period (see upper graphs in Figure 6). On the other hand, the value of the optimum TLCD head loss coefficient �𝜌𝜌𝑜𝑜𝑝𝑝𝑜𝑜� 
varies differently with respect to the length ratio of TLCD and the main structure period for BBP or NBP cases (see lower 
graphs in figures 5 and 6, respectively). 
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Figure 5 Optimum tuning ratio �𝛾𝛾𝑜𝑜𝑝𝑝𝑜𝑜� and head loss coefficient �𝜌𝜌𝑜𝑜𝑝𝑝𝑜𝑜� as functions of the length ratio (𝑝𝑝), with a system damping 

𝜌𝜌𝑠𝑠 = 0.05 for a BBP. 

 
Figure 6 Optimum tuning ratio �𝛾𝛾𝑜𝑜𝑝𝑝𝑜𝑜� and head loss coefficient �𝜌𝜌𝑜𝑜𝑝𝑝𝑜𝑜� as functions of the length ratio (𝑝𝑝), with a system damping 

𝜌𝜌𝑠𝑠 = 0.05 for a NBP. 

5.1.3 Influence of the main structure damping 𝝃𝝃 

Figures 7 and 8 describe the behavior of the optimum TLCD parameters. For BBP and NBP cases, the same main 
structure and length ratio values are taken into account. Specifically, three periods are considered to analyze the 
influence of the main structure flexibility (𝑇𝑇𝑠𝑠 = 1.5, 2.0, 2.5 𝑠𝑠), as well as three length ratios of the TLCD 
(𝑝𝑝 = 0.5, 0.6, 0.7). 

As in the case of 𝜇𝜇 and 𝑝𝑝 parameters, there is a significant influence of the excitation frequency content on the 
optimum TLCD parameters. For BBP excitations, the tuning ratio of the TLCD is perfectly tuned to the main structure (see 
the upper graph in Figure 7). In addition, no influence on the tuning ratio of the TLCD �𝛾𝛾𝑜𝑜𝑝𝑝𝑜𝑜� is noticed, due to neither 
structure flexibility nor to its length ratio variations. Conversely, for the NBP excitation case (see the upper figure in 
Figure 8), the tuning ratio of the TLCD varies as the length ratio and the period of the structure do, taking higher values 
for the shorter length ratios when period values are less than 2.0 s. 
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The frequency content also affects the behavior of the optimum head loss coefficient �𝜌𝜌𝑜𝑜𝑝𝑝𝑜𝑜�. This influence is clearly 
noticed in the NBP case (lower graphs in Figure 8), where the optimum load loss coefficient value is increased when the 
structure period is 𝑇𝑇𝑠𝑠 = 2.0 𝑠𝑠. This effect can be associated with a coincidence with the predominant period for the input, 
𝑇𝑇𝑝𝑝 = 1.98 𝑠𝑠. On the other hand, for the BBP demand, no significant effect of the main structure damping ratio occur, but 
for higher length ratios, 𝜌𝜌𝑜𝑜𝑝𝑝𝑜𝑜 is higher. 

 
Figure 7 Optimum tuning ratio �𝛾𝛾𝑜𝑜𝑝𝑝𝑜𝑜� and head loss coefficient �𝜌𝜌𝑜𝑜𝑝𝑝𝑜𝑜� as functions of the main system damping (𝜌𝜌𝑠𝑠), with a mass 

ratio 𝜇𝜇 = 0.02, for a BBP. 

 
Figure 8 Optimum tuning ratio �𝛾𝛾𝑜𝑜𝑝𝑝𝑜𝑜� and head loss coefficient �𝜌𝜌𝑜𝑜𝑝𝑝𝑜𝑜� as functions of the main system damping (𝜌𝜌𝑠𝑠), with a mass 

ratio 𝜇𝜇 = 0.02, for a NBP. 

5.1.4 Influence of the main structure period 𝑻𝑻𝒔𝒔 

Figures 9 and 10 are presented the optimum TLCD parameters as a function of the main structure period. Three 
mass ratios (𝜇𝜇 = 0.02, 0.03, 0.05) and three length ratios of the TLCD (𝑝𝑝 = 0.5, 0.6, 0.7) are considered for BBP and NBP 
cases. 

