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Abstract:

The extensive use of GNSS positioning, combined with the importance of precise geoid heights for transformation
between geodetic and orthometric heights, brings up the discussion of the influence of data uncertainties and the
use of variable density values on these estimates. In this sense, we analyze the influence of the topographic masses
density distribution and the data uncertainty on the computation of orthometric and geoid heights in stations of
the High Precision Altimetric Network of Brazil, considering the Helmert and Mader methods. For this, we use 569
stations whose values of geodetic and normal heights, gravity, and geopotential numbers are known. The results
indicate that orthometric heights are more sensitive to density values and to greater heights than to the Helmert
and Mader methods applied. Also, we verify that the normal and orthometric heights present significant differences
for the analyzed stations, considering the high correlation between the heights, which provide small values of
uncertainty. However, our analyses show that the use of the Mader method, along with variable density values,
provides either more rigorous or more reliable results.
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1. Introduction

Engineering works, hydrodynamic and hydrological studies are elements positioned in space that require
appropriate geodetic references. However, despite the precise geodetic system being now available, the vertical
system does not have a consolidated regional or global reference. According to Sdnchez and Freitas (2016), for
example, the South American countries currently do not have a single vertical reference system and, therefore, each
country has its own vertical datum associated with a level surface obtained from one or more tide gauges records.

Aiming at the unification of the altimetric system, the Geocentric Reference System for the Americas (SIRGAS)
following the resolution No. 1/2015 of the International Association of Geodesy (IAG 2015), which discusses the
International Height Reference System (IHRS), has been working to define a Vertical Reference Frame for the
Americas as well as heights, normal or orthometric, despite the recommendation for the use of normal heights.

Due to the range of choices, different countries have been adopting different heights, such as orthometric, in
Argentina (IGN 2017), and normal, in Brazil, where its use is based on geopotential numbers (IBGE 2018).

Regarding the choice of which height is more appropriate to use, there are still many discussions in the
scientific community. On the one hand, it is important to use the geoid and orthometric heights. On the other hand,
because of the impossibility of knowing the density distribution of the topographic masses with good accuracy, it is
prudent to use a conventional surface that approaches the geoid (the quasi-geoid) and the normal heights.

Due to the exposed problems, many studies (Tenzer et al. 2006; Flury and Rummel 2009; Ferreira et al. 2011;
Albarici et al. 2018; Sjoberg 2018; Tocho et al. 2020) have been working on improving the computation of the geoid-
guasigeoid separation and, consequently, in a way to relate orthometric and normal heights. Along with these
studies, the use of more detailed topographic masses lateral density models has provided better accuracy in the
computation of orthometric heights and, consequently, in a more rigorous computation of the geoid-quasigeoid
separation (Pick et al. 1973; Vanicek et al. 2003).

Given the above, in this study, we analyze the influence of the topographic masses density distribution
and the data uncertainty on the computation of orthometric and geoid heights in stations of the High Precision
Altimetric Network (RAAP), using both Helmert’s method (Helmert 1890) and Mader’s method (Mader 1954).
These stations are part of the Brazilian Geodetic System (SGB) and are maintained by the Brazilian Institute of
Geography and Statistics (IBGE).

2. Normal, Orthometric and Geoid Heights

According to Torge (1991), the geopotential number (C) is the preferable quantity for describing the
behavior of the masses in the gravitational field. However, C does not meet the demand for a height system that
works on the metric unit. In this case, the height (H,) can be described by the following expression (Heiskanen
and Moritz 1967; Torge 1991):

P P n
C=W,~W,=—[dW = [gdH =" g AH, (1)
0 0 i=1
=< (2)
g
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W,and W, are the gravity potentials at the geoid and point (P) level, respectively; g and g represent the
terrestrial and the mean gravity values observed on the surface, respectively; AH is the height difference; and g'
is a particular value of gravity.

Drewes et al. (2002) showed that the height type, the reference surface, the realization and
maintenance of the reference system are the main topics to define the vertical reference system, for SIRGAS,
and recommended the introduction of two height types, geodetic or ellipsoidal (h) and normal (H,). In this
context, H, is defined considering the mean value of normal gravity ( 7 ) (Equation 3; Figure 1). According to
Heiskanen and Moritz (1967), we have:

(3)

a

2
7 =7, l—ﬂ(1+f+m—2fsin2(p)+(ﬂj } (4)
a

. 2
1+ksin“@ (5)

Vo=Ve e
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k:b}/b_aya (6)
a}/a
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m= oM (7)

@ represents the geodetic latitude; a, b, e, and frepresent the major and minor axes, the first eccentricity and the
flattening of the reference ellipsoid, respectively; v, y, and y, represent normal gravity, at the equator, the pole and
the considered point, respectively; and w and GM represent the angular velocity and the geocentric gravitational
constant. All presented parameters are associated with the adopted reference ellipsoid.

