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We present a derivation of the Lindblad equation - an important tool for the treatment of nonunitary evo-
lutions - that is accessible to undergraduate students in physics or mathematics with a basic background on
quantum mechanics. We consider a specific case, corresponding to a very simple situation, where a primary
system interacts with a bath of harmonic oscillators at zero temperature, with an interaction Hamiltonian that
resembles the Jaynes-Cummings format. We start with the Born-Markov equation and, tracing out the bath
degrees of freedom, we obtain an equation in the Lindblad form. The specific situation is very instructive, for it
makes it easy to realize that the Lindblads represent the effect on the main system caused by the interaction with
the bath, and that the Markov approximation is a fundamental condition for the emergence of the Lindbladian
operator. The formal derivation of the Lindblad equation for a more general case requires the use of quantum
dynamical semi-groups and broader considerations regarding the environment and temperature than we have
considered in the particular case treated here.

Keywords: Lindblad equation, open quantum systems.

Apresentamos uma derivagdo da equagdo de Lindblad - uma ferramenta importante no tratamento de
evolugdes ndo-unitdrias - acessivel a estudantes de graduacgdo em fisica ou matemaética com nogoes béasicas de
mecanica quantica. Consideramos aqui um caso especifico, correspondente a uma situagao bem simples, onde
o sistema principal interage com um banho de osciladores harmonicos a temperatura nula, com hamiltoniano
de interacdo que se assemelha ao modelo de Jaynes-Cummings. Iniciamos com a equacdo de Born-Markov e,
através do traco parcial dos graus de liberdade do banho, obtemos uma equacao na forma de Lindblad. Essa
situacao especifica é bem instrutiva, pois permite verificar que os lindblads representam a contribuicao do sistema
principal ao hamiltoniano de interacao com o banho, e que a aproximagao markoviana é vital para o surgimento
do lindbladiano. A dedugao formal da equagao de Lindblad para situagoes gerais requer o uso do formalismo de
semigrupos dinamicos quanticos e consideracoes mais abrangentes sobre o ambiente e a temperatura do que as
utilizadas aqui.

Palavras-chave: equagao de Lindblad, sistemas quénticos abertos.

results.

On the other hand, in quantum optics, the

The Lindblad equation [M] is the most general form for a
Markovian master equation, and it is very important for
the treatment of irreversible and non-unitary processes,
from dissipation and decoherence [@] to the quantum
measurement process [B,@]. For the latter, in recent ap-
plications [@,H], the Lindblad equation was used in the
introduction of time in the interaction between the mea-
sured system and the measurement apparatus. Then,
the measurement process is no longer treated as instan-
taneous, but finite, with the duration of that interac-
tion changing the probabilities - diagonal elements of
the density operator - associated to the possible final
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analysis of spontaneous emission on a two-level system
conducts to the Lindblad equation [B]. At last, in the
case of quantum Brownian movement, it is possible to
transform the Caldeira-Leggett equation [@] into Lind-
blad with the addition of a term that becomes small in
the high-temperature limit [B]. These are a couple of
many applications of the Lindblad equation, justifying
its understanding by students in the early levels.
Contrasting against its importance and wide range
of applications, its original deduction [M] involves the
formalism of quantum dynamical semigroups [B8, 8],
which is quite unfamiliar to most of the students and
researchers. Other more recent ways to derive it in-
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volve the use of Itd stochastic calculus [, M| or, in
the specific case of quantum measurements, consider-
ations about the interaction between the system and
the meter [[@. Another deduction, where the quan-
tum dynamical semigroups are not explicitly used can
be found on Ref. [B]. These methods, their assump-
tions, their applications, and, more importantly, their
physical meanings appear very intimidating to begin-
ning students.

To make the Lindblad equation more understand-
able, this article presents its deduction in the specific
case of two systems: S, the principal system, and B,
which can be the environment or the measurement
apparatus, at zero temperature, with an interaction
between them that resembles the one of the Jaynes-
Cummings model [B]. Initially we derive the Born-
Markov master equation [B] and then we trace out
the degrees of freedom of system B. The Lindbladian
emerges naturally as a consequence of the Markov ap-
proximation. Each Lindblad represents the effect on
system S caused by the S — B interaction.