The behavior of the optimum TLCD depends strongly on the frequency content of the excitation. In the BBP case, 
the optimum tuning ratio �𝛾𝛾𝑜𝑜𝑝𝑝𝑜𝑜� tunes to the main structure period and does not depend on the length ratio. In the NBP 
case, the optimum tuning ratio shows a behavior that, practically, does not depend on the value of the mass ratio, 
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reaching a minimum at the period value that corresponds to the equivalent linear period of the main system with the 
TLCD (𝑇𝑇𝑒𝑒𝑒𝑒). This period value must also coincide with the predominant period of seismic excitation (𝑇𝑇𝑝𝑝, Table 2). 

Table 2 Optimum TLCD parameters for 𝑇𝑇𝑒𝑒𝑒𝑒 = 𝑇𝑇𝑝𝑝 = 1.982(𝑠𝑠) NBP. 

𝒑𝒑 0.5 0.6 0.7 

𝜇𝜇 0.02 0.03 0.05 0.02 0.03 0.05 0.02 0.03 0.05 

𝛾𝛾𝑜𝑜𝑝𝑝𝑡𝑡 = 𝜔𝜔𝑜𝑜𝑝𝑝𝑡𝑡 𝜔𝜔𝑠𝑠⁄  0.8633 0.8585 0.8544 0.8229 0.8183 0.8109 0.7598 0.7565 0.7494 

𝜌𝜌𝑜𝑜𝑝𝑝𝑜𝑜 2.1343 2.0435 1.8358 3.4025 3.2643 3.0058 5.8327 5.6929 5.2392 
𝑇𝑇𝑠𝑠 1.7157 1.7040 1.6549 1.6590 1.6510 1.5900 1.5540 1.5200 1.4900 

The head loss coefficient does not depend on the mass ratio, but it is sensitive to the length ratio of the TLCD. 
However, the general behavior concerning the period depends on the frequency content of the excitation. While the 
head loss coefficient increases as the structure is more flexible for the BBP case, in the NBP case it reaches a maximum 
value when the period of the system matches the inflection point of the frequency ratio curves. 

 
Figure 9 Optimum tuning ratio �𝛾𝛾𝑜𝑜𝑝𝑝𝑜𝑜� and head loss coefficient �𝜌𝜌𝑜𝑜𝑝𝑝𝑜𝑜� as functions of the period of the primary structure (𝑇𝑇𝑠𝑠), with 

a system damping 𝜌𝜌𝑠𝑠 = 0.05, for a BBP. 

 
Figure 10 Optimum tuning ratio �𝛾𝛾𝑜𝑜𝑝𝑝𝑜𝑜� and head loss coefficient �𝜌𝜌𝑜𝑜𝑝𝑝𝑜𝑜� as functions of the period of the primary structure (𝑇𝑇𝑠𝑠), with 

a system damping 𝜌𝜌𝑠𝑠 = 0.05, for a NBP. 
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5.2 Analysis of the TLCD efficiency 

The influence of the frequency content of the excitation can be addressed through the efficiency of the optimum 
TLCD to reduce the displacements and accelerations of the structure, quantified using 𝑅𝑅𝑑𝑑 and 𝑅𝑅𝑎𝑎 respectively. These 
factors are defined in Eq. 31 and Eq. 32. 

𝑅𝑅𝑑𝑑 = �1 −
𝜎𝜎𝑋𝑋𝑊𝑊_𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇
𝜎𝜎𝑋𝑋𝑊𝑊/𝑂𝑂_𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇

� 100  (31) 

𝑅𝑅a = �1 −
𝜎𝜎�̈�𝑋𝑊𝑊_𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇
𝜎𝜎�̈�𝑋𝑊𝑊/𝑂𝑂_𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇

� 100  (32) 

Where 𝜎𝜎𝑋𝑋𝑊𝑊_𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇  stands for the standard deviation of the main structure displacement, when the TLCD is attached to the 
main structure, while 𝜎𝜎𝑋𝑋𝑊𝑊/𝑂𝑂_𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 defines the standard deviation of the main structure displacement without TLCD. 
Likewise, 𝜎𝜎�̈�𝑋𝑊𝑊_𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇  is the standard deviation of the accelerations of the main structure with the TLCD, and 𝜎𝜎�̈�𝑋𝑊𝑊/𝑂𝑂_𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 is 
the standard deviation of the acceleration of the main structure without TLCD. 

