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Abstract. We consider the construction of an interpolant for use with Lobatto-Runge-Kutta
collocation methods. The main aim is to derive single symmetric continuous solution(interpolant)
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six everywhere in the interval of consideration. We evaluate the continuous scheme at different
off-step points to obtain multi-hybrid schemes which if desired can be solved simultaneously for
dense approximations. The multi-hybrid schemes obtained were converted to Lobatto-Runge-
Kutta collocation methods for accurate solution of initial value problems. The unique feature of
the paper is the idea of using all the set of off-step collocation points as additional interpolation
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ways of implementing the interpolant to achieve the aim and compare them on some numerical
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1 Introduction

In this paper we consider the construction of Lobatto-Runge-Kutta collocation
methods due to their excellent stability and stiffly accurate characteristic prop-
erties for the direct integration of initial value problem, possibly stiff, of the
form

V(@) = fx,y(x), y(xo) =yo, (xo =x =b). (1

Here the unknown function y is a mapping [xg, b] — R, the right-hand side
function f is [xg, b] x RY — RY and the initial vector y(x,) is given in R".
For the solution of (1) we seek the following form of a continuous multi-step
collocation approximation formula [5] which was a generalization of [4] defined
for the interval [x¢, b] by

t—1 s—1
@) =iy +h Y B for )

=0 j=0
where ¢ denotes the number of interpolation points x;, j = 0,1,...,7 — 1
and s denotes the distinct collocation points X; € [xo,b],j = 0,1,2,...,

s — 1, belonging to the given interval. The step size /4 can be a variable, it is
assumed in this paper as a constant for simplicity, with the given mesh
Xp: Xy, = Xo+nh,n =0,1,2,...,N where h = x,,; —x,, N = (b —
a)/h and a set of equally spaced points on the integration interval given by
Xo < X] < -+ < xp+1 = b. Also we assumed that (1) has exactly one solution
and o (x) and 4B, (x) in (2) are to be represented by the polynomials:

t+s—1 t+s—1

Olj(x) = Z O‘j,i+1xi, hﬁj(x) = Z hﬂj,i+lxia (3)
i=0 i=0

with constant coefficients «; ;1 and B; ;4 to be determined. Proceeding in the
same way as is done for linear multi-step methods, we expand y(x) in (2) using
Taylor series method of expansion about x and collect powers in / to obtain the
methods. This takes the following form:
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Inserting (3) into (2) we have

t—1 t+s—1 s—1 t4+s—1
@) =Y X i+ > Y hBranx fuy
j=0 i=0 j=0 i=0
4)
t+s—1 | t—1 s—1
= Z Zaj,i+1yn+j + Zhﬂj,i+1ﬁz+j x.
i=0 j=0 j=0
Writing
t—1 s—1
a; = Zaj,i+1yn+j + Z hBjiv1 fu+j
j=0 j=0
such that (4) reduces to
t+s—1
yx) = ) ax (5)
i=0

which can now be express in the form

s—1

i—1

2 s—INT

y(x) = E O rys—1Vn+j + E h,Bj,t+s—1fn+j (1, x,x%, -, x"7HT
j=0 j=0

Thus, we can express equation (5) explicitly as follows:

J/(x) == (yna oy YVate—1, f;’la tet ,f;,+571)CT(1, xvxzv tte ax[+S_I)T (6)

where
Cii -+ Cip Crr o Crygs
Cry oo Cyy Coir1 o Copyg
-1
C= Ct,l ce Ct,t Ct,t+l tet Ct,t+s =D (7)
Civ11 - Cipre Coprrr o Crptigs
Cz+s,l e Ct+s,t Ct+s,t+l te Cz+s,t+s
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318 UNIFORMLY ACCURATE ORDER L-R-K COLLOCATION METHODS

and
2 t+s—1
1 Xn X, e X,
2 t+s—1
1 x4 Xutr1 Xn+1
— 2 t+s—1
D= | Xpbt—1 77 Xnti—1 8)
0 1 2x, e (s —1xits2
t4s—2
0 1 2xn+s T (t +s5 - l)xn-i-s

are matrices of dimensions (¢ +s) X (¢ +s). We call D the multistep colloca-
tion and interpolation matrix which has a very simple structure. It is similar to
Vandermonde matrix, consisting of distinct elements, nonsingular, and of
dimension (s + ¢) x (s + ¢). This matrix affects the efficiency, accuracy and
stability properties of (2). The choice C = D! leads to the determination of
the constant coefficients o ;1 and B; ;1. It was shown in [5, 7] that the method
(2) is convergent with order p = ¢ + s — 1. We now examine in more detail
how the constant coefficients «; ;1 and B; ;1 of equation (2) are obtained for
the new Lobatto-Runge-Kutta collocation methods.

