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The study of the motion of a rigid body on a plane (RBP motion) is usually one of the most challenging
topics that students face in introductory physics courses. In this paper, we discuss a couple of problems which
are typically used in basic physics courses, in order to highlight some aspects related to RBP motion which are
not usually well understood by physics students. The first problem is a pendulum composed of a rod and disk.
The angular frequency of the pendulum is calculated in two situations: disk fixed to the rod and disk free to
spin. A detailed explanation of the change in the angular frequency from one case to another is given. The second
problem is a ladder which slides touching a frictionless surface. We use this problem to highlight the fact that the
contact forces applied by the surface perform translational and rotational work despite that the total mechanical

energy of the ladder is conserved.

Keywords: Rigid body, angular momentum, work-energy theorem.

1. Introduction

Two basic objectives that students must achieve in learn-
ing physics are the understanding of fundamental con-
cepts, as well as the relationship between them. A basic
diagnostic tool to measure the understanding level of
the students is their performance applying basic con-
cepts to solve physical problems. However, in a typical
physics course, there are often many students who have
difficulty to reach these objectives. For example, it is
very common the misconception that there will always
be a force in the direction of motion. Therefore, it is
not a surprise that just a fraction of the students realize
that the direction of motion is given by the velocity
and not by the net force. One of the most challenging
topic in introductory physics courses is the motion of
a rigid body on a plane (RBP motion). In the RBP
motion, all the particles belonging to the body move in
fixed planes which are all parallel to the frame of ref-
erence i.e., the motion is bidimensional. Consequently,
the equations related to the RBP motion can involve up
to three coordinates, two for the position of the center
of mass (em) and, an additional one, for the angular
position of the body. Given the complexity of the RBP
motion, several theoretical aspects related to the teach-
ing of it have been treated in previous papers [IH6].
The learning difficulties and typical misconceptions of
the students, associated to the RBP motion, have been
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reported previously by several authors [T}, 3, [7HI6]. For
instance, the students have difficulty in determining the
magnitude of the torque and connecting the total torque
to the direction of rotation [I7]. It has been also reported
that the students typically are in trouble at understand-
ing that, in general, different points of a rigid body have
different velocities and accelerations [I§].

In this paper we focus in two situations related to the
RBP motion which usually are not well understood by
the students of introductory physics courses, that is why
we restrict to the physical and mathematical tools given
in this kind of courses instead of using more advanced
tools such as the Lagrangian formalism.

The first situation is related to the contribution of the
moment of inertia in the angular frequency of a body
composed by several rigid parts. Particularly, we con-
sider a compound physical pendulum, which consists of
a disk placed at the end of a rod as shown in Fig. [Ija).
In Ref. [19] this system is proposed as a problem that
challenges the students to determine the oscillation fre-
quency of the system in two cases. In the first case, the
disk is fixed to the rod forming a single rigid body. In the
second, the disk is mounted to the rod by a frictionless
bearing so that it is perfectly free to spin. This exercise
was chosen because it is very illustrative for our pur-
pose and surprisingly, a quick search in informal physi-
cal forums shows that many of the reported solutions do
not clearly explain why the oscillation frequency changes
from one case to the other even though when it is a
common problem that can be found in different course
materials [20H23]. Thus, our purpose here is to show that
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Figure 1: (a) Pendulum composed by a disk and a rod. (b) External forces acting on the rod-disk rigid system. In (c) and (d) the
forces acting on the disk and rod are shown, respectively. The interaction between the disk and rod is represented by the force N

and the torque 7.

() (v)

Figure 2: (a) A ladder of length 2¢ starts to slide from rest on
a frictionless surface and (b) forces acting on the ladder.

the students must realize how the angular momentum is
divided into two parts and its implications in the oscil-
lation frequency.

On the other hand, there are two basic approaches to
write the work-energy theorem in the RBP motion. In
the first one, the system is considered as a collection of
particles and the total work over the body, W, is the sum
over the work of each particle belonging to the system.
Therefore, W is given by:

W:Z/cﬁim-dﬁ-:AEh (1)

where F}"Et is the total force acting on the i-th par-
ticle which is the sum of the forces applied by other
particles belonging to the rigid body (ﬁf"t) plus forces
applied by particles that are not part of the rigid
body (Fert) [19, 24]. In the second approach for the
work-energy theorem, the motion of each particle is
decomposed in translation of the center of mass (cm)
and rotation about the c¢m. Consequently, in this last
approach the total work over the system has two differ-
ent contributions, one from the translation of the c¢m,
Wr, and another one from rotation, Wy.

