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INTRODUCTION

Supersonic jets have diverse applications in modern world. They are being used in numerous technology domains and devices 
that include the aviation industry, medicine, inkjet printers and high-speed combustion systems. Supersonic jets are characterized 
by the presence of shocks. Shocks are formed in the flow field when the nozzle pressure ratio (NPR) is off-design. For a given nozzle 
geometry, the design exit Mach number occurs over a range of values of NPR. When the actual NPR is less than the design value, 
the jet is said to be over expanded and, when it is greater than the design NPR, it is said to be underexpanded. An uncontrolled 
supersonic jet is characterized by two parameters, namely the supersonic core length and the shock cell length. Several numerical 
and experimental studies have been reported on supersonic jets for various parameters such as nozzle configuration (Foss et al. 1989; 
Saddington et al. 2002; Otobe et al. 2008; Cai et al. 2010; Cuppoletti et al. 2014), acoustics (Tam and Tanna 1982; Alkislar et al. 2004; 
Singh and Chatterjee 2007), shock reflection (Vuillon et al. 1996; Ivanov et al. 1998; Hadjadj et al. 2004), shock hysteresis 
(Yasunobu et al. 2006; Matsuo et al. 2011), Mach reflection (Chow and Chang 1972; 1975; Li and Ben-Dor 1998; Schmisseur and 
Gaitonde 2011) and flow separation taking place at the nozzle exit (Xiao et al. 2007, Shimshi et al. 2010).
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ABSTRACT: Correlations for the supersonic jet characteristics, the mean shock cell length and the supersonic core length, have 
been obtained in terms of the jet parameters. The jet parameters considered in this study are the exit diameter of the nozzle (de), 
the design Mach number (Me), the nozzle pressure ratio (NPR) and the ratio of specific heats of the medium (γ). The parameters 
were varied as follows: exit diameters, from 0.5 to 25 mm; Mach number from 1 to 3; the NPR from 2.14 to 35. Initially, working 
fluid used is cold air and then effect of variation of γ is taken into consideration. The computational model has been validated and 
then used for all the numerical simulations. A quadratic fit for both characteristics has been obtained which is applicable to any 
supersonic jet. The correlations developed are valid within the respective ranges of the parameters stated above.
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Hu and McLaughlin (1981) studied the nature of the flow and acoustic properties of the low Reynolds number (of the order 
of 8,000) underexpanded supersonic jets with Mach numbers 1.4 and 2.1. They observed that the noise released by the jets was 
very similar in characteristics to the jet shock screech phenomenon observed in high Reynolds number supersonic jets.

Otobe et al. (2008) have worked on the effect of three nozzle geometries on the near field structure of a highly underexpanded 
sonic jet. The study involves variation of nozzle parameters such as nozzle angle and the exit diameter. Their results show that the 
concept of an effective diameter removes the influence of the nozzle exit diameter on the position of the Mach disk. (Mach disk 
is a shock wave standing perpendicular to the direction of exhaust flow – Mach disk is formed as the reflected oblique shock 
waves from the nozzle walls approach the center of the jet axis). The near field flow structure is, thereby independent of the nozzle 
configuration but is a strong function of the pressure ratio.

Laser Doppler velocimetry of underexpanded supersonic free jets was performed by André et al. (2013). Two Mach numbers 
of 1.15 and 1.35 were studied. André et al. (2014) have used particle image velocimetry method to study the underexpanded 
supersonic jets mixing layer. The experiments were performed for the NPR range of 2.14–3.67 with a convergent nozzle of exit 
diameter 38.7 mm. They found that the behavior of slightly underexpanded jets is similar to that of jets at high subsonic Mach 
numbers. For higher NPR, first shock cell seems to show higher velocity fluctuations.

Tam and Tanna (1982) have performed a theoretical and experimental analysis of the noise associated with the shock for under- 
and overexpanded supersonic jets. Their results show similarities in the shock-related screech for the mildly underexpanded jet and 
the subsonic jets. Their multiple scale model of supersonic jets shows a dependency relation of the shock cell structure and the 
noise intensity. Punekar et al. (2017) experimentally investigated the nonlinear effects between crackle and screech in the near-
field and far-field of an underexpanded supersonic jet at a design Mach number of M = 2. They observed that crackle had faster 
decay than screech and that higher levels of crackle and screech at the near-field caused fatigue to the components of the aircraft. 
Kumar and Rathakrishnan (2013) has worked on the exit structure of a shock cell for a supersonic nozzle, for which a nozzle of 
diameter 13.02 mm was used. Mach number at the exit was kept to be 2 throughout all the cases where NPR was varied between 
4 and 8. Their study was focused on the effectiveness of the controlled jet in increasing the mixing efficiency.

Studies on microjets, having diameters from 0.6 to 1.2 mm, were performed by Scroggs and Settles (1996). The exit Mach 
numbers were varied from 1 to 2.8. They observed that Mach number dependence on supersonic core length for microjets related 
well with large scale supersonic jets. Phalnikar et al. (2007) have performed experiments on free and impinging supersonic 
microjets, having diameters of 100–1000 µm, and an exit velocity of 300–500 m/s. Their pressure measurements using a pitot 
probe along the centerline show that the shock cell length and supersonic core length for the microjets were similar to the large-
scale supersonic jets having large Reynolds numbers.