Clearly, the present approach does not prove the
general validity of the Lindblad equation. Our intention
is simply to provide an accessible illustration of the va-
lidity of the Lindblad equation to non-specialists. The
only prerequisite to follow the arguments exposed here
is a basic knowledge of quantum mechanics, including
a familiarity with the concepts of the density operator
and the Liouville-von Neumann equation, at the level
of Ref. [3], for example.

The paper is structured as follows: in the sec. 2 we
derive the Born-Markov master equation by tracing out
the degrees of freedom of system B, starting from the
Liouville-von Neumann equation; in sec. 3 we derive
the Lindblad equation; and in sec. 4 we present the
conclusion.

2. The Born-Markov master equation

Let us consider a physical situation where a principal
system S, whose dynamics is the object of interest, is
coupled with another quantum system B, called bath.
Here, Hs and Hp are, respectively, the Hilbert spaces
of principal system S and bath B; the global Hilbert
space S + B will be represented by the tensor-product
space Hs ® Hpi. The total Hamiltonian is

H(t)=Hs®1p+1s® Hp +aHlsp, (1)

where Hg describes the principal system .S, Hp de-
scribes the bath B, ﬁgB is the Hamiltonian for the
system-bath interaction and 1z and 1g are the corre-
sponding identities in the Hilbert spaces. Here, we will
considerate fIS and H B both time-independent. For
the sake of simplicity, let us ignore the symbol ® and
write

H(t)= Hs + Hp + aHgp. (2)
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Here, « is a real constant that provides the intensity of
interaction between the principal system and the bath.
Writing psp for the global density operator (S + B),
the Liouville-von Neumann equation will be:

G L
%pSB— 3

It is convenient to write Eq. (B) in the interaction pic-
ture of Hg + Hg. With the definitions of the new den-
sity operator and Hamiltonian:

[ﬁs+ﬁ3+aﬁ537ﬁss ~ (3)

H (1) = er(Hstin)t o o=k (As+fn)t (g

and

p(t) = X It ) o (1) e~k (st o)t (5)
the new equation forp (t) will be

d i A
)= —saH®).50)]. (6)
Here and in the following, we will use the time argu-
ment explicited ((t)) to indicate the interaction-picture
transformation.

We want to find the evolution for pg(t) =
trp {psp (t)} where, according Eq. (B),

psp (1) = e~ (st} e (Asrin)t ()

Equation (B) is the starting point of our iterative
approach. Its time derivative yields

1

p =50 o [ [H@) @) @
Replacing Eq. (B) into Eq. (B), we have

4oty = Lo @).50)] -

;me%WM%wﬂﬂ- (9)

For the Born approximation, Eq. (B) is enough. Then,
we take the partial trace of the bath degrees of freedom,

a0 e 0.0

_hlza?trBHﬁ ), /O t B ()5 (0)] dt'”- (10)

By the definition in Eq. (@), H (t) depends on Hgp,
and Hgp can always be defined in a manner in which
the first term of the right hand side of Eq. (D) is zero.
Hence, we obtain

%ﬁs (1) = —%aztrg { {H (1) ,/Ot [H (t’),ﬁ(t')} dt’] } .
(1)
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Integrating Eq. () from ¢ to ¢’ yields

ps (t) —ps (t') =

_%az /tt/ dt'trg { [H ('), /Ot, [H (" ,ﬁ(t”)} dt”] } ,

which shows that the difference between pg (t) and
ps (t') is of the second order of magnitude in « and,
therefore, we can write pg(t) in the integrand of
Eq. (I), obtaining a time-local equation for the density
operator, without violating the Born approximation

d

1
7 ——ozZtrB

The « constant was introduced in Eq. (B) only for
clarifying the order of magnitude of each term in the
iteration and, now, it can be supressed, that is, let us
take a = 1 (full interaction). Thus, let us write

1 N fra
0 =—gera{ [0 [ [H0)p0] 2]},
0
(13)
For this approximation, we can write p (t) = pgs (t) ®pp
inside the integral and obtain the equation that will be

used in the next calculations (again, for the sake of sim-
plicity, let us ignore the symbol ®)

%ﬁs (t)
1 oo , A N A
_ﬁ/o dt'trp {[H(t), [H(t )+ Ps (t)pBH} , (14)

where we assume that the integration can be extended
to infinity without changing its result. Equation (Id) is
the Born-Markov master equation [B].