The second situation we want to discuss is related to
the contributions of the external forces to the transla-
tional and rotational works. In several cases, the total
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mechanical energy of a body is conserved, although
there are forces which perform translational and rota-
tional work. Particularly, we consider another typical
example: a ladder that slides without friction as in
Fig. [2(a) [19, 24-28]. The forces associated to the wall
and floor perform rotational and translational works
which have the same magnitude but opposite sign. The
students often tend to assume that the translational
and rotational works associated to these forces are zero
instead of realizing that the joint contribution to the
work, Wy + Wr, is the one which vanishes.

We choose to discuss the composed pendulum and
the sliding ladder because they are classical examples of
RBP motion often used in introductory physics courses
to explain several concepts such as torque, angular
momentum, energy conservation, etc. Additionally, they
allow us to illustrate our objectives, so that the solutions
presented in this paper are more detailed than those
presented in [20H23] 27, 28]. For example, in the ladder
problem we use the integral of the work-energy theorem
instead of writing the energy conservation equation.

This paper is divided as follows. In Sec.[2| we present a
brief description of the basic equations of RBP motion.
In Sec. [3land [d] we apply these equations to the two sys-
tems previously mentioned: the composed pendulum and
the sliding ladder. Finally, in Sec. [f] we provide a discus-
sion of the results and give some advices to improve the
understanding of the students about the RBP motion.

2. Plane Rigid Body Dynamics

A body with mass M can be considered as a rigid body
if, for any couple of points p and p’ of the body, the
condition:

HFp - Fp’” = Opp’v (2)

is satisfied with Cp, being a constant and 7,
being the positions of the points. Therefore, for a rigid
body, the relative distance between any couple of points
belonging to the body remains constant.

DOI: https://doi.org/10.1590/1806-9126-RBEF-2020-0207



Gonzalez et al.

There exist two simple ways in which a rigid body
whose motion is restricted to a plane can move, it can
translate without rotating or rotate about a fixed axis
O’ without translating. In the first one, the motion of
the body is fully specified by the translational dynamics
of the cm. Consequently, the body motion is completely
described by the Newton’s second law, i.e., the net force
over the body, ﬁnet, is proportional to the acceleration of
the em, whose position, Ecm, is defined by the relation
MR,,, = fﬂ dm 7, where the integral extends over the
body region ).

The translational work done by the net force moving
the ¢m along the path C is given by:

—

Wr = /CdRcm - Fhet = AFEK, (3)
where B = M V2, /2 and Vom are the translational
kinetic energy and the velocity of the c¢m, respectively.
It is important to emphasize that Eq. is completely
general and still valid even if the body rotates on the
plane.

In the second simple case, the axis may be at rest or
moving with constant velocity without any change in its
orientation, then it is convenient to put the origin of
the inertial frame on the rotation axis O’. Besides, the
velocity of an arbitrary point of the body with position
7 measured from O’ can be written as ¥ = & X ¥ where
& is the angular velocity of the rigid body. In general,
¥ is not equal for the different points of the body but &
is the same for all of them. The rotational work Wy is
defined by means of the net torque over the body, which
is proportional to the angular acceleration &.

0B
Wy = / Fret - d6 = AEk, (4)
0a

where Ex = Ior w?/2 is the rotational kinetic energy
and Ip = fQ dmr? is the moment of inertia about O’.
It is important to emphasize that, for a rigid body, I
just depends on the mass distribution relative to O’.
Thus, it is clear that Ij, is independent on the motion
state of the body.

The most general case of RBP motion is given when
the rotation axis O moves on the plane. In this case,
it is convenient to decompose the motion of the body
in displacement of the c¢m and rotation about the cm.
This decomposition can be archived noticing that the
position of any point of the body, 7/, can be written as
the sum of the position of the center of mass ﬁcm and
the relative position of the point with respect to the ¢m,
7, as shown in Fig. [3] Thus, by using the decomposition
7l =7+ Ecm, the angular momentum is given by:

- / / — d N
- /F « dp :/dm(f’—i—Rcm)x—(F—i—Rcm)

—

= Rcm X ﬁcm + Icm (,U, (5)

where I.,, is the moment of inertia relative to the ecm
and P.,, the linear momentum of the center of mass.
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Figure 3: Rem and 7 represent the positions of the cm and of
the point p relative to the inertial reference system O, respec-
tively. Analogously, 7 is the position of p relative to the cm.

