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Abstract. Initial and initial-boundary value problems for the Kuramoto-Sivashinsky model of
‘‘gas — solid particles’’” media are considered. Existence, uniqueness and exponential decay of

global strong solutions are proved for small initial data.
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1 Introduction

There are a number of mathematical models describing nonstationary two-phase
motions of gas-particles mixtures known as ‘‘dusty gases’’ [1]. These models
are usually based either on the Navier-Stokes equations [1, 2], or exploit inviscid
gasdynamics approach [3-5]. There are models that include viscous equations
for a carrier gas and first-order hyperbolic equations for particles [6-10].
Interest in dusty gases dates from the 1930’s due to necessity to simulate
processes of the solid fuel combustion in rockets nozzles. Probably, one of the
first mathematical works in this field is Reference [4]. The main feature of the
corresponding system of PDE’s is that it is not hyperbolic. This circumstance
made the mathematical modeling doubtful and numerical algorithms unstable.
To improve stability of numerical schemes, it was suggested to consider more
regular initial data [19]. However, this approach does not lead to the well-
posedness. Indeed, it was shown in [9] that the Cauchy problem for this model
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does not possess even local-in-time solutions within classes of functions with a
finite number of derivatives. Only analytic solutions do exist due to the Cauchy-
Kovalevsky theorem. This phenomenon has the same nature as the Cauchy
problem for the Laplace equation. On the other hand, considering equations
with dissipative terms, one may expect more regular properties of solutions.

If to use for the carrier phase the Navier-Stokes equations (second order dis-
sipation), then it is possible to prove local-in-time solvability of the Cauchy or
mixed problems [8-10]. However, when the phase interaction term contains the
local concentration of a dispersive phase, we do not know any results on the
existence of global in ¢ solutions. The first step towards the global solvability
was made in [7]: the local concentration of particles was substituted by the aver-
aged constant concentration that made it possible to prove the existence of global
weak solutions to the mixed problem.

In this paper we propose to model the carrier phase of a dusty gas by the
Kuramoto-Sivashinsky equation which has the dissipative term of the fourth or-
der and is widely used in the theory of viscous turbulent flows and in studies of
flame fronts propagation [11-15]. The last ones provide classical examples of
dusty media. This approach is a development and generalization of our previ-
ous results [18]. Instead of an averaged concentration of particles in the phase
interaction term we use a local dust concentration. This provides more technical
and ideological difficulties. Our goal is to investigate the well-posedness of the
mixed and Cauchy problems for this model. We prove the existence and unique-
ness of global strong solutions for small initial data. The method of successive
approximations, compactness arguments and the continuation of a local solution
are used.

If the total mass of solid particles is sufficiently small, then the exponential
decay of solutions is proved. This means an asymptotic stability of a steady state
of a dusty gas flow.

It should be noted that offered proofs are of constructive character that may
serve as a basis for stable and rapid numerical algorithms.
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2 Main results

ForT > 0,let Q = {(x,t) : x € 2, t € (0, T)} where 2 C R is either the
interval 2 = (0, 1) in the case of mixed problem or the line 2 = R in the case
of the Cauchy problem. In Q we consider the following problem:

Uy +uly + Uty + Vityyyr +ou = mK (v — u), 2.1)
vy +vv, = K(u — v), (2.2)
m; + (mv), =0, (2.3)
u(x,0) =up(x), vix,0) =uvo(x), m(x,0) =my(x) >0, 2.4

u,t) =u(0,1) =u(l, 1) = u(1,1) =0,

v(0,1) =v(l,1) =0 if = (0, 1). (2.5)

Here u and v are velocities of the medium and solid particles respectively; m is
the local concentration of particles; i, v and « are positive constant coefficients
of viscosity and friction and K > 0 is the constant coefficient of the phase
interaction.

Remark 1. It canbe seen from (2.5) that x = 0 and x = 1 are characteristics of
hyperbolic equations (2.2) and (2.3). This justifies the formulation of the mixed
problem (2.1)-(2.5).

To formulate main results we define a real A as follows:

3 = [y o Kol + ymowl® | K (ol + 1 /iiowo ) 2
- 0 20 2v
K (luoll® + ll/movol>) 72 20
1 +
+ [uvon2 + ] .
Hereafter all the norms || - || are in L*(S2).