- Ps

3. Lindblad equation

3.1. The master equation commutator

Let us consider that system-bath interaction is of the
following form,

Hsp = h(SBHS‘TB), (15)
J

[ [A@).mps 0] = n

= h

+ h

{{ﬁ(t),/ot (B ()50 dt’]}.
(12)
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where Sis a general operator that acts only on the prin-
cipal system S, and B is an operator that acts only on
the bath B. Now, we consider that S commutes with
Hs, 1. €.,

resulting in
(16)

(S is not affected by the interaction-picture transfor-
mation). Let us consider the bath hamiltonian defined
by a bath of bosons,

Hp = hY wi)ax (17)
k

where a; e &,TC are the annihilation and creation bath

operators, the wy are the characteristic frequencies of
each mode, and the B operator on Eq. ([3) defined by

(18)

B = > giax,
B

where g, are complex coefficients representing coupling
constantes. Then, in the interaction picture,

B(t) = enllstpe-itlnt, (19)
Expanding each exponential and using the commutator
relations, Eq. ([¥) will result in

B(t) =) ghage ™. (20)
k

The interaction (IF) with the definition (I8) resembles
the Jaynes-Cummings one, who represents a single two-
level atom interacting with a single mode of the radia-
tion field [2, 14].

With  this, (3),

the commutator in Eq.

[f[ (t), [H (t'), ps (1) ﬁB:H , will be evaluated. Firstly,
[SE}T t)+STB(t), [H (t'), pBps (t)H
[SBY (), [H(¥) . pups (0)]]
[STB (), [H (). pups (1)]]. (21)

The gradual expansion of each term in Eq. (E0) will result in
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(BT @), [B @), pps ]| = n|SBT®),[SBT () +STB(), hmis (1)]]

[SBT(¢)+ $TB(1)] hsis (1

pBps ()[SBT + 8B t’}

— R[SBY(¥)+ STB (W) pmps (1) SBT (1)

+ hppps (t) [S‘BT )+ STB (¢t )] SBT (1) (22)

and

S1B @, (A @) peps®]] = 1|STB@,[SBN (W) +STB(), hmhs (1)]]

[SBT(¢)+ $TB ()] bsps (1

pBhs ()[SBT + 8B t’}

— R[SBNW)+ 8B W) psis () STB (1)

+ hpmps (1) [SBT (1) + STB ()| STB (), (23)

or, expanding Eqgs. (E2) and (23) and grouping the similar terms in S and B, we have

[SBY (@), [H (), pups D] = 1SSps (1) BT (0) BY (¢) o + 1SSt ps (1) BT (1) B (¢) s
— hSps (t) SBT(t) ppB' (t') — hSps (t) STBT (1) puB (')
— hSps (1) SBY () puBT (1) — hSTps (t) SB () pu B! (1)
+ hps (1) 88ppBT (') BT (1) + hps (1) $TSpsB (1) BT (1) (24)

and

[STB (), [H () pups 0] = hS'Sps (1) B(6) BT () pi +hS1S"ps (1) B () B(Y) b
— hS'ps (1) SB(t) ppB' (t') — hS'ps (1) STB (1) ppB (')
12855 (0SB () puB (1) — hS1ps (1) STB (¢) pB (1)
+ hps (1) 8STppBY (') B (t) + hps (t) STSTpeB (') B (1) . (25)
3.2. The partial trace
Now we are in a position to trace out the bath degrees of freedom in Eqgs. (EA) and (E3). As we can verify with
Eq. (2D),
trp {B(t)B(t’)ﬁB} = trp {BT (t) B (t’),éB} =0, Vt,t.
With this, then,
trp { |SBT (), |H () pwps 0)] |} = 188Ths (0ytrs { BT (1) B(t') ps
- FLSpS SHT‘B

— StTB B t/ BBJf t

+ hps(t STStrB pBB (t (t) (26)

{7
(i
{7
{



A simple derivation of the Lindblad equation

and
trBHS‘TB(t),[ﬁ(t’),ﬁ}gﬁg(t)ﬂ} = 8185 (1) trp { B (t pB}

B(t /JBBT t/)}

j
J

— hSTpg (t) Strg {
- hSpS STtTB {B pBB (t)
+  hps (t) SSTtrg {/)BBT B(t)

where, if we use the ciclic properties of the trace,

try { [SBT (t), [H (t'), prps (t)“} = [SSTpS (t) — Sps (1) s} trp {BT ) B (t) ﬁB}
+ h [ps (t) 818 — 8ps (1) ST] trp {B (") Bt (1) pB}

and

trn {[$TB(0), [H(¥),ppps 0]} = 1[578s () = Sps (1) 8] tr { B() B (') s}

+ h [ﬁs (t) 881 — $1ps (1) 5] trp {BT (t") B (1) ;33} .