5.2.1 Influence of the mass ratio in the efficiency of the TLCD 

Figure 11 shows the TLCD displacement reduction efficiency with respect to the mass ratio for three values of the 
structure period and three length ratios. Figures 11 a) and 11 b) correspond to BBP and NBP cases, respectively. 
Independent of the excitation frequency, the TLCD efficiency increases as the mass ratio increases, being higher for 
longer length ratio values. Furthermore, for the NBP case, it can be noticed that the TLCD efficiency is even higher for 
structures with periods similar to the predominant period 𝑇𝑇𝑝𝑝 of the excitation (Table 3). 

 
Figure 11 Displacement reduction (𝑅𝑅𝑑𝑑) as a function of mass ratio (𝜇𝜇) with a system damping 𝜌𝜌𝑠𝑠 = 0.05. a) Broad Band Process for 

and b) Narrow Band Process. 
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Table 3 Optimum parameters and reduction 𝑇𝑇𝑠𝑠 = 𝑇𝑇𝑝𝑝 = 1.982 (𝑠𝑠) NBP. 

𝒑𝒑 0.5 0.6 0.7 

𝜇𝜇 0.02 0.03 0.05 0.02 0.03 0.05 0.02 0.03 0.05 
𝜔𝜔𝑜𝑜𝑝𝑝𝑜𝑜 𝜔𝜔𝑠𝑠⁄  0.9240 0.9261 0.9279 0.8821 0.8856 0.8936 0.8173 0.8232 0.8346 
𝜌𝜌𝑜𝑜𝑝𝑝𝑜𝑜 2.7328 2.6411 2.4243 4.5455 4.4317 4.1757 7.7898 7.6373 7.3188 
𝑇𝑇𝑒𝑒𝑒𝑒  2.1543 2.1571 2.1789 2.2551 2.2478 2.2418 2.4274 2.4120 2.3852 
𝑅𝑅𝑑𝑑 9.3840 13.3746 20.2433 9.9398 14.0964 21.6759 9.6916 14.0500 21.5833 
𝑅𝑅a 9.9690 12.9400 19.8600 9.2570 13.3900 20.7700 8.9980 13.0100 20.3500 

The efficiency of the TLCD in terms of the acceleration reduction with respect to the mass ratio is presented in 
Figure 12. It is observed that the efficiency to control the accelerations is lower than the effectiveness achieved for the 
displacements for both stochastic processes (Figure 11). For the BBP case, the acceleration reduction increases with the 
mass ratio, but it decreases as the structure becomes more flexible. On the other hand, for the NBP motion, the same 
behavior of the reduction of the displacement is observed for the accelerations but with lower effectiveness for 
structures with 𝑇𝑇𝑠𝑠 = 2.5(𝑠𝑠). In particular for NBP and structures with 𝑇𝑇𝑠𝑠 = 1.5(𝑠𝑠) and 𝑇𝑇𝑠𝑠 = 2.0(𝑠𝑠) the effect of the length 
ratio is not significant and 𝑅𝑅a values are slightly larger than 𝑅𝑅𝑑𝑑. 

 
Figure 12 Acceleration reduction (𝑅𝑅a) as a function of mass ratio (𝜇𝜇) with a system damping 𝜌𝜌𝑠𝑠 = 0.05. a) Broad Band Process for 

and b) Narrow Band Process. 

5.2.2 Influence of the length ratio in the efficiency of the TLCD 

Figure 13 shows the TLCD efficiency in reducing the displacements 𝑅𝑅𝑑𝑑 with respect to its length ratio for three 
periods of the main structure and three length ratios. Figure 13 a) and Figure 13 b) correspond to BBP and NBP cases, 
accordingly. As shown in those figures, the TLCD is more efficient when its length ratio increases, independently of the 
frequency content. However, for the NBP case, the TLCD efficiency is even better for 𝑇𝑇𝑒𝑒𝑒𝑒 values close to the predominant 
period of the excitation. 

Figures 14 a) and 14 b) present the influence of the length ratio in the reduction of the main structure’s acceleration 
for the BBP and NBP seismic demands, respectively. It is shown that when the seismic excitation is broad-band (BBP), the 



Influence of the excitation frequency content on the efficiency of a tuned liquid column damper G. Espinoza et al. 

Latin American Journal of Solids and Structures, 2021, 18(7), e404 14/20 

TLCD is less effective in the reduction of accelerations than displacements. However, the global behavior of the curves is 
analogous due to the reduction factors increment with respect to the length ratio. Besides, for the narrow-band motion 
(NBP), higher efficiency is obtained for the accelerations than displacements for rigid structures. Additionally, the effect 
of the mass ratio is also less significant in the reduction of accelerations for the BBP case and NBP with 𝑇𝑇𝑠𝑠 = 2.5(𝑠𝑠) with 
regard to 𝑅𝑅𝑑𝑑. 