In order to prove the exponential decay of solutions, we assume that

o > 3K[ mo(x)dx and v > K/ mo(x)dx. 2.7)
Q Q

Main results of this paper are the following.
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Theorem 1. Let @ = (0,1), 0 < p < min{a, v}, K > 0, uyp € H*(Q),
vy € H>(Q) and my € H'(Q). If A < K /7, then for all T > 0 the problem
(2.1)-(2.5) has a unique strong solution:

ue L®0,T; H Q) NL*0, T; H*(Q)),

u, € L*(0, T; L*(Q)),

ve L®0,T; H(Q)),

v, € L=, T; H(RQ)), (2.8)

me L0, T; H'(R)) NL¥(0, T; L'(R)),

m >0,

m;, € L0, T; L*(R)).

If conditions (2.7) hold, then there exists a real 0 > 0 such that

lull>(®) + lIV/mol*(t) < [lluoll* + lv/movoll*] e, (2.9)

Theorem 2. Let Q@ = R, 0 < u < min{e, v}, K > 0, ug € H*(Q), vy €
H?*(Q) andmg € H' (Q)NLY(Q). If» < K7, then the Cauchy problem (2.1)-
(2.4) has a unique strong solution satisfying (2.8) for all T > 0. If (2.7) are
valid, then (2.9) holds.

Proof. We prove these theorems simultaneously by the following way. First,
exploiting the method of successive approximations, we construct a local so-
lution. Then, using a priori estimates and small (in norms (2.6)) initial data,
we extend the local solution to the whole interval (0, 7) with arbitrary 7 > 0.

Finally, we prove the exponential decay of solutions as t — oo.

3 Preliminary results

Lemma 1. For any wy(x) € H*(Q) and f(x,t) € L*(0, T; H*(Q)) there is
a ty > 0 such that there exists a unique solution w € L>®(0, t; H*(R2)) to the

problem
w; + wwy = K(f —w),
w(x, 0) = wo(x),

w(,) =w(,r) =0, if 2=(0,1)
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which satisfies the inequality
t
HM@Q@SC(MM%®+KAHN@®@M0J€®A)GU

Proof. The proof can be found in [8], p. 954. O

Lemma2. Forany py(x) € H*(Q)and f(x,t) € L*(Q), there exists a unique
solution to the problem

Dt + PPx + UPxx + VPxxxx T ap = f(x,1), (3.2)
p(x,0) = po(x), (3.3)
p(=L,t) = p(L,t) = pxx(=L,t) = pxx(L, 1) =0 if Q= (-L, L) (3.4

such that for allt € (0, T)

t
Hm@mﬁﬂ+fﬂpﬁmﬁwdr
0 (3.5)

13
0

Proof. The proof can be found in [15]. Estimate (3.5) does not depend on L.
This allows to consider the problem (3.2)-(3.4) on any (—L, L), L > 0 and
then, passing to the limit as L — oo, to obtain a solution to the Cauchy problem
(3.2), (3.3) (see, for instance, [16]). [l

Lemma 3. For any

a(x,t) € L% (0, T; H*(Q) N Hy(Q)),
b(x,t) € L* (0, T; H(Q)),
fx,t)e L*(0,T; H(Q)),
qo(x) € H'(Q)

there exists a unique solution

q(x,1) € L®(0,T; H(Q)) (3.6)
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to the following problem:

g: +aqy +bg = f, 3.7
q(x,0) = qo(x), (3.8)
g0, 1) =q(1,)=0 if Q=(0,1). (3.9)

Proof. In fact, multiplying (3.7) by ¢, integrating over Q, = Q x (0, ¢) and
using Gronwall’s lemma, we obtain

1P = (g0l + 11 £ 12, ) €7 1 € O.7), (3.10)

where C| is a positive constant.
Differentiating (3.7) with respect to x, multiplying by g, and integrating over
2, we have

1 d 2 1 2 1 2 2
~ 1. X t ~ Yx A X bx XX b d
2dtllqll()Jer( axqy + 5 (@q)x + brqqex + bgy | dx

2
= / fxqxdx.
Q

Notice that

(3.11)

f beqas dx| < suplal)lbl Ol 1)
Q
< CVlIqI* + llgall? - llgal
< Cigl* + lig:11%,

where the constant C > 0 does not depend on ¢. Therefore, integrating (3.11)
over t € (0, T) and using the Cauchy and Gronwall inequalities, we conclude
that

gl @) < (||q(3||2 + ||fx||iz(Q>) el 1€(0,7). (3.12)

Estimates (3.10) and (3.12) imply (3.6). [
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4 Local solution