Remark 1.1. y(x) given in (6), is the proposed collocation and interpolation
polynomial for (1). From the structure of the matrix D the inverse matrix exists
because the rows are linearly independent as they have distinct values like the
Vandermonde matrix. The class of linear multistep methods (2) becomes a spe-
cial class of the multistep collocation method when s = ¢ + 1 and x € [xg, b]
which can also be solved simultaneously to obtain Lobatto-Runge-Kutta collo-
cation methods. This interesting connection between the multistep collocation
and Runge-Kutta methods is well discussed in [9].

2 Derivation of Lobatto-Runge-Kutta collocation methods

In this section we consider some specific methods that involve square matrices
D and C both of dimensions (¢ + s) x (¢t +s). From equation (7) C = D!
where C = (¢; ;),ij =1,2,3,--- ,t+s; D =(d;;),ij =1,2,3,--- ,t +5;
and I = (e;;),ij = 1,2,3,---,t + s, see [5] for an algorithm to obtain the
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elements of the matrices C, D and /. We shall derive multistep collocation
method as continuous single finite difference formula of non-uniform order six
based on Lobatto points see [8]. Fors = 4,7 = 1 and ® = (x —x,,) convergence
throughout the interval [xo, 5], the matrix D of equation (8) takes the form:

1 x, x? x3 xd
0 1 2x, 3x2 4x3
D=|0 1 2x,4 3x%, 4, 9)
0 1 2x,4, 3x3+u 4x3+u
0 1 2x,4, 3x5+v 4x2+v

where u and v are zeros of L, (x) = 0, Lobatto polynomial [8] of degree m

which after certain transformation, we obtain

_ 1 V5\ _ 1+J§ (10)
Xo=Xpu=|z—— ], X1 =xp10,v=| =+ —
0 n—+u 2 10 1 n—+v 2 10

which are valid in the interval [x(, b]. Inverting the matrix D in equation (9)
once, using computer algebra, for example, Maple or Matlab software package

we obtain the continuous scheme as:

y(®+xn) = aO(x)yn+[:30(x)ﬁz+,31(x)fn+u +,32(x)fn+v+,33(x)fn+l]v (11)

where

op(x) = —1

[—30*+ 4w +u+ DhO? — 6(vu + v + u)h*0?* + 12vuh*®
Po(x) = 3

| 12vuh

[—30% +4(v + 1)hO3 — 6vh>E?
Bi(x) = 3

| 12u(v —u)(u — 1A

[30% —4(u + IO + 6uh’*®?
Pa(x) = 3

| 12v(v —u)(v — 1A

[30* — 4(v + u)h®3 + 6vuh’E?
B3(x) = 3

| 12(v — D)(u — DA
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320 UNIFORMLY ACCURATE ORDER L-R-K COLLOCATION METHODS

We evaluate y(x) in (11) at the following point x = x,,;, we recovered the
well known Lobatto IITIA with s = 4 and order p = 6, see [1] page 210, where
Dis(i = 5,7) are the error constants.

h
Y1 =Yn + E[ﬁ't + 5ﬁ'l+u + 5fn+v + fn—i—l]
order p = 6, D; = —6.613 x 107/

Yn+u = Vn + m[(ll + \/_)fn + (25 - ‘/_)f;H-u

+(25 = 13V5) furw + (=1 +V5) fri1]
order p = 4, Ds = —7.45x 107

Vo = yn + —=[(11 = 3) o, + 25 + 133/5) frsu

120[
+(25 +V5) frrio + (=1 — \/g)j(n+1]
order p = 4, Ds =7.45x 107°.