 
Figure 13 Displacement reduction (𝑅𝑅𝑑𝑑) as a function of length ratio (𝑝𝑝) with a system damping 𝜌𝜌𝑠𝑠 = 0.05. a) Broad Band Process 

for and b) Narrow Band Process. 

 
Figure 14 Acceleration reduction (𝑅𝑅a) as a function of length ratio (𝑝𝑝) with a system damping 𝜌𝜌𝑠𝑠 = 0.05. a) Broad Band Process for 

and b) Narrow Band Process. 
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5.2.3 Influence of the damping of the main system in the efficiency of the TLCD 

Figure 15 shows the TLCD displacement reduction efficiency as a function of the main structure’s damping ratio for 
three structure period values and three length ratio values. Similar to previous figures, Figure 15 a) corresponds to the 
BBP case, while Figure 15 b) represents the NBP case. TLCD efficiency decreases as the main structure damping increases. 
This effect is observed independently of the excitation frequency content. In the BBP case, the reduction of the optimum 
TLCD depends on the length ratio, being higher for longer length ratios. In contrast, for the NBP case, the TLCD efficiency 
is insensitive to the length ratio. 

Concerning the influence of the damping of the main structure in the acceleration reduction factor, as presented in 
Figure 16, the decreasing behavior with respect to 𝜌𝜌𝑠𝑠 is equivalent to the one observed for 𝑅𝑅𝑑𝑑. However, once again, the 
effectiveness in controlling the accelerations is lower than the reduction of displacements for the BBP process and the 
most flexible structure in the NBP case. 

 
Figure 15 Displacement reduction (𝑅𝑅𝑑𝑑) as a function of the main system damping (𝜌𝜌𝑠𝑠) with a mass ratio 𝜇𝜇 = 0.02. a) Broad Band 

Process for and b) Narrow Band Process. 

 
Figure 16 Acceleration reduction (𝑅𝑅a) as a function of the main system damping (𝜌𝜌𝑠𝑠) with a mass ratio 𝜇𝜇 = 0.02. a) Broad Band 

Process for and b) Narrow Band Process. 
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5.2.4 Influence of the main structure – TLCD equivalent period in the efficiency of the TLCD 
Figure 17 shows the TLCD displacement reduction efficiency in terms of the equivalent period of the structure – TLCD 

system (𝑇𝑇𝑒𝑒𝑒𝑒) for three mass ratios and three length ratios. Figure 17 a) stands for the BBP case, and Figure 17 b) corresponds 
to the NBP case. As it may be noticed in Figure 17 a), the TLCD displacement efficiency is a function of the excitation 
bandwidth, being more efficient when excitation frequency bandwidth is broader. In general, the behavior of the 
displacement reduction differs in both excitations due to the existence in the NBP case of a maximum 𝑅𝑅𝑑𝑑 value, which 
occurs at a 𝑇𝑇𝑒𝑒𝑒𝑒 associated with the coincidence of 𝑇𝑇𝑠𝑠 with the predominant period of the seismic demand 𝑇𝑇𝑝𝑝 (Table 3). 

Figures 18 a) and 18 b) show the reduction factor 𝑅𝑅a as a function of 𝑇𝑇𝑒𝑒𝑒𝑒. It is observed that in high-frequency 
content excitations, the TLCD is less efficient in reducing accelerations than displacements. Another relevant aspect is 
the slope difference between 𝑅𝑅a and 𝑅𝑅𝑑𝑑 curves regarding 𝑇𝑇𝑒𝑒𝑒𝑒. For the displacement reduction curves, it is observer a 
trend to increase 𝑅𝑅𝑑𝑑 as 𝑇𝑇𝑒𝑒𝑒𝑒 becomes more flexible, while for the acceleration reduction curves, the behavior is the 
opposite. On the other hand, when the excitation is NBP, the efficiencies of the TLCD in the control of displacements and 
accelerations are very similar in shape and magnitude. Moreover, the acceleration reduction factors are less sensitive to 
the length ratio than the displacement reduction ratio. 

 
Figure 17 Displacement reduction (𝑅𝑅𝑑𝑑) as a function of the equivalent structure – TLCD period �𝑇𝑇𝑒𝑒𝑒𝑒� with a system damping 𝜌𝜌𝑠𝑠 =

0.05. a) Broad Band Process for and b) Narrow Band Process. 