Hence, the net torque can be found by taking the time
derivative on Eq. :

7?net = Ecm X ﬁnet + Icm&~ (6)

If the body describes a pure rotation about the fixed axis
O', then V,,,, = R.,, x & and Egs. and take the

form:
I_: = IO/(E and Fnet = IO/&, (7)

where Io/ is the moment of inertia about O’.

Let dEF*"t(7) be a differential of the total external force
over Ehe body which is applied at position 7, and, ﬁnet =
fQ dFe*t (7). Consequently 7 can also be calculated
from:

Pt = / 7' % dE () = Ty + Roms X Pty (8)
Q

which by comparing to Eq. (6)) allows us to conclude
that, the torque about the e¢m is given by 7., = I.md
and is valid regardless the kind of movement of the center
of mass. The work done by the torque 7., has the same
form as that in Eq. replacing Ios by I.y,. Finally, the
total kinetic energy can be written as:

1 1 1
Ex == [ dmv?==MV2 + I,
Jre 2/9 m v 5 ch+2 w (9)

From Eqgs. and restricted to O’ — ¢m, it is pos-
sible to conclude that the contributions to the work
related to the rotation and translation are separated
because they are related to independent degrees of free-
dom. In contrast, for the case of rotation about a fixed
axis, rotation and translation are associated and both
contributions to the work are completely equivalent.

A more complete discussion of the results pre-
sented in this section can be found, for example, in

Refs. [19, 24H26].
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3. The Disk and Rod Problem

Now we apply the results of the previous section to ana-
lyze the role of the various contributions to the moment
of inertia in the dynamic behavior of a system composed
by several interacting rigid bodies. In order to accom-
plish this, we consider a simple physical system which
have been widely studied: a compound physical pendu-
lum [I9H23]. Let’s consider a disk of mass M and radius
R fixed to the end of a rod of length ¢ and mass m, see
Fig. a). In introductory courses of physics, the students
are usually asked to determine the angular frequency in
the limit of small oscillations. Two simple cases can be
considered: in the first, the disk is fixed to the rod in
such way that they form a single rigid body; in the sec-
ond case, it is considered that the disk is mounted to the
rod by a frictionless bearing, so that it is perfectly free
to spin.

3.1. Case 1: Fixed Disk

In the case 1, the rigid body formed by the rod and
disk rotates around the fixed axis O. Then, from Eq.
the angular momentum of the body with respect to the
rotation axis is given by:

=

L = ([rod + Idisk)‘zj
02 M R?
— <m$ M2+ )@ (10)

where we have used the decomposition shown in Fig. [3]
to calculate I4;s,. This result is a particular case of the
Steiner’s theorem.

On the other hand, taking the whole pendulum as a
single rigid body, the torque with respect to the rotation
axis due to the net force about O depends only on the
total weight of the body, see Fig. (b) The interaction
between the disk and the rod is represented by the con-
tact force N and the torque 7 as shown in Figs. (C)
and (d). Note that the force N and the torque 7 are not
zero, but they do not affect the motion of the rod-disk
system. In this way, we have:

7_—'net =—9g <Tr;€ + M€> sin 9]% (]_]_)

Taking the time derivative on Eq. and matching
the result with Eq. , it is easy to find the equation
of motion for the pendulum:
d*0 (2 4+ M

=— =- 29 (2 ) - sin 6. (12)
T SR

This result can also be obtained easily by using Eq.
or . Taking Eq. between the trajectory points

defined by the angles 6 and 6y, we have:

(07

We —/(:dﬁgﬁ(?; +M> sin 6

%Io (w? — ). (13)

Revista Brasileira de Ensino de Fisica, vol. 43, €20200207, 2021

About the Teaching of Plane Motion of Rigid Bodies

After integration, Eq. reduces to:

m . 1 /m 2 9 M R? 2

—g£<2+M)CObH+2< 3 + M ° + 5 )w =F,

(14)

where F is a constant which represents the total mechan-

ical energy, more details can be found in Refs. [20H23].

