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In this note we shall discuss the following problem. Let D be a bounded do-
main in R", n > 2, with Lipschitzian boundary d D, and y be areal bounded
measurable function in D with apositive lower bound. Consider the differential
operator

L, (w)=V-(yVw)

actingonfunctionof H! (D) and thequadratic form 0, (¢) , wherethefunctions
in H (R"), defined by
0, @) = [ ywidx  weH ®). wip = 0
D

L,w = V-(yVw) = 0in D.
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134 ON AN INVERSE BOUNDARY VALUE PROBLEM

The problem is then to decide whether y isuniquely determined by Q, and to
calculate y interms Q,,, if y isindeed determined by Q, .

This problem originates in the following problem of electrical prospection. If
D represents an inhomogeneous conducting body with electrical conductivity
y, determine y by means of direct current steady state electrical measurements
carried out onthe surface of D, that iswithout penetrating D. Inthisphysical sit-
uation Q,, (¢) represents the power necessary to maintain an electrical potential
y inaD.

In principle Q,, can be determined through measurements effected on d D and
contains all information about y which can be thus obtained.

But let us return to our mathematical problem. Let usintroduce the following
norms in the space of functions y on d D and in the space of quadratic forms

0¢)
1612 = / Vuldx: ulyp = ¢ . Au=0inD.
D

191l = sup [Q(9)]
lel=1

Then the mapping
®:y - 0,

is bounded and analytic in the subset of L°°(D) consisting of functions which
arereal and have a positive lower bound. Our goal isthen to determine whether
@ isinjective, and invert @ if thisisthe case. Thiswe are yet unable to do and
is, as far as we know, an open problem. However we shall show that d ®|, —const
isindeed injective, that is, the linearized problem has an affirmative answer. |If
d®|, —const, Which is alinear operator, had a closer range, one could conclude
that @ itself isinjective in a sufficiently small neighborhood of y = const. But
the range of d® is not closed and the desired conclusion cannot be obtained in
this fashion. Nevertheless, as we shall see below, if y is sufficiently closeto a
constant, it is nearly determined by Q, and in some cases it can be calculated
with an error much smaller than ||y — const|| .
To show thislet usfirst obtain an expression for the solution of the equation

L,(W)=V-(yVW), Wlap =¢.y =1+34
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Let W =u+ v,where Au = Liu = 0, u|sp = ¢. Then
L,(W)y=Li,(u+v)=Lw+L,v+L,u=0

Since u|,p = W|dD wehavev];p = 0and v € Hy (D), theclosurein H(R")
of functions of C> with supportin D. But Ly, asan operator from H3(D) into
H~Y(D), has abounded inverse G, and from the last expression we obtain

v+ GL(sU = —GL(gl/t.

and o
v=— [Z(—l)f (GL»/} (GLsu) (1)
0

Since for W ¢ Hol(D), ILsWllg-1p)y < ||6||Loc||W||H01(D) if A denotes the
norm of G, the series above will convergefor ||8]|.~A < 1and
Alléll=llpll
vl g-1p) < m
From (1) it followsthat ¢ isanalytic at y = 1. The same argument would show
that ¢ isanalytic at any other point y .
Next let us calculate d¢|,—1. We have

)

Q145(¢) = / (14 8)|VW|%dx = f [(1+4 8)|Vul® + 2(Vu - Vu)
D D ©)
+28(Vu - Vv) + (14 8)|Vv|?]dx
The contribution of the second term in the integrand of the last integral vanishes
on account of the fact that Au = 0. Furthermore, from (1) one sees readily that
the parts linear in § of the last two terms in the integrand vanish. Thus setting
dy = § weobtain

de<¢>|y_1=/ S\VulPdx,  Au=0,  ulgp =6
D

To show that d 0, (¢)l, =1 is injective, we merely have to show that if the last
integral vanishesfor al u with Au = Othen § = 0. But if the integral vanishes
for al such u, then we also have

/8(Vu1.Vu2)dx =20 (4)
D
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whenever Au; = Aup = 0in D. Now let Z be any vector in R” and a another
vector such that |a| = |Z|, (a.Z) = 0. Then the functions

wi(Z.x)+m(a.x)

ui(x) = e uy = e'#N-ax )

are harmonic, and substituting in (3) we obtain
27| Z)? / §(x)eZZNgx =0, VZ
D

whence it followsthat § = 0.
Now letusreturnto Q,, (W). Wesetagainy = 14-6 andintroducethe bilinear
form

B(¢r, ¢2) = = [Q) (Wi + W2) — Q, (W) — O, (W2)]
and Settlng Wj =U; + vj, _] =1, 2, Auj =0, ”jldD = (bj we obtain

NI -

B(¢1, ¢2) = /(1+5)(Vu1'VM2)+5[(VM1-V02)+(VM2-VU1)]
D

+ (14 8)(Vvi.Vvo)dx

Now, substitution of the exponentials in (5) for u; and u, in the preceding
expression (taking a to beafunction of Z suchthat |a| = |Z], (a.Z) = 0) yields

P(Z) = F(Z)+ R(Z) (6)

where 7(Z) is a Fourier transform of y extended to be zero outside D, the
function

~ 1 . .
_ in(Z.x)+n(a.x) in(Z.x)—m(a.x)
F(Z) = 2221 (e e )

isknown and, as follows readily from (2),
IR(Z)| < Cl8)17~"! (7

provided that A||8||.~ < 1 — &, where C dependsonly on D and ¢, and r isthe
radius of the smallest sphere containing D. Now R(Z) is too large to permit
estimating y (x). However, under favorable circumstancesit is still possible to
obtain satisfactory information about y. Choose«, 1 < o < 2, then for

2—« 1
1Z] <

=0 (8
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we have |R(Z)| < C||8]lS~. Let n be afunction such that 7 € C*, suppn C
{IZ| <1} (0) =1, and let n, = 0"n(c Z). Then we have

NN 4 ~ A Z (Z
Y (Z2)n (—) = F(Z)n (—) + R(Z)n (—)
(o2 o o

(¥ ¥ o) (x) = (F*ne)(x) + p(x) (9)

where * denotes convolution and

and

A l '
10(2)] < C||8I|ioo/|n(§)|d2 = Cul8lf~ ["’g 18] ]
LOO

where C; dependsonly on D, o e«.

Thusif ||8]| .~ issufficiently small, (9) gives an approximation for y * n, with
an error which ismuch smaller than ||§]| .. Clearly, if ||§] .~ issmall theno is
largeand y * n, isitself in some sense, agood approximation to y .

Approximations to the function y itself may be obtained if one assumes that
y, extended to be equal to 1 outside D, isin C™, m > n. Inthiscase one obtains

§(Z) = F1(Z) + R(Z)

where F1 isknown and R (Z) isthe same asin (6). Onethen calculates§ (x) by
integrating over |Z| < o with o asin (8) and estimates the error by using the
decay of § at co. Thus one obtains

y(x) = F2(x) + o (x)

n l m—+n
+CM [Io ]
} ST

where M isabound for the derivatives of order m of y.

where F, (x) is known and

lo ()l = ClI8NIT~ ['09
1811 .00
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