 
Figure 18 Acceleration reduction (𝑅𝑅a) as a function of the equivalent structure – TLCD period �𝑇𝑇𝑒𝑒𝑒𝑒� with a system damping 

𝜌𝜌𝑠𝑠 = 0.05. a) Broad Band Process for and b) Narrow Band Process. 
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5.3 Deterministic analysis of the response in time with an optimum TLCD 

A deterministic analysis is performed in the following sections, considering the stochastic analysis results for both 
frequency contents. 

5.3.1 High-frequency content excitation time-history analysis 

Figure 19 shows the displacement response when the model is excited by an artificial earthquake compatible with 
the B soil class spectrum of the Chilean NCh2745:2013 code. In both time series plots, the main structure response 
addresses both the main structure response without TLCD and the main structure response when an optimum TLCD is 
used to control the structure. 

The optimal parameters of the TLCD are presented in Table 4. A mass ratio value 𝜇𝜇 = 0.02 has been considered for 
the main structure response showed in Figure 19 a), and in Figure 19 b) is shown the main structure response for a 𝜇𝜇 =
0.05. By comparing the figures, a better TLCD efficiency in terms of displacement and acceleration is noticed when the 
mass ratio is higher. Besides, the reduction of the displacements is larger than the reduction of accelerations if the 
optimal TLCD is considered. These observations coincide with the previous stochastic analysis performed. 

 
Figure 19 Main structure displacement (left) and acceleration (right) time-history when subjected to an artificial earthquake 

compatible with the Chilean NCh 2745 B soil class spectrum. Length ratio 𝑝𝑝 = 0.5, 𝜌𝜌 = 0.05, 𝑇𝑇𝑠𝑠 = 2.0 𝑠𝑠. a) Mass ratio 𝜇𝜇 = 0.02. b) 
Mass ratio 𝜇𝜇 = 0.05. 

Table 4 Optimal parameter of the TLCD for deterministic time-history analysis. 

Seismic Input 𝝁𝝁 𝒑𝒑 𝑻𝑻𝒔𝒔 𝑻𝑻𝒆𝒆𝒆𝒆 𝝎𝝎𝒐𝒐𝒑𝒑𝒐𝒐 𝝎𝝎𝒔𝒔⁄  𝝃𝝃𝒐𝒐𝒑𝒑𝒐𝒐 𝑹𝑹𝒓𝒓 𝑹𝑹𝐚𝐚 

BBP 0.02 0.5 2.0 2.1338 0.9753 1.7133 24.02 17.88 
0.05 0.5 2.0 2.1771 0.9601 3.0149 27.15 24.07 

NBP 0.02 0.5 1.8 2.0671 0.8755 2.2962 19.11 20.06 
0.02 0.7 1.8 2.3566 0.7661 6.1922 16.78 21.79 

5.3.2 Low-frequency content excitation time-history analysis 

Similarly, in Figure 20 it is shown the displacement time-history response of the main structure when the model is 
subjected to the 1985 Mexico earthquake, which has a predominant period 𝑇𝑇𝑝𝑝 = 1.93 (𝑠𝑠). Figure 20 shows the main 
structure displacement and accelerations for a mass ratio value equals 0.02, and a damping ratio equals 0.05. The optimal 
parameter of the TLCD considered are showed in Table 4. 
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In Figure 20 a), with the considered structure period and a length ratio of 𝑝𝑝 = 0.5, an equivalent linear period of 
the structure plus the TLCD of 𝑇𝑇𝑒𝑒𝑒𝑒 = 2.078 (s) is obtained, which coincides, approximately, with the predominant period 
of the excitation 𝑇𝑇𝑝𝑝. In Figure 20 b), the main structure period 𝑇𝑇𝑠𝑠 is again 1.8 (s) but, in contrast with Figure 20 a), the 
length ratio is 𝑝𝑝 = 0.7, giving an equivalent linear period 𝑇𝑇𝑒𝑒𝑒𝑒 = 2.356 (s), far away from the predominant excitation 
period. 

As shown in Figure 20, there is a reduction in the maximum main structure displacement and acceleration when the 
TLCD is attached. In this case, the reduction of accelerations is larger than the reduction of displacements for both 𝑝𝑝 =
0.5 and 𝑝𝑝 = 0.7. Although there are differences in magnitude, this result follows the findings of the stochastic analysis 
presented in Figure 13 and Figure 14, where is showed that for a mass ratio 𝜇𝜇 = 0.02 the values of 𝑅𝑅a are larger than 𝑅𝑅𝑑𝑑 
for the NBP process in the whole studied range of the length ratio. 