We converted the block hybrid scheme above to Lobatto-Runge-Kutta collo-

cation method, written as:

1 5 5 1
w_1 +h Fi+h B4+h F+h F 12
Yn = Yn-1+ (12> 1+ (12) 2+ (12) 3+ ( ) 4 (12)

The stage values at the nth step are computed as:

Yi = yo1

11 V5 5 V5
Yo =y, +h|— + 2 h
2= Y-t (120+120> Fit (24 120)

5 1345 1 45
B+h|=-"Vr+n|—+ X F
2t (24 120) 3 (120+120) 4
11 5 5 1345
Ys=y,  +h Fi+n| =4+ 222
3F V-1 F (120 120) Lt (24+ 120)
5 45 1 NG
Fy+h Fith|l-— -2 \F
2t ( 120) 3+ ( 120 120) 4
Y, = (] (2B an (2R en(L)E
4 = Yn—-1 12 F 12 2 12 3 12 4
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with the stage derivatives as follows:

Fi = f(x,—1 +h(0), Y1)

F :f<xnl +h (% - \1/_0§> , Yz)

Fy = .f(xn—l + h(l), Y4)

3 Uniformly accurate order six Lobatto-Runge-Kutta Collocation
methods

By careful selection of interpolation and collocation points inside the interval
[xo, b], leads to a single continuous finite difference method whose members
are of uniform accuracies see [6] and [7]. For s = 4, ¢ = 3 to yield uniformly
accurate order six convergence (accuracy) throughout the interval [xg, b], the
matrix D of equation (8) takes the form:

I x, x? x3 x x; x$
1 Xn+u xr21+u x2+u x:+u xs—&-u xr?+u
1 Xn+v xr21+v x3+v x;‘t+v xl§+v xi?Jrv
D=|0 1 2x, 3x2 4 S5t 6 (13)
0 1 2xn+'4 3x£+u 4xr31+u 5x3+u 6x3+u
0 1 2wy 3xg, 4xg, Sy, 6x,
0 1 2 3xpy Av, Sx 6

where u and v are obtained in a similar manner as in equation (10) which are
also valid in the interval [x¢, b]. Inverting the matrix D in equation (13) once,
using MAPLE or MATLAB software package we obtain the continuous scheme
as follows:

y(G) +xn) = Olo(x))/n + Oll(x))’n+u + a2(x)y11+v

(14)
+[Bo) fu + B fruu + Bo(X) frw + B3 (X) frri1 ]
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where
F=1256 4 36705 _ 198,204 4 963303 _ 187402 . 6 16
g () = TO + 5h() 25h ® +25h (€] 25h ® +625h
u3v3hO[3 — 2v — 2u + vu]
[ ©%024—12/3)  6hO°(50—26+/5) i 3h20%(82-46+/5) 21303 (36—245) n 3n4@2(2-2V5)
() = 10 50 50 50 50
w3ho(w —u)(v — u)(w — v)[3 — 2v — 2u + vu]
[ —0°(24+12/5) n 6h03(50426v/5)  3h%0%(82+46v/5) n 2303 (36424+/5)  3h*02(2+2V/5)
() = 10 50 350 350 50
V3RO — u)(v — u)(u — V)[3 — 2v — 2u + vu]
F—=11o6 4 34705 _ 197,204 4 106,303 _ 131402 o 12 ;54
potr — | 2SO SO P96’ — gt + 55h°0
w2 v2h5[6 — 4v — 4u + 2vu)
[ —(19++/5)0° I 20125411505 (229+31/5)h20% I 201544151303 (55+13/5)h* 0?2
B (x) = 10 50 50 250 250
u2hS (v — u)(u — v)(u — 1)[6 — 4v — 4u + 2vu]
[ 19-v5)e° _ 20125-11V5)h0° | 229-31/5r20% _ 2015-41V/5r30% | (55-13/5n%6?
() = 10 50 50 - 250 + 250
v2h5 (v — u)(v — v)(v — D[6 — 4v — 4u + 2vu]
[©° — 2105 + 1h20% — 21303 + Lh*e?
B3x) = > ° > :
5 —1)(u — D[6 — 4v — du + 2vu]

We evaluate y(x) in (14) and its first derivative at the point w midway between
xo and b and at the point r midway between x,, and the point w, we obtain the
following 4-block hybrid scheme with uniformly accurate order six:

Yutl = Yn + f—z[ﬁ + 5 fotu + 5 foo + fur1]
order p = 6, D; = —6.613 x 1077
64w — 14y — 25Vu1u — 25Vt
= 1}’—2[131‘,, + (35 +30v5) fou + 35 = 30V5) frovw + frt1]
order p = 6, D; = —4.629 x 107°
4096y, 1, — 46y, — (2025 4+ 900v/5) 4 — (2025 — 900+/5) v
= lh—z[37 fo = (625 4+ 270V/5) fyu — (625 = 270V/5) frw + frs1]
order p = 6, D; = —6.613 x 107°
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150y, — (75 + 507/5)Ynsu — (75 = 507/5) ys
— 119, + (935 + 390V/5) f; 10 — 2048 £,

(935 = 390v/5) fow — 3 fot1]
order p = 6, D; =2.017 x 107°

12[

h
25‘/§yn+u - 25\/§yn+v = E[fn = 55 futu — 192 fyw — 55 fuo + fn+1]
order p = 6, D; = —2.645 x 107°.