The terms represented by Egs. (E8) and (E9) allow us to return to the Eq. (E0)
tri { [H (1), [H (t'), pups (t)“} — 128 ~ 81ps (1) S} tre { BT () B(t') pp

351 { }
B2 [p )55~ 5ps (1) 81] trs { B () B (1) ps }
K2 [STSps — Sps (t Sq irp {E (t) BT () ﬁB}

2 [ps * }

_|_

+

+ £) 858t — $tps () S} trp {B G IO

3.3. The expansion of the integrand of the master equation

With the results of the preceding paragraphs, the integrand in Eq. (Id) becomes

tr { [ 0), [ (), 805 (]|} = 12 |$57hs (1) = 575 (1) 8| trs { BT (1) B(¥)
+ K :[)5 (t)STS — Spg (t) Sq trg {B )BT (t) ps
{

J

( J

+ n?[S*Sﬁsu—éﬁs()s*}trB B(t) B (1) s |
+ 2 [ps (1) S5T - sfps()s}trB{BT(t’)B(t)ﬁB}.

For convenience, let us define the functions

F(t) = /Otdt’trB{B(t)éT(t’),éB},

= /Ot dt'trp {ET (t")B(t) ps

/t dt'trp {B (t") BT (t) /BB} ;
0
/O dt'trg {BT ) Bt ﬁB} :

—

Then,

&S|
*
—
-
N~—
Il

Q
*
—
3
S~—
|
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(31)

(32)
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Replacing Eq. (B0) in Eq. (IA) yields

Dhstt)y = —[881ps (1)~ §ps (18] G (1) ~ [ps ()55 — 5ps (1) 1] F* (1)

— 5785 (1) = Sps (1) ST| F (1) — |ps (1) 88T = 8%hs (1) 5] G (1), (33)

Actually, the usual Lindblad equation emerges when G(t) = 0 and F(t) = F*(¢). In the following, we make
some specifications about the environment to discuss these approximations in detail.

3.4. The bath specification

Furthermore, for the initial state of the thermal bath, we consider the vacuum state

pp = (10)]0)...) ® ({0 (0] ...) . (34)

The evaluation of the F (t) and G (t) functions defined in Eq. (B2) are done considering the B (t) and pp
definitions in Eqgs. (20) and (84). By Eq. (20), BT (t) is

ngcﬁ ot (35)

Then, the partial trace in F'(t) and G (¢) can be evaluated

s {B@ B () o} = e {BOB(¥)(10)10)..) @ (0](0]...) } (36)

and

trp (BT () B()ps} = trp {BT(¥) B®)(10)]0)...) @ ((01(0]..)}. (37)

If we use some bath state basis{|b)}, Eqs. (B8) and (B2) become

wp {BOB W) op) = S OIB@ B ()(0)10)...) @ (0] (0] ) b)

b

= > ({0[0]...) [b) (8| B (t) B" (') (0} |0) ...

b

({01401 ..) D 1b) (o] B (t) BT () (10) [0) -..)

b
({0 0] ..) B (#) BT (¢') (|0} |0) ...) (38)

and

s {BU) BW s} = S OIBT () B (1) (0)10) ) ® (0] (0] [b)

b

= > ({0[{0]...) [b) (8| B (') B (1) (|0} |0) ...

b

({01401 ..) D 1b) (o] BY (¢') B (¢) (10) [0} -..)

b
(01 (0] ...) BT (') B (#) (|0) [0) ...) - (39)
Let us expand BT (t) and B (t) using Eqgs. (20) and (B3)
s {BWB () os} = (01(0]... ngake it N grad,e e ((0)0) ...)