Let u® = 0. Forn > 1, n € N, we define approximations u”, v" and m" as
solutions to the following problem:

w! +u'ul + pull, A voul o oau” =m"KQ@" —u"h, 4.1
v ™! = K "), (4.2)
my + (m"v"), =0, (4.3)
u"(x,0) =up(x), v"(x,0) =uvo(x), m"(x,0)=mp(x), 4.4)

u(0,1) = u" (0,1) = u(1,1) = u" (1,1) =0,

V(0. 1) = v'(1.1) = 0 } ifQ=(0,1). (45

By Lemma 1, we conclude that for any vy € H?(Q) there exists #; > 0 such
that for all 0 < ¢ < #; equation (4.2) with imposed initial and boundary (in the
case of the mixed problem) conditions (4.4) and (4.5) has a unique solution such
that

t
Hwﬁmﬂﬂfa(Mﬂ§®+K/Hﬂ”ﬁmﬁﬂm), (4.6)
0

where the constant C, does not depend on v".
Approximations m" (x, t) for t € (0, #;) can be found by the formula:

n

ox

m"(x, 1) = mo(y"(0; x, 1)) exp{—f (y”(t;x,t),t)dt} >0, (47
0

where y"(7; x, t) is a solution to the Cauchy problem

dy
— =V"(y,1); y(t;x,1)=x,
dr

defined for every v" € L*®(0, t;; H*(Q2)).
Setting in (3.2) f(x,t) = Km"(v" —u"~"), and taking into account Lemma 2,
(4.6) and (4.7), we conclude from (4.1) that for a.e. r € (0, #;)

t
”Mn”iﬂ(g)(t) + f ||un||§14(9)(r) d‘[
0

; (4.8)
sa«ww;®+quwwﬂw“m@®am0,
0
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where the constant C,, does not depend on u".

Thus, all the approximations #”, v" and m" are defined on (0, #;) and (4.6)-(4.8)
hold.

The next step is to show the uniform in n € N boundness of approximations
on some interval (0, #;). Inequality (4.8) implies

t
" 132y () < Cu [||uo||§,z(m+ / / K2<m")2|u"—u"'|2dm}
0 JQ

t
Cu [nuonip(m +2K> /O sup " (" I + "~ ﬁ(r)dr} (4.9)

IA

IA

t
C. [sz /0 A" (0)B" (1) d + ||u0||%{2(9)i| L 1eO,n),

where
T
An—l(-[) = ”m()”?.]l(g) eXP {2CUA (”v()”%.ﬂ(g)

S one1y2 1/2
K [ g de) ds}

and
T
B" (1) = [lvoll* + Kf w2 (s) ds + lu" | (x).
0

We remind that u° = 0. Hence, for arbitrary R > 2C,|luol|3,, (o> it holds

u® < R. The inductive hypothesis

—1,2
sup ”Mn ”HZ(Q)(T) < R
0<t<n

implies, by (4.9), that

2 2
sup ||un||H2(Q)(T) =< Cu|:||u0||H2(Q)

0<t=<n

1 2
2Cy KR
- 2K2/ lmoli 71 g€ Ty ol g T<||v0||312(9) + KRt + R) (1) dt:|.
0

Consequently, there exists a real #, > 0 such that foralln € N

2 2
0<t=<n
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and estimates (4.6) and (4.7) imply that v" and m" are bounded uniformly in n
on (0, t3).
Now we prove the convergence of approximations. The functions

U = u" — unfl’ V=" — Unfl and M" =m" — mnfl
satisfy the following problem:

U+ uU" +u" U + pUL 40U +aU"

XXXX

=K (@"V'+ "M —u" M —m" ), (4.10)
V"V v = KU - v, (4.11)
M+ ("M" +m"'V"), =0, (4.12)
U"(x,0) = V"(x,0) = M"(x,0) =0, (4.13)

U"(0,1) = U" (0,1) = U"(1,1) = U".(1,1) =0,
V*(0,1) = V"(l,1) =0,

it Q2=1(0,1). (4.14)

Considering (4.11) and (4.12) as equations of the type of (3.7) with f depending
on U"™!, we obtain from (4.10) by (3.5) that there exist 13 > 0and 0 < 8 < 1
such that

sup |U" |2y (®) < B sup U™l 2y ().

0<r=n3 0<t=n3

Let tp = min(t;), i = 1,2,3. Then a subsequence of {u#"} converges in
L>(0, to; H*(2)) that implies the convergence of {v"} and {m"} in classes
L>(0, to; H*(2)) and in L*°(0, to; H'(R)) correspondingly.