Shirie and Seubold (1967) had developed a correlation for supersonic core length based on experimental data available up till 
that point of time. They considered supersonic jets having exit diameters from 0.25 to 17.7 inches, Mach numbers from 1 to 3.5 
and jet exit pressures from 7.6 to 147 psia. They obtained the supersonic core length as a function of the ratio of exit pressure to 
the ambient pressure, the Mach number and the exit diameter of the nozzle. The generic correlation relating core length with jet 
parameters obtained was not explicitly specified.

To the best of the authors’ knowledge, there does not seem to be a correlation for the supersonic core length and the mean 
shock cell length in terms of the jet parameters. The present work is to determine a generic correlation for uncontrolled supersonic 
jet characteristics in terms of jet parameters. The supersonic jet characteristics, supersonic core length and mean shock cell length 
are considered to be dependent on the exit jet Mach number (M), NPR and the nozzle exit diameter (de). The exit jet Mach number 
was varied from 1 to 3, NPR from 2.14 to 35 and the exit diameter from 0.5 to 25 mm. The supersonic jet core length and the 
mean shock cell length were calculated using two-dimensional axisymmetric computational fluid dynamics (CFD) simulations. 
Numerical simulations are performed using commercial CFD code FLUENT.

COMPUTATIONAL MODEL
Two-dimensional axisymmetric compressible Navier–Stokes equations were solved. Turbulence was modeled using renormalization 

group (RNG) k-ε model. Air density was modeled using the ideal gas relation. Figure 1 shows the two-dimensional axisymmetric 
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domain and the grid used for the present study. The computational domain along the axis is considered to be 35 de and 12 de in 
the radial distance from the axis. The total number of grid points varies from 44658 to 261823 as the nozzle exit diameter varies. 
The smallest grid spacing in the radial direction is 0.03 and 0.06 de in the axial direction. The domain was meshed finer in the 
region close to the nozzle exit (up to 15 times de in the axial direction) in comparison to the far field. The nozzle lip thickness is 
taken to be 4 mm for all the cases except de = 0.5 mm. The second order upwind scheme is used to discretize the convective terms 
of the equations. A density-based solver has been used to solve the discretized equations.
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Figure 1. Typical computational domain and grid for de = 13.02 mm

BOUNDARY CONDITIONS
The nozzle wall and the lip are modeled with no slip boundary wall conditions. At the nozzle exit, the total pressure, static 

pressure and the total temperature are specified. The total and static pressures vary with the nozzle pressure ratio (NPR= Pos/Pa). 
The surfaces around the domain are modeled as pressure inlets through which the ambient fluid enters at atmospheric pressure 
(Pa); air leaves through the far-end surface which is taken as a pressure outlet.

GRID INDEPENDENCE STUDY
A comparison study to ensure the adequacy of grid resolution was carried out for the nozzle with exit diameter de =13.02 mm, 

Mach number, M = 2 and NPR = 5. The grid was adapted based on gradient of static pressure to further resolve shock cell 
pattern. Table 1 shows summary of the grid independence study made for different grids. The supersonic core length (Lc) is 
defined as the distance from the nozzle exit to the axial location along the axis, where the local flow Mach number drops below 
1.0. It is observed that the mean shock cell length (Ls) varies only by 0.17% after the first and the second levels of adaptation. 
In the case of core length (Lc), a variation of 1.11% is observed. Hence, first level adaption is used for further computations 
in the present work.

Table 1. Grid independence study performed for de =13.02 mm, M = 2, NPR = 5

S No. Number of nodes Lc (mm) Mean Ls (mm)

1 114651 0.1765 0.018

2 133753 0.1762 0.0178

3 154163 0.1762 0.0178

VALIDATION OF NUMERICAL MODEL
Figure 2a shows the variation of the normalized mean shock cell length (Ls) with the NPR for present numerical model, the 

approximate formulation of Emden-Prandtl (Powell 2010) and the experimental results of Kumar and Rathakrishnan (2003). 
The exit diameter was 13.02 mm and exit Mach number was 2 (same as that of experimental conditions). The experiments are done 
by measuring the pitot pressure along intervals of 1 mm. Hence, the uncertainty in the shock cell length is approximately ± 1 mm. 
The numerical results are within the uncertainty limit. Also, the present numerical results reasonably agree with Emden-Prandtl 
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formulation (Powell 2010). The increase in shock cell length with the increase in NPR predicted by the experimental data can 
also be seen from the numerical results. Figure 2b compares the axial velocity along axis for the present numerical results with 
that of PIV data of André et al. (2013). The simulations were performed for exit diameter of 38.25 mm and NPR of 2.97, same as 
those of experimental data. It can be seen that the present model with RNG k-ε is able to predict the axial velocity profile properly 
along the peak velocity magnitude. This shows that the present model can predict mean shock cell length and supersonic core 
length with reasonable accuracy.
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Figure 2. Validation of numerical model with experimental data of (a) normalized mean 
shock cell length with exit diameter (b) PIV data along the axis line.