K’

- nggke i(ent=wt’) ((0[ (0] ..) aral, (|0} [0) ...) (40)
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and

tr {BT W) B ps) = (01(01.) Y gwal,es™ 3" giage™ ™ (0)]0) .
T

k

= Y grgwe ) (0] (0] ) afdx (0 [0) ) = 0 (41)
k,k’

Hence, we can rewrite Eq. (E0) with the dL operators on the left of the a; operators. We know that

flkd};, = 6k,k’ + d,];,&k. (42)
Then
trg {B (t) Bt (t/) [)B} _ Zgzgk/efi(wktfwk/t’)é-k’kl i Zgzgk/efi(wktfwkrt’) (<O| <O‘ ) d};,&k (|O> |O> )
k' koK

= Z |9k|2 eiwn(t=t) (43)
k
Therefore, from Eqgs. (EX) and (E3), it follows that
t
F (t) — Z ‘gk|2 / dt/e—iWk(t—t )’
= 0
G(t) = 0. (44)

3.5. Transition to the continuum

In the expression of F' (t) in Eq. (E2), if we adopt the general definition of the density of states as
T(w) =Y "1gl* 0 (w—w), (45)
1

then the sum over k can be replaced by an integral over a continuum of frequencies

[e%¢) t
F(t) = / dwJ (W) / d'e= (1),
0 0
|
Let us introduce the new variable Eq. (I), that is, we take
o= +_ t/, fooo dre™iwT,
dr = —dt/, As the integrand oscillates, we will use the device
with / dre™7 = lim dre™"T—7T
0 n—=0% Jo
1

t 0 t = lim+ T
/dt’ - —/ dT:/dT, O e
0 t 0 . n— 1w

= lim ——
n—0t+ 1% + w?

yielding . . iw
= lm —— - lim ——
oo t , n—0t 2 +w? oot n? 4 w?
F@{) = / dwJ (w)/ dre ™7, 1
0 0 = 7 (w)—1iP—,
w
3.6. The Markov approximation where P stands for the Cauchy principal part. Then,
In the Markov approximation, the limit t — oo is taken F = rx /OO dwJ (w) 6 (w) —iP /Oo dw J (w)
in the time integral, as we have mentioned regarding 0 0 w



1303-8

3.7. The final form

For a general density of states, F yields

Brasil et al.

27r/0 dwJ (w) 6 (w), (47)

o
o2t (46) e = —2P /Oo PREACHY (48)
== i "
where J As we have verified that G = 0, let us replace Eq. (D)
in Eq. (83)
d . . At A A A — e St A - sl Y+ lE
— = — TS T _ | &t _ T
b (1) (05 (1) 818 5ps (1) 51] T — [88ps (1) — $ps (1) §1] 15
= 5 [ps (818~ Sps (1) 8"+ 515ps (1) — Sps (1) §']

+ s |ps (1) 8T8 = 8ps (1) ST - §15ps (1) — Sps (1) ST

If the density of states is chosen to yield € = 0 (a Lorentzian, for example, where we can extend the lower limit of

integration to —oo), the final result is

Gios (0= |39s (51 = 3 {81505 0} (19)
Let us, then, return to the original picture. Since
ps (1) = erflstpsemiIst, (50)
then
d . U ifet sy A —ifst | iAstdPS _iper U ifrgts gy —ifgt
pri t) = 7er S'Hgpge ®7SY 4 ertis i st — Fer StpgHge n'ts
_ e%ﬁst%ef%lﬁst_‘_%e%ﬁst [ﬁs,ﬁs} ot Hst (51)

Performing the same operation on the right-hand side of Eq. (E9) gives

. N 1 (aen . i Ga & Liare » —iH
{Sps () 5" -3 {STS, ps (t)}} — e flst |:S,035T - {STS, ps}:| e st (52)
Replacing Eqgs. (B1) and (£2) in Eq. (), we obtain
dps _ i fg - ax ot _ L fate o
P |:H57psj| + {SPSS 3 {S 5,05} . (53)

4. Conclusion

In summary, in this paper we consider an interaction
that resembles the Jaynes-Cummings interaction [B],
Eq. (I3), between a bath and a system S, assum-
ing that the operator S commutes with the system
Hamiltonian, ﬁs, at zero temperature. We substi-
tuted Eq. ([3) in the Born-Markov master Eq. (I3d)
and took the partial trace of the degrees of freedom of
B. The T = 0 hypothesis is necessary to simplify the
calculations, making them more accessible to the stu-
dents, simplifying the treatment of Eqs. (BO) and (B84),

and avoiding complications such as the Lamb shift in
Eq. (I@). The Markov approximation in sec. 3-F was
also vital to obtain the final result, Eq. (B3). All these
simplifications limit the validity of our derivation to
more general cases, but it provides a detailed illustra-
tion of the physical meaning of each term appearing in
the Lindblad equation.