Solving the block hybrid scheme simultaneously we obtain the following block
accurate scheme:

h
Ynt1 =Yn + E[ﬁl + 5 fuvu + 5 a0 + fn+1]

h
Vntr + 3072 ——[202, 43456 f,11, — (1555 + 675v/5) frsu

4216 f40 — (1555 — 675V/5) fors + 4 fr11]

h
- 585+ 3 "+ 10240 f,,..,
Vot 9000[( +3V5) f, + Tt
— (4125 4 2115v/53) fpu + (1920 — 5768/5) fy 1
— (4125 — 1785V/5) oo + (5 4+ 3¥/5) fur1]
Yivw = In 573905 + 5121 — (180 + 75v'5) frtu
+ 96 frw — (180 = 75v/5) foso + frs1]
h
Yntv ——[(585 — 3v/5) f,, + 10240 f,.,,

* 5000
— (4125 + 1785+/5) fyr1u 4 (1920 + 576V/5) fr 4

— (4125 — 2115V/5) foryo + (5 = 335) fora]-

We converted the block scheme to Lobatto-Runge-Kutta collocation method:

1 5 5 1
w=Vy_1+h|—=|Fi+h|—=|F+h Fs+h|—)F 15
Y Yn—1+ (12) 1+ (12> 3+ <12> 5+ (12) 6 (15)
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with the stage values at the nth step calculated as:

101 9 1555  2254/5
Y2=yn1+h(—)F1+h<—>F2—h< + >F3

8 3072 1024
9 1555 2255 1
W — ) F—n == — Fs+h(—)F
+ (128) ! (3072 1024) st (768) 6

13 /5 256 11 475
Y3=yn1+h(—+—>F1+h( )Fz—h(—+—>F3

200 ' 3000 225 24 200
(53 (- ) s )
Y4=)/n—1+h(%>F1+h(g)Fz—h<%+%§>F3
e a5 ) (s
Yszyn_1+h(%—%> F1+h(%)Fz—h(%— “:f) F

1 5 5 1
Ys=yv,1+h|l=|F+h|—=|FBE+h|—=|Fs+h|—|F
6= Yn-1+ <12) 1+ (12) 3+ (12) 5+ (12> 6

where the stage derivatives are:

Fl == f(xn—l +h(0)9 Yl)

BR=f (xn—l +h (%) , Yz)
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F5=f<xn1+h<%+\1/—0§),)’5>

Fs = f(xum1 + h(1), Y5).

We again evaluate y(x), that is equation (14) and its first derivative at the
point q one third between the point x, and b or the interval [x(, b] and combine
its members with the members of the point w, to obtain the following 4-block
hybrid method with uniformly accurate order six:

h
Ynt1 = Yn t E[fn + 5 fovu + 5 fato + fn+1]
729914 — 29V, — (350 + 1508/5) y, 40 — (350 — 150+/3) y

_ lh_z[25fn + (245 + 120«/§)fn+u + (245 — 120«/§)fn+u + fn+1]

order p = 6, D; = —5.952 x 107°
64Yn+w — 14Vn — 25Vn4u — 25Vnt0

= E[Bf,, + (354 30V5) fru + (35— 30V5) fropo + frt1]

order p = 6, D; =—4.629 x 1076
(50 + 507/5)Yus + (50 — 508/5) 3,4, — 100y,
h
= 5[22fn + (110 + 60v/3) fou — 243 foig + (110 — 608/5) foriy + frs1]

order p = 6, D;=—-2292x107°

h
25\/§yn+u - 25\/§yn+v = I_[fn - 55fn+u - 192fn+w - 55fn+v + fn—i—l]

2
order p = 6, D; = —2.645 x 1076,

Solving the block hybrid scheme simultaneously we obtain the following
block accurate scheme:

h
Ynt1 = Yn + E[fn + 5 fovu + 5 foro + fn+1]

h

Puvu = yu+ 53055[215 + V3) fiu 4+ (1375 4 545V/5) frsu — 2430 fo1,
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326 UNIFORMLY ACCURATE ORDER L-R-K COLLOCATION METHODS