RESULTS AND DISCUSSION

Numerical simulations were performed to calculate mean shock cell length and supersonic core length. The exit jet Mach 
number was varied from 1 to 3, NPR from 2.14 to 35 and the exit diameter from 0.5 to 25 mm. A survey of the literature in this 
field shows that the shock cell parameters – mean shock cell length (Ls) and supersonic core length (Lc) – are dependent on exit 
diameter (de), exit Mach number, Me, Total pressure (Po), ambient pressure (Pa) and ratio of specific heats (γ). This functional 
relationship can be represented in Eq. 1:

	 Ls = f (de,Me,Po,Pa,γ)� (1)

In the present study, γ is restricted to 1.4. Phalnikar et al. (2007) have obtained relationship for Ls/de for microjets as a function 
Mj. It should be noted that Mj will be a function of NPR. Shirie and Seubold (1967) have developed correlation for Lc/de as 
function Pe/Pa, Me and γ. Hence, Ls can be considered to be functionally related as Eq. 2:

	 Ls/de = f (Me,Po/Pa) = f (Me, NPR)� (2)

Figure 3 shows variation of Ls/de with NPR for various exit Mach numbers and exit diameters. It can be clearly seen in Fig. 3b 
that for various exit diameters, Ls/de remains almost the same. Ls/de increases with NPR and this change in Ls/de is more for higher 
values of exit Mach number. Ls/de was multiplied with factor similar as that given by Shirie and Seubold (1967). The expression 
for the Ls/de obtained is given in Eq. 3.
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Figure 3. Ls/de variation with NPR for various values of (a) exit Mach number (Me) and (b) exit diameter (de).

	 � (3)

where C is a constant. This constant was found to be 0.09 leading to convergence of all the data points as given in Fig. 4a. The curve 
fitting was used to establish a correlation for Ls/de. Different fits such as quadratic, cubic and exponential fits were used and it was 
found that quadratic fit gave minimum error out of the three (Fig. 4a). The root mean square errors for the quadratic, cubic and 
exponential fits were found to be 0.001032, 0 .0016 and 0.00107 respectively. Figure 4b shows a comparison of mean shock cell length 
obtained from correlation and simulation. The correlation has an error of ± 10% and 95% of the data points were within the band. 
The error is large in the case of sonic conditions as most of trend line equations are not able to fit well for NPR range of 2.14–4.00.
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Figure 4. (a) Computed mean shock length data for correlation fit, (b) fitted vs computed shock cell length with error limits.

A similar procedure was followed for the supersonic core length (Lc) to obtain a correlation. The parameter C, in the exponential 
term was found to be a function of the exit diameter, de. The expression for Lc/de was obtained as shown is Eq. 4.

	 � (4)
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where f (de) = 12.40*d2
e – 0.6411*de + 0.0914.

As in the case of Ls, it was observed that a quadratic fit predicted the curve with the least error. Figure 5b shows a comparison 
of mean shock cell length obtained from correlation and simulation. The correlation has an error of ± 10% and 95% of the data 
points were within the band.
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Figure 5. (a) Computed supersonic core length data for correlation fit, (b) 
fitted vs computed supersonic core length with error limits.

Finally, the study was extended to analyze the influence of the ratio of specific heats (γ) on jet parameters. Apart from air, 
fluids such as CO2 (γ = 1.289), Argon (γ = 1.667) and a hypothetical fluid with γ = 1.5 were used. Simulations were run for the 
same inlet conditions as in the previous section for a nozzle exit diameter, de = 13.02 mm.

Figure 6a shows the Ls/de for various medium with γ varying from 1.28 to 1.67. In order to make the correlation generic same 
quadratic expression is used in the figure and the fit was good except in the NPR range of 2.14 - 5. The expression for the Ls/de 
was obtained in Eq. 5.
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where, f (γ) = 0.1517*γ2 – 0.5038*γ + 0.5332.

Figure 6b shows the Lc/de for various medium with γ varying from 1.28 to 1.67. Here also, the correlation expression has same 
quadratic expression which was obtained in the previous section. The expression for Lc/de was obtained in Eq. 6.

	 � (6)

where, f (γ) = –0.0276*γ2 + 0.0448*γ + 0.113.
For both the cases, the correlation has an error of ± 10% and 91% of the data points were within the band.

CONCLUSION

A two-dimensional axisymmetric CFD model using RNG k-ε model was found to predict supersonic jet characteristics with 
reasonable accuracy. The supersonic jet parameters such as exit diameters (0.5 to 25 mm), Mach number (1 to 3), NPR (2.14 to 
35), γ (1.3–1.67) were taken into consideration in the parametric analysis. Correlations were developed for jet characteristics, 
mean shock cell length and supersonic core length. The correlations are valid over the above ranges of the respective parameters. 
The error for fitted correlation was less when fluid was considered to be air, compared to generic correlation for any fluid medium.
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