This is nothing more than the conservation energy equa-

tion. The first term represents gravitational potential

energy, while the second the kinetic energy. Taking the
time derivative of Eq. we find:

2 2

w |:g€(n;+M) sin @ + (m; + M0+ M2R > a} =0,

(15)

where we have used o = dw/dt and w = df/dt, arriving

to Eq. .

3.2. Case 2: Spinning disk

In case 2, the disk can spin freely and the pendulum is
not a rigid body any more. However, it is possible to
describe the motion of the rod and disk separately as
follows. From Eq. @, the angular momentum of the rod
relative to the pivot O’ can be written as:
2
Loog = ™05 (16)
3

As before, let N be the contact force between the disk
and the rod. Nevertheless, now the disk can spin freely
and, therefore, 7 = 0. Consequently, the net torque over
the rod about O is given by:

—

Tnet = —

Esin@l%—ﬁv, (17)

where 7 is the torque applied by ]\7, see Fig. C). From
Eqgs. and 7 the motion equation for the rod is:

2
m3€ o= —mfgsine—ﬁv. (18)

Now it is necessary to consider the motion of the disk.
From the free body diagram it is clear that the torque
about the em of the disk is null, see Fig d). There-
fore, the disk rotates about its cm with a constant angu-
lar velocity, let’s say, j3. Therefore, the disk rotates and
translates in such way that its angular momentum is
given by Eq. , leading to:

M R?
2

Laisk = B+MEG. (19)

The net torque about O’ can be written as:
Toet = —M g fsin 0k + 7y. (20)
Consequently, the motion equation for the disk is:

MPa=—Mglsing+ 7y, (21)
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where we have used the fact that dj, /dt = 0. Note that
Eq. does not depend on R. The unknown torque
7N can be eliminated by adding up Egs. and ,
arriving to the desired motion equation:

m M

m 2
M

a=—gl sin 6. (22)

As we can expect, Eq. can be also obtained applying
Eq. for the disk and Eq. for the rod. In this way,

we have:
1
wn + M gl(cos @ — cosby) = 3 M Pw? (23)

and

m

/ 1
—wy + (cos@ — cosby) = g™ 20? (24)
respectively. Adding up Egs. (23) and to eliminate
the work done by the force N, wy, we arrive to the
energy conservation equation:

2
— (Mgf—&— m2g€> cos9—|—% (ME2 + m;) w? = const,
(25)
where const is a constant, more details can be found
in Refs. [20H23]. Finally, taking the time derivative on
Eq. as it was done on Eq. , we arrive to Eq. .
Apart from what the students are usually asked to do
in the limit of small oscillations (sinf ~ @) so that the
harmonic solution takes place, a comparison between the
frequencies of oscillation of the two situations can be
made. Let ¥ be the oscillation frequency, therefore, for
the Case 1,

m + M
2 _ 2
191 - g‘e m;? + M€2 + M2R2 ) (26)
and for Case 2,
m M

It is not hard to see that ¢ < 15 regardless the values
of the parameters. We conclude that, if the disk can spin
freely around its cm, it will not contribute to any change
of the overall angular momentum because it could be at
most spinning at constant angular velocity, so the term
related to its moment of inertia about its ¢m will not
appear in the overall moment of inertia. Therefore, a
physical reason why the pendulum of case 1 takes longer
to complete an oscillation is that it has larger moment
of inertia, it is harder to make it rotate. Besides, we
can imagine having to hold the rod from its free end and
make whole pendulum rotate with our own hands. In the
first case, the torque done is greater because we need to
make the disk rotate exactly like the rod. In contrast, in
the second case we do not need to make the disk rotate,
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it is free to spin, hence, if we apply the same torque of
the previous case, it will oscillate faster

It is important that the students note that, for both
cases, the angular momentum of the disk has two contri-
butions as shown in Eq. . The first term corresponds
to rotation of the disk about its ¢m while the second one
to rotation of the ¢m around the pivot. The time deriva-
tive of the first term is equal to Ecm X ﬁnet which in turn
depends on N and W,. The time derivative of the second
term is equal to the internal torque applied by the rod, 7.
For Case 1, 7 ensures that the disk rotates around the
cm with the angular velocity 5 = W, just as the rod does
it about the pivot. However, in Case 2, 7 = 0 and the
rotation of the disk about its ¢m occurs at a constant
angular velocity E which is not related to &. An advance
physics student would recognize the presence of a cyclic
variable in the Hamiltonian and, consequently, the exis-
tence of a conserved quantity. Equivalently, a student of
an introductory course should realize that for Case 2,
7 = 0, implying that the second term of the angular
momentum given in Eq. is a constant and does not
contribute to the equation of motion. This result should
be used to highlight to novice students the importance
of conserved quantities.