Using the geoid as a reference in Equation (2), we have the orthometric height (H) as a definition, and the
mean value of gravity ( g ) measured along the plumb line (Equation 8, Figure 1). Thus, we need to know the values
of gravity inside the Earth. Nevertheless, this is not yet possible because of the difficulty of estimating the density
distribution inside the Earth with good accuracy (e.g., Marotta 2020).

H= (8)

ol | OY
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Figure 1: Ellipsoidal (h), orthometric (H) and normal (H,) heights, together with geoid height (N) and height
anomaly ({) at the P point. U, represents the normal potential, and W, and Wp the gravity potentials at the geoid
and P point level, respectively. Adapted from Torge (1991), IBGE (2018) and Marotta (2020).

Despite the difficulty to compute H values for the explained reasons and considering the importance
of using the geoid as a reference, some approaches have been developed (Helmert 1890; Niethammer 1932;
Ramsayer 1953 and 1954; and Mader 1954), which are based on assumptions for computing the mean value of
gravity along the plumb line. Among the different assumptions, those developed by Helmert (1890) and Mader
(1954) have been widely used.

Helmert’s orthometric height (H,) assumes that gravity varies linearly with height. In this case, the simplified
Poincaré-Prey reductions (Heiskanen and Moritz 1967; Torge 1991) are applied to estimate the mean value of gravity
(gy) along the plumb line as follows:

_ 1 Og
=o———2H-27GpH 9
gn=8 > 3H zGp (9)

where aa—f[H can be estimated as suggested by Featherstone and Dentith (1997):

3y, H?

2
a

a—gHz%H[l+f+m—2fsin2(p]— (10)

oH a

Here, g is the observed gravity at the point of interest; G is the universal gravitational constant; p is the density; H

is the orthometric height; ¢ is the geodetic latitude; a and frepresent the major axis and the flattening of the reference

ellipsoid, respectively; m is computed using equation (7); and y, represents the normal gravity at the considered point.

It is worth mentioning that the Poincaré-Prey reduction applies simplifications with respect to mass distribution of
topography above the geoid and neglects the roughness of the residual terrain (Santos et al. 2006).

Mader’s orthometric height (H, ) includes in H, the terrain corrections (Mader 1954; Heiskanen and Moritz
1967; Dennis and Featherstone 2003), computed on the topographic surface (CTP) and geoid (CTg), to provide a more
realistic mean value of gravity (g,, ):

— 1 0g (CTp_CTg)
=g———=2H-27GpH +——~ 11
gu=8-7>, zGp 5 (11)
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where CTP and CTg can be computed as demonstrated by Hwang and Hsiao (2003):

C, =G|[ If pleyz)a-H,) — dxdydz (12)

P -, [\/(x_xp)z+(y—yp)2+(Z_H")2}

H
CTg :G I j p(xayaz)Z : dxdydz (13)
E z=H,

s 02, 2]

Here, Eis the integration area, p is the density at the integration point, x and y are the planimetric coordinates,
and z and Hp are the orthometric heights of the integration and computation points (P), respectively. Flury and
Rummel (2009) highlighted that albeit g,, incorporates a rigorous approach to the topographic attraction at both
extremities of the plumb line, on the surface and geoid, non-linear changes between them are neglected.

Once the values of h, H and H, are known and considering the height anomaly ({), the geoid height (N) can be
computed using an algebraic relationship (Equations 14 and 15) as presented by Heiskanen and Moritz (1967) and
Sjoberg (2010) as follows:

N=h-H (14)
C=h-H, (15)
C-N=AHH,=H-H, (16)

Within the presented relations for computing H and N, the density, p, as a physical property that influences the
variation of the Earth’s gravity field, is directly related to the achieved result. According to Flury and Rummel (2009)
and Hinze (2003), for topographic masses, p can vary between 10 to 20% from the mean density value of 2670 kg/m?3,
which is historically adopted by several works, since it is influenced by depth, mineralogical composition and geological
events that affect the stratification of rock layers within the Earth.

Despite the difficulty of estimating three-dimensional models, many studies have been trying to estimate
and use more reliable models of topographic masses lateral density (Martinec et al. 1995; Pagiatakis and Armenakis
1999; Kuhn 2000; Huang et al. 2001; Tziavos and Featherstone 2001; Rozsa 2002; Sjoberg 2004; Kiamehr 2006; Tenzer
et al. 2011; Marotta et al. 2019; Sheng et al. 2019). These global, regional or local models have been developed
mainly through geological maps combined with rocks density values or their arrangements, collected in the field.