Equation (B3) is commonly presented with several
S operators, usually denoted by L, in a linear combi-
nation of Lindbladian operators. The L operators are
named Lindblad operators and, in the general case, the
Lindblad equation takes the form
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9 [0 [t - {50}

(54)
If we consider only the first term on the right hand
side of Eq. (B4), we obtain the Liouville-von Neumann
equation. This term is the Liouwillian and describes the
unitary evolution of the density operator. The second
term on the right hand side of the Eq. (B3) is the Lind-
bladian and it emerges when we take the partial trace
- a non-unitary operation - of the degrees of freedom of
system B. The Lindbladian describes the non-unitary
evolution of the density operator. By the interaction
form adopted here, Eq. (I3), the physical meaning of
the Lindblad operators can be understood: they repre-
sent the system S contribution to the S — B interaction
- remembering once more that the Lindblad equation
was derived from the Liouville-von Neumann one by
tracing the bath degrees of freedom. This conclusion is
also achieved with the more general derivation [0,8]. It
is important to emphasize that, due to our simplifying
assumptions, the summation appearing in Eq. (B2) was
not obtained in our derivation of Eq. (B3).

If the Lindblad operators I:j are Hermitian (ob-
servables), the Lindblad equation can be used to treat
the measurement process. A simple application in this
sense is the Hamiltonian I;TS X 6, (6, is the 2-level z-
Pauli mattrix) when we want to measure one specific
component of the spin (ﬁ X Oq, @ = ,V, 2, without the
summation) [B,8]. If the Lindblads are non-Hermitian,
the equation can be used to treat dissipation, deco-
herence or decays. For this, a simple example is the
same Hamiltonian H. s o ¢, with the Lindblad Loo_
(6- = “;ﬁ), where v will be the spontaneous emis-
sion rate [@].

Acknowledgments

C.A. Brasil acknowledges support from Coordenagao
de Aperfeicoamento de Pessoal de Nivel Superior

1303-9

(CAPES) and Fundacao de Amparo a Pesquisa do
Estado de Sao Paulo (FAPESP) project number
2011/19848-4, Brazil. F.F. Fanchini acknowledges sup-
port from FAPESP and Conselho Nacional de Desen-
volvimento Cientifico e Tecnolégico (CNPq) through
the Instituto Nacional de Ciéncia e Tecnologia - In-
formagao Quantica (INCT-IQ), Brazil. R. d. J. Napoli-
tano acknowledges support from CNPq, Brazil.

References

[1] Goran Lindblad, Commun. Math. Phys. 48, 119
(1976).

[2] Heinz-Peter Breuer and Francesco Petruccione, The
Theory of Open Quantum Systems (Oxford University
Press, Oxford, 2002).

[3] Tan Percival, Quantum State Diffusion (Cambridge
University Press, Cambridge, 1998).

[4] Carlos A. Brasil and Reginaldo de J. Napolitano, Eur.
Phys. J. Plus 126, 91 (2011).

[5] Carlos A. Brasil, Leonardo A. de Castro and Reginaldo
de J. Napolitano, Phys. Rev. A 84, 022112 (2011).

[6] Michael A. Nielsen and Isaac L. Chuang, Computagdo
Qudntica e Informacio Qudntica (Bookman, Porto
Alegre, 2005).

[7] Amir O. Caldeira and Anthony J. Leggett, Physica A
121, 587 (1983).

[8] Edward Brian Davies, Quantum Theory of Open Sys-
tems (Academic Press, London, 1976).

[9] Robert Alicki and Karl Lendi, Quantum Dynamical
Semigroups and Applications (Springer-Verlag, Berlin,
2007).

| Stephen L. Adler, Phys. Lett. A 265, 58 (2000).
] Stephen L. Adler, Phys. Lett. A 267, 212 (2000).

2] Asher Peres, Phys. Rev. A 61, 022116 (2000).
]

Claude Cohen-Tannoudji, Bernard Diu and Franck
Lalo, Quantum Mechanics (Wiley, New York, 1977).

[11] Wolfgang P. Schleich, Quantum Optics in Phase Space
(Wiley, Berlin, 2001).