4. The Free Sliding Ladder Problem

In this section we want to illustrate that whenever the
mechanical energy is conserved, Wy and Wp may not
vanish individually, though their sum must be zero. As in
previous section, for illustrative purposes we use another
problem widely used in introductory physics courses.
Let’s consider a ladder of length 2¢ and mass M which
leans against a wall as shown in Fig. (2)(a). All surfaces
are frictionless. Due to the gravitational field, the ladder
starts to slip downwards from the rest until eventually
loses contact with the wall. In Ref. [19] the students are
challenged to show that the ladder loses contact when
it is at two-thirds of its initial height. In order to find
this result, the students need to determine the angle for
which the contact force with the wall becomes zero. How-
ever, for the purposes of our discussion we only need to
calculate the rotational equation of motion of the lad-
der as follows. The position of the ¢m can be written as
Rem = lcosbi+ Usin 037. On the other hand, the trans-
lational work due to the net force is given by:

WT:/(NM+Nf+W)-dﬁcm
C

0
= dO L(Nyi + (Ny — M g)j) - (—sin 67 + cos 03)
0o

0
/ df {(—N,, sin 0+ Ny cos @) — M gl(sin 6 —sin 6)
0

0

= w,— M g{(sinf — sinby)

1
= 5Mvﬁn. (28)
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In Eq. , Nw and N s are the contact forces applied
by the wall and floor, respectively. Additionally, =, has
been defined as the work due to these contact forces.
Thus, from the last two lines of Eq. we conclude:

1
We = inczm + Mgt (Sin9 — Sineo)- (29)

The net torque about the c¢m is just due to J\7w and Z\_ff.
Therefore, by using Eq. (4)), the rotational work associ-
ated to 7., takes the form:

0

Wy = df £(Ny, sin@ — Ny cosb) = —w,. (30)

()
Then, replacing Ip by I.,, as discussed before Eq. ,
we find:

—w, = éM@zwz. (31)
Note that the rotational work of each contact force can-
cels out with its translational counterpart. Thus, the
total mechanical energy is conserved despite Wy and Wr
are both different to zero. In fact, adding Egs. and
(B1) we arrive to:

1

1
GMe%ﬂ + 5J\me + Mglsind=FE, (32

where E is a constant. This result has been previously
derived in several texts and notes, for example, see
Refs. [24 26, 27]. As expected, Eq. is the conserva-
tion energy equation. Finally, taking the time derivative
of ﬁcm it is easy to find V,,,, = fw. Inserting this result

in Eq. we find:
2
§M£2w2 + Mg/lsind = E. (33)

As before, from the time derivative of Eq. we arrive
to the motion equation in terms of the variable 6:
o= —i—g cos . (34)
In many particle systems, whether they are rigid or
not, it is always possible to describe the motion of any
particle of the system through the motion of the ¢m and
the relative motion of the particle about the e¢m. This
decomposition allows us to write the theorem of work
and energy in two separate parts: translation (WWr) and
rotation (Wp). The former is the work done by the net
force along the path of the ¢m. The latter is the work
done by the net torque with respect to the cm. In the
simple case where the body rotates around a fixed axis,
Wy = Wr and both parts of the theorem of work and
energy are completely equivalent. However, in the most
general case which involves rotation about the ¢m and
translation of the cm, Wy and Wy, are not necessar-
ily equal. In fact, for systems where the total mechan-
ical energy is conserved, it is satisfied that the sum of
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Figure 4: Sliding ladder with a spring.

the rotational and translational works associated to non-
conservative forces is zero.