From the presented formulations, the data and its uncertainty, for the computation procedure, we can also
estimate and analyze the uncertainties (o), using the general law of variance propagation. Consequently, once the
values and uncertainties of HN, g and p are known, and excluding other sources of uncertainties, we can evaluate
their influence on the computation of H, N, and on the differences between H and H,, here called AHH,, as follows:

2 2 2
o, = o o, + o o+ o o’ (17)
oH, ) " \og) ¢ \op) ¥
2 2
oo = (aAHHNj ol + OAHH , o2 —202 OAHH ,, 0AHH , (18)
oH oH Ml 6H  oH,
oN Y’ oN'Y
S CECE "
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To estimate o, O anm, and o, , we use Equations (16) and (14) along with a new one, which is obtained by
combining Equations (3) and (8):
vHy

g

H= (20)

where H and g assume the complete formulations presented for the Helmert and Mader methods. The term
O-IZJ,H,V from Equation (18) is calculated using the following equation:

2

OH

i~ i, 21
N

3. H, AHH, and N in the context of the Brazilian High Precision Altimetric
Network (RAAP)

Since 2018 and according to recommendations presented by Drewes et al. (2002), Brazil has adopted
and C (IBGE 2018) to define the RAAP. However, it is considered that /' and AHH, are very important not only
to establish the relationships between the different types of height but also to support the development of other
models, such as the geoid models. Thus, this study includes the use of RAAP data, which is provided by IBGE; two
models of lateral density of topographic masses (30 arc-seconds grid spacing), the LTD_Brazil, from Medeiros et al.
(2021), and the UNB_TopoDensT, from Sheng et al. (2019); and the Digital Elevation Model (DEM), from the Shuttle
Radar Topography Mission — SRTM, with 3 arc-second grid spacing (Farr et al. 2007).

We use 569 stations from the RAAP, with known values of hiO'h, H, iO‘HV , C and g (Figure 2). To
compute g for each station, H/ + o, and AHH , 10y, are estimated consideringl constant and variable (LTD_
Brazil and UNB_TopoDensT models) values of piO'p and the Helmert and Mader methods. Also, to compute
CTp toy, and CTg t oy, (using topographic mass line model according to Li and Sideris 1994), which are part of
the Mader method, integration radius up to 167 km, corresponding to ~1.5° or 166.7 km of the Hayford-Bowie
zone (Hayford and Bowie 1912), and height data, from the DEM, are used. We assume the value of 0.01 mGal as
uncertainty for g at all stations, considering the resolution of the most used gravimeter type in Brazil and Latin
America (Amarante and Trabanco 2016), the Lacoste & Romberg model G gravimeter.
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Figure 2: RAAP stations and distribution of the o, and o, values associated with the H, and / values used in
this study.

Following Hinze (2003) and Sheng et al. (2019), for p+ o, constant, we use the average value of 2670800
kg/m3. For p £ o, variable, we use values from the LTD_Brazil model when we are inside the study area (Brazil), and
density values from the UNB_TopoDensT model for regions outside (Figure 3). In addition, for the oceanic region,
we assume H =0 m for the mean sea level and a seawater density value of 1030+0 kg/m?(Garcia-Abdeslem 2020).

We use the LTD_Brazil model in the study area instead of the UNB_TopoDensT model because of its more detailed
characteristic since it was developed using the Geological Map of Brazil (Bizzi et al. 2003), with a scale of 1:2,500,000,
in which 78 types of generalized rock, from the 369 types originally identified, were used. The UNB_TopoDensT model
was derived considering 15 main lithological units extracted from the Global Lithosphere Model (GLiM).

Figure 3: Selected RAAP stations (in black) on the topographic masses lateral density maps (left panel map) and the
density uncertainties maps (right panel map) from the LTD_Brazil (Brazil) and UNB_TopoDensT (outside Brazil) models.
Boletim de Ciéncias Geodésicas, 28(1): 2022003, 2022




Orthometric, normal and geoid heights in the context of the brazilian altimetric network 8

After computing / + o, and AHH,, + O sin, for the RAAP stations, we analyze the sensitivity of the results
in relation to the used (H, o}, ) and estimated (H, £0, and H, o, ) data to identify the presence of

significant differences among all the values. After this analysis, N & o, are computed for all stations used in this work.

4. Results and Discussions

To compare the difference between the estimated values of // and o, , using Helmert and Mader methods,
for both constant and variable density values, in Figure 4 we analyze the estimated values of AHH ; and o,
from the Helmert and Mader methods.

Figure 4: 5, value distribution considering: a) H, — H, (horizontal axis) and H, —H,, (vertical
axis) and b) HMp(m)

distribution considering HMp(

p(con) p(var)
— H, (horizontal axis) and HMP(W) — H,, (vertical axis). c) O apn, VErsus H, value
—H, (black color) and HMp(W) —H,, (blue color). AHH ,, difference values
—H, and HMP(CM) —-H,,e) HHp(W) - H, and HHp(mn) —H, andf)
—H,, . * individualizes the H values used in estimating AHH ,, .