+ (960 — 192v/53) fo 0y + (1375 — 655v/5) fuyy + (5 + /3 fs1]

h
Yurg = I+ sore[211f + (1255 + 6007/5) S — 2268 14 + 512 frsu

+ (1255 — 600v/5) foiw + 7 frr1]

h
utw = Yn + 3o2[28/n + (155 + T5V5) fosu = 243 forg + 96 fot

+ (155 = 75v/3) foro + fos1]

Vo = 3000[(215 — /3 fo + (1375 + 655v/5) fo i — 2430 fo 1y

+ (960 + 1924/5) fo 1 + (1375 = 545/5) fusy + (5 — V/5) fus1]

We converted the block scheme to Lobatto-Runge-Kutta collocation method:

1 5 5 1
=y +h— ) F +h F+h Fs+h|—)F 16
Yn = Yn-1+ (12) |+ (12> 5+ (12) s + (12) s (16)

with the stage values at the nth step calculated as:

Yi=yn

43 5 11 10945 81
Y2=ynl+h<—+i)Fl+h<—+ )Fz—h(—)F3

600 ' 3000 24 600
8 85 11 131/5 1 NG

= -2V +n|—— Fs+h|l—+ " |F
(25 125) 4t (24 600 ) s+ <6oo+3000> 6

211 1255 504/5 7
Ys = yo_i + h Fith|==2 A-h(i)F
3=t (2916) 1t (2916+ 243) 2T (9) 3

128 1255 504/5 7
W ) F+n [ == - 22 h(— ) F
+ (729) a7t (2916 243) Fs+ (2916) 6
7 155 2545 81
Yo=yor+h(— ) Fi+n|— —h(—F
4= It (96) 1t (384+ 128) 2 (128) 3

1 155 2545 1
W(=)F+h|— -2 h— ) F
+ (4) o <384 128) Fs+ (384> 6
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43 V5 11 13145 81
Ys=yp 1 +h| — - " V40— B—h(—)F
S= Y1t (600 3000) 1t (24+ 600 ) ? (100) :
8 85 11 1095 NG
W=+ V40— — Fs+h|l——-Y")F
+ (25+ 125) 4t (24 600 ) s+ <600 3000) 6

1
Ye=y,._ h|— )| F+nh
6=Yn—1+ (12) 1+ <

where the stage derivatives are:

Fi = f(x,_1 +h(0), Y})

5
F+h
12) 2+ <

5 1
S By A AN
12) 5+ (

F2=f<xn—1+h<%—\1/—0§>,Yz)

F3:f<xn_1+h(%),Y3)
F4=f(xn—1+h<%>,Y4)
F5=f(xn—1+h<%+\1/—§>,Y5>

Fs = f(xp—1 + (1), Y5)

4 Numerical illustrations

) Fi

In order to test the new derived methods we present some numerical results. The
error of the results obtained from computed and exact values at some selected

mesh points are shown in the following Tables.

/

Example 1: )’ = —100(y — x®) 4+ 3x2, y(0) =1, y(x) = x> + 7100~
x Exact value | Lobatto IIIA [1] | New Method (15) | Lobatto IIIA [1] | New Method (15)
0.1 | 0.00104539 | —0.056844812 —0.0573941594 5.579 x 1072 5.843 x 1073
0.2 | 0.00800000 | 0.0104361344 0.01140987773 2.436 x 1073 3.409 x 10~%
0.3 | 0.02700000 | 0.0247384839 0.02680088338 2.261 x 1073 1.991 x 1073
0.4 | 0.06400000 | 0.0602693436 0.06401162582 3.730 x 1073 1.162 x 1077
0.5 | 0.12500000 | 0.1190965075 0.12499931840 5.903 x 103 6.816 x 1078

Table 1 — Numerical solutions of example 1, with # = 0.1 and their absolute errors.
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5 Conclusions

Consequently the numerical results of Tables 1, 2 and 3 revealed the novelty
of the uniformly accurate order six methods which in fact give results closer to
the exact solutions at the expense of very low computational cost. Moreover,
as the first row of the matrix 4 consists of zeros, the first stage of each method
coincides with the initial value. And due to the requirement of stiff accuracy,
the last stage also coincides with the expression for the final point, which implies
that no further function evaluation is necessary to obtain y,.; in each of the
method, see [3].
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