The fact that the limit of the approximations is the required solution to (2.1)-
(2.5) is established by the usual way [16].

Lemma 4. A solution of (2.1)-(2.5), satisfying (2.8), is uniquely defined.

Proof. To prove uniqueness of the solution obtained, we consider two solutions
(u, v, m) and (&, v, m) of (2.1)-(2.5). The functions U = u —u, V =v -7
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and M = m — m satisfy the following problem:

U +uU,+u,U+ MUy + VUrax + U

=K[m(V-U)+ M@ -], (4.15)
Vi+ oV + 0,V =KU-V), (4.16)
M, +vM, +m.V+mV, +7M =0, (4.17)
U(x,0) = V(x,0) = M(x,0) =0, (4.18)

U@O,1)) =U0,1) =U(,1) =U,(1,1) =0,

V(0,1))=V(1,1)=0 } ifQ=(0,1). 419

It is easy to see that equations (4.16) and (4.17) are of the type of (3.7) with f
depending on U. Therefore, applying (3.5) to (4.15), we get

t
1U (1720 @®) < CKfO 1U 1320y () d.

This implies that U = 0 and, consequently, V = 0 and M = 0. O

5 Global solution

We need global a priori estimates to extend the local solution to the whole interval
(0, T'). First, we define the energy function

E@®) = ul*@) + |V/mvl*@).

Then, multiplying (2.1) by u, (2.2) by mv, summing up the results, integrating
over O, and taking into account (2.3), we obtain the first estimate:

E(r) +/0 [Vl (@) + ellull () + 2K [Vm@u — v)|*(1)] dT
< E(0).

S.1)

Multiplying (2.2) by v and integrating over Q,, we get

||v||2<z>+1</0 ||v||2(T)dT§||UO||2+K/O WlP@dr.  (5.2)
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Two times successively differentiating (2.2) with respect to x, multiplying by
v, and v,, respectively and integrating over Q,, we come to the inequalities

t
I PG + / (K = suplusl) o, P(0) do
0
t
<II? + K / i 12(2) d (5.3)
0
/12 K ! 2 2
<l + 5 [ Gl + ) @) de
0
and

t
o2 () + / (K = Tsup ) ows P (0)
0

, (5.4)
< lgll* + Kf e[ () d.
0
Lemmas$s. IfA < K/7, then
sup |v,(x,t)| < K/7 forallt > 0. (5.5)
Q

Proof. Indeed, when t = 0, supg, |v,| < [lvgll + llvgll < A < K/7. Suppose
that supg, |v, (x, £,)| = K /7 for some t = t, > 0. Then (5.1)-(5.4) give

K/T = Sgplvxl(t*) = ol @) + ol (20

< \/||v6||2 + KE©)/2a + KE(0)/2v + \/||vg||2 + KEQ©)/v
=A< K/7
This contradiction proves Lemma 5. O

It follows from (2.3) that the concentration m(x, t) satisfies the conservation

law
f m(x,t)dx = / mo(x)dx = C forallt > 0.
Q Q

Moreover, (4.7) implies that m(x, t) > 0.

Comp. Appl. Math., Vol. 23, N. 1, 2004



78 KURAMOTO-SIVASHINSKY EQUATION

Thus, if A < K /7, then

ue L0, T; L* ()N L*0, T; H(Q)),
u, € L*(0, T; L*(Q)),

ve L®0,T; H (Q)),

v, € L0, T; LY(Q)) N L*(0, T; H'(Q)),
me L0, T; H' (R)) N L™(0, T; L'(R)),
m >0,

m, € L0, T; L*(Q))

loc

and these inclusions do not depend on 7" > 0. This allows us to extend the local
solution for all # > 0O (see [17] for details). Uniqueness of a global solution
follows directly from Lemma 4.

6 Stability

Multiplying (2.1) by u, (2.2) by mv, summing up the results, integrating over €2
and taking into account (2.3) and the definition of E (¢), we obtain

%E(t) + vl 120 + ellul>(@) + 2K [|V/m@u — v)|*(¢) 0. (6.1)
Then we estimate
I = 2K||vm@u —v)||*@) =2K/Qm(u2—2uv+v2)dx
> 2K/Q(mv2—mv2/2—2mu2+mu2)dx (6.2)
= 2K/Q(mv2/2—mu2) dx
and
L = ZK/Qmuzdx §2K||u||iw(9)/ﬂmdx

< 2K (Jul + lusl?) / mo dx 63)
Q

3 1
< 2K <§Ilu||2+Elluxxllz)/gmodx.
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Taking into account the estimates for /1, I,, we get from (6.1)

iE(t) + (a—3K/modx)llu||2(t)
dt Q

+ (v—K/modX)lluxxllz(t)+Kllﬂv||2(t)50-
Q

Making use of (2.7), one can see that for all # > 0 there exists a constant 6§ > 0
such that

E@t) < E(0)e .