COI‘I)

versus H,,, consideringd) H,,
H —H, and H,

M p(var)

p( var)

p( var)

From the results presented in Figures 4d, and 4e, it is possible to verify that AHH,, difference values are
more sensitive to the p values and greater heights than for the Helmert and Mader method (Figure 4f) used to
estimate values of H . Furthermore, analyzing Figures 4a, 4b and 4c, it is considered that the uncertainties have
the same behavior for both methods, and the lowest values are presented for variable values of p. Also, it is
important to comment that the uncertainties shown in Figure 4c are strongly influenced by the high correlation, or
high covariance values, between H,, and H .
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To corroborate our analyses from the results presented in Figure 4, Figure 5 shows the dispersion of AHH
versus /1, ,in which we observe that the largest discrepancy between the used methods occurs for greater heights.

From the achieved results (Figures 4 and 5), we may suggest that the significant differences are mainly located
in regions with great heights and relief variations. This is because the amount of topographic masses above the geoid
surface, associated with the heights, is used to compute the mean gravity value along the plumb line. Consequently,
the greater the amount of topographic masses, the greater is the difference between g (Equations 8 to 13) and
7 (Equations 3 and 4). Also, it is important to consider that the uncertainties estimated in this research are largely
influenced by the uncertainties of normal heights (Figure 2), which are estimated by IBGE. Therefore, a change in
uncertainties from a new RAAP adjustment by IBGE will likely influence the results.

Figure 5: Dispersion of the AHH ,, values in relation to the /,,, considering: a) H,,

) (red color), H,,
(blue color) and b) H,

p(var
) (blue color).

p(con)
) (red color), H,,

p(var p(var

Despite the similarity between the achieved results, we have to stress that HMP(W) involves a more rigorous
formulation since it takes into account terrain correction terms. Therefore, in Figures 6, 7 and 8 we plot the spatial
distribution of the AHH , + 0, , H and N £ o, respectively, consideringthe H, to,, , HMP(
and A+ o, for all stations.

+
var) = O-HMP(W)
As the values of Oy, are very close to Oy, (differences less than 1 mm), it is assumed that the spatial
M p\var N
distribution of oy, may be represented by Figure 2.

plvar)

Boletim de Ciéncias Geodésicas, 28(1): 2022003, 2022



Orthometric, normal and geoid heights in the context of the brazilian altimetric network

10

Figure 6: Spatial distribution of AHH  + o, computed using H, +o,

Figure 7: Spatial distribution of HMP(W).

and H

+
M p(var) — o

Hyt p(var)
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Figure 8: Spatial distribution of N * o, computed using 4+ o, and HMp(W) toy,, e

From the results presented in Figures 6, 7, 2 and 8, we observe a great influence of the normal heights
uncertainties on our estimates. Normal heights uncertainties are smaller for the RAAP stations closer to the vertical
datum of Imbituba and Santana, defined for the SGB. Here, it is important to mention that the Santana vertical
datum is used only for stations located near or the north the Amazon River, while the Imbituba vertical datum is
used for all other stations located in the Brazilian territory.

Finally, when analyzing Figures 6, which shows differences between H and /,, greater than the estimated
uncertainties, it is possible to suggest that both heights are statistically different when 10 or a 68.3% confidence
level is taken into account.

5. Conclusion

In this work, we use the Helmert and Mader methods, assuming constant and variable density values, for the
computation of orthometric heights. After uncertainty analysis, we calculate geoid heights for 569 stations from
the High Precision Altimetric Network of Brazil for their use in the development of new geoid models derived from
gravimetric and positioning data.

Due to the results presented by the differences between orthometric and normal heights, it is possible to
verify that the values of orthometric heights are more sensitive to the values of density and to greater heights than
the Helmert and Mader methods applied. Furthermore, we find out that the uncertainties have the same behavior
for both methods, and the lowest values are presented using variable density values.

Still analyzing the differences between orthometric and normal heights, the values presented are greater than
the estimated uncertainties for most used stations, and it is possible to suggest that both heights are statistically
different when 10 or a 68.3% confidence level is taken into account.

Despite the similarity between the results we find in this study, we consider that the use of the Mader
method and variable density values may provide more rigor and confidence to the results. Therefore, from this

Boletim de Ciéncias Geodésicas, 28(1): 2022003, 2022
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premise, the orthometric and geoid heights are presented with their respective uncertainties for each station
used in this research.

Finally, this research highlights the importance of considering the data uncertainties, more rigorous functional
models, and variable density values for the computation of orthometric and geoid heights. This is mainly motivated
by the extensive use of GNSS positioning and the importance of proper heights for different studies.
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