Concerning the displacemt reduction, the 𝑅𝑅𝑑𝑑 obtained in Figure 20 a) is higher than the one obtained when the 
TLCD is employed with the system parameters specified in Figure 20 b). This fact also verifies the result derived from the 
stochastic analysis (i.e., Figure 17 b), where it is concluded that the highest displacement reduction for the NBP case 
occurs when the structure has a period that causes a tuning between the excitation predominant period and main 
system-TLCD linear equivalent period. 

 
Figure 20 Main structure displacement (left) and acceleration (right) time-history when subjected to the 1985 Mexico Earthquake. 

Mass ratio 𝜇𝜇 = 0.02, 𝜌𝜌 = 0.05, 𝑇𝑇𝑠𝑠 = 1.8 𝑠𝑠. a) Length ratio 𝑝𝑝 = 0.5 and 𝑇𝑇𝑒𝑒𝑒𝑒 = 2.078 (𝑠𝑠). b) Length ratio 𝑝𝑝 = 0.7 and 𝑇𝑇𝑒𝑒𝑒𝑒 =
2.356 (𝑠𝑠). 

6 CONCLUSION 

Form the results obtained in this study; it may be concluded the following: 

1. The TLCD efficiency depends on the frequency bandwidth of the seismic excitation, being more effective for 
excitations with high-frequency content. 

2. When subjected to a broad frequency bandwidth excitation: 

a. The optimum frequency of the TLCD tends to be perfectly tuned to the main system frequency, being practically 
insensitive to the variation of the TLCD and main structure parameters addressed in the current investigation. 

b. The optimum TLCD head loss coefficient has higher values as its mass ratio and length ratio increase, and when 
the structure is more flexible. 
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c. The TLCD is more efficient when the mass ratio, length ratio, and main structure period are higher. In contrast, 
it is less efficient as the main structure damping increases. 

3. When subjected to a narrow frequency bandwidth excitation: 

a. The TLCD optimum properties are very sensitive to the parameters considered in the study. 

b. The optimum tuning ratio behaves differently in very flexible structures (𝑇𝑇𝑠𝑠 > 2 (𝑠𝑠)), approaching to be 
perfectly tuned to the main structure. The optimum value does not depend on the mass ratio of the TLCD, nor 
of the main structure damping coefficient. 

c. If 𝑇𝑇𝑠𝑠 < 2.5 (𝑠𝑠) the optimum tuning ratio depends slightly on the mass ratio and the damping ratio, being lower 
if the damping ratio is smaller. However, the optimum tuning ratio is very sensitive to the TLCD length ratio, 
being higher if this ratio is increased. It is also sensitive to the main structure period, reaching a minimum for 
the period that matches the system’s equivalent linear period with the TLCD device attached. This equivalent 
linear period coincides with the predominant period of seismic excitation. 

d. The TLCD head loss coefficient behaves differently in very flexible structures (𝑇𝑇𝑠𝑠> 2 s), keeping the same 
behavior in more flexible structures, but with a lower value. As the main system turns out rigid, a significant 
sensitivity occurs with respect to the length ratio, decreasing its value with respect to the length ratio. 
Sensitivity is also noticeable regarding the structure period, reaching a maximum value that corresponds to the 
structure period value in which an inflection point at the frequency ratio curves occurs. 

e. The TLCD performance is better for larger mass and length ratios and tends to be less efficient as the structure’s 
damping ratio increases. The maximum TLCD performance occurs when the main structure period coincides 
with the predominant seismic excitation period. In this case, the optimum TLCD frequency tunes the linear 
equivalent period of the system TLCD-structure. 

f. Although the NBP case was considered to have a long predominant period in this study, results suggest that 
the findings could be extended to narrow-banded seismic demands independently of the value of its 
predominant period. Further research is needed. 

4. In general terms, the effectiveness of the TLCD to reduce the accelerations is lower than efficiency to reduce the 
displacements. However, in certain cases when the structural period is short (𝑇𝑇𝑠𝑠 < 2.0 𝑠𝑠), the mass ratio of the TLCD 
is small, and the seismic demand possesses a narrow content of frequencies, the capability of the TLCD to reduce 
the accelerations is larger than the reduction of displacements. 

5. The results of the deterministic analysis verify the results of the research conducted in the stochastic context. 
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