On the other hand, a deeper observation of Egs. (29)
and shows that the contact forces are completely
defined by the geometrical constraint:

Tem + Yom = L7, (35)

in such way that the total work associated to the contact
forces is zero regardless the value of these forces. Nat-
urally, an advanced physics student would easily realize
that this a consequence of the holonomic nature of the
constraint (35]). The total work of the forces associated
to holonomic constraints, as the one given by Eq. ,
is always zero [29] [30]. However, this is not true for all
kind of forces. In order to illustrate this idea consider
the sliding ladder with an spring as shown in Fig. . In
this case, the force applied by the spring is ﬁs = —kAzi,
where Az = 2/ (cos 6 — cos ). Therefore, the rotational
and translational works associated to the force applied
by the spring, wy and w, satisfy:
0
wy = wr = k(2€cos8 — lp)l sin 6 d6. (36)
0o
Assuming that the system is released when the spring
has its natural length (lp = 24 cos ), we find:

wp = wr = —kl*(cos O — cos bp)?, (37)

in such way that wy + wr is minus the potential energy
associated to the spring.

5. Discussion

As mentioned in the introduction, the solution of the
compound pendulum problem can be found in several
informal physics forums. However, in spite that those
solutions show the correct final result, they usually lack
of a rigorous explanation of the main conclusion: ¥, < ¥4
given that, in Case 2, the moment of inertia of the
disk relative to its ¢m does not contribute. In fact, sen-
tences such as “The term M R?/2 should then be omit-
ted from...” and “If the disk were free so that it doesn’t
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rotate at all, it’s not hard to convince yourself that it
acts just like a point mass (because it doesn’t rotate as
the rod swings)”, among others, are included to support
the final result [20H22] B1]. In our experience, many stu-
dents intuitively understand why 95 > 11 and accept the
result without the need of a formal derivation. However,
we strongly suggest to present in introductory physics
courses a complete derivation, as the one provided in this
paper, including an explanation based on the description
interaction between the rod and disk (7 and N) and on
basic physical laws. Otherwise, we run the risk to accen-
tuate the erroneous idea that, in Case 2, the moment of
inertia of the disk becomes zero because it can rotate
freely.

On the other hand, from Eqgs. , , and @[) it

is clear that:
W =Wr 4+ Wy = AEy, (38)

where the W is the total work due the external forces
over the body given by Eq. . On the other hand, the
total work is the sum of the work due to conservative
and non-conservative forces, W, and W,,, respectively.
As usual, W, can be written as the change of the total
potential energy, —AE,. Thus, it is possible to conclude
that:

Wr + Wy = Wie — AEp. (39)

Now, Wr and Wy can be also decomposed in the sum of
the contributions of conservative and non-conservative
forces. Thus, we write:

Wi +Wr 4+ Wy + Wy© = Wy — AE,,. (40)
If the total mechanical energy of the body is conserved
the total work due the non-conservative forces satisfy
Wi = 0. Given that the potential energy depends on
the parameters that defines the conservative forces such
as the spring constant or the gravity constant, the last
equation implies that:

WS+ W€ =0 and Wi +W§ = —AE,.  (41)

Therefore, it is possible to conclude that, as usual, for
conservative systems the non-conservative forces do not
contribute to the total work W but they could perform
translational and rotational works as long as the sum
of them vanish. In introductory courses, the separation
of the work into two parts improves the understanding
of the students about the RBP motion. For instance,
this approach allows students to realize that, in many
cases, non-conservative forces could do translational
and rotational work despite the total energy of the sys-
tem is conserved. The ladder problem is an example of
that. Usually, for the sake of simplicity, in many cases
solutions to the problems solved in class use directly
the energy conservation equation. This equation usu-
ally is easy to use and simplifies the solution of many
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problems. However, it can hide some important infor-
mation about the system. For instance, the existence
of non-conservative forces which perform translational
and rotational works on a system where the mechani-
cal energy is conserved. Additionally, the conservation
energy approach usually puts in a second place some
concepts which are equally important such as the work
and energy theorem. This theorem involves an inte-
gral, and because of that, for the students it is more
complicated to understand. However, the use of this
theorem helps to clarify physical situations as the one
mentioned here. We recommend to find the solution
of the problems using different methods such as the
angular momentum/torque, work and energy theorem,
energy conservation, etc. This makes easier for students
the understanding of the relation among different phys-
ical concepts, for example, helping them to understand
that the presence of non-conservative forces does not
necessarily imply that energy is not conserved.
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