This completes the proof of Theorems 1 and 2. O

REFERENCES

[1] P.G. Saffman, On the stability of laminar flow of a dusty gas, J. Fluid Mech., 13 (1) (1962),
120-128.

[2] P.S. Crooke, On growth properties of solutions of the Saffman dusty gas model, Z. Angew.
Math. Phys., 23 (1) (1972), 182-200.

[3] H.B. Stewart and B. Wendroff, Tiwvo-phase flow: models and methods, J. Comput. Phys.,
56 (1984), 363—-409.

[4] Kh.A. Rakhmatulin, The basic gas dynamics of interpenetrating motions of compressible
media (in Russian), Prikl. Mat. Mekh., 20 (1956), 185-195.

[5]J.R. Kliegel and G.R. Nickerson, Flow of Gas-Particle Mixtures in Axially Symmetric Nozzles,
In: Detonation and two-phase flow, Eds. S.S. Penner and F.A. Williams, Academic Press,
New York, 173-194, (1962).

[6] R.I. Nigmatulin, Dynamics of multiphase media, (in Russian) Nauka, Moscow, 1987. Ameri-
can edition: Dynamics of Multiphase Media. Vol. 1, 2, Hemisphere Publishing Corporation,
New York (1991).

[7] N.A. Larkin, A model system of equations of the mechanics of heterogeneous media (in
Russian), Chisl. Metody Mekh. Sploshn. Sredy, 9 (7) (1978), 60—66.

[8] G.G. Doronin, Correctness of the Saffman model of a dust-laden gas with allowance for
compressibility, Differ. Equ., 31 (6) (1995), 952-959.

[9] G.G. Doronin and N.A. Larkin, Cauchy Problems for Equations of Two-Phase Flow, In:
Differential Equation Theory, Ed. A.M. Blokhin, Nova Science Publishers Inc, New York,
32-40, (1996).

[10] G.G. Doronin, On solvability of the Cauchy problem for the dusty gas equations, Comp.
Appl. Math., 18 (2) (1999), 163-172.

Comp. Appl. Math., Vol. 23, N. 1, 2004



80 KURAMOTO-SIVASHINSKY EQUATION

[11]Y. Kuramoto and T. Tsuzuki, On the formation of dissipative structures in reaction-diffusion
systems, Prog. Theor. Phys., 54 (1975), 687-699.

[12] G.I. Sivashinsky, Nonlinear analysis of hydrodynamic instability in laminar flames, Acta
Astronautica, 4 (1977), 1177-1206.

[13] H.A. Biagioni, J.L.. Bona, R. Iorio Jr and M. Scialom, On the Korteveg-de-Vries-Kuramoto-
Sivashinsky equation, Adv. Dift. Egs., 1 (1) (1996), 1-20.

[14] E. Tadmor, The well-posedness of the Kuramoto-Sivashinsky equation, SIAM J. Math. Anal.,
17 (4) (1986), 884-893.

[15] A.T. Cousin and N.A. Larkin, Initial boundary value problem for the Kuramoto-Sivashinsky
equation, Mat. Contemp., 18 (2000), 97-109.

[16] O.A.Ladyzhenskaya, N.N. Ural’tseva and V.A. Solonnikov, Linear and quasilinear equations
of parabolic type (in Russian), Nauka, Moscow, 1967. American edition: AMS, Translations
of mathematical monographs, 23, (1968).

[17] EE. Browder, On non-linear wave equations, Math. Z., 80 (1962), 249-264.

[18] G.G. Doronin and N.A. Larkin, Kuramoto-Sivashinsky model for a dusty medium, Math.
Methods Appl. Sci., 26 (3) (2003), 179-192.

[19] A.N. Kraiko, On correctness of the Cauchy problem for a two-fluids model of a gas flow
containing particles, J. Appl. Math. Mech., 46 (1983), 327-333.

Comp. Appl. Math., Vol. 23, N. 1, 2004



