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ABSTRACT. In this paper we proved the exponential decay of the energy of a numerical scheme in finite
difference applied to a coupled system of diffusion equations. At the continuous level, it is well-known that
the energy is decreasing and stable in the exponential sense. We present in detail the numerical analysis of

exponential decay to numerical energy since holds the stability criterion.
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1 INTRODUCTION

In this work we consider the numerical solutions in finite difference applied to the following
coupled system of diffusion equations:

¢t — Digxx + (¢ — ¥) =0, Qx(0,7), (1.1)

Vi — Do +a (Y — @) =0, Qx(0,7), (1.2)
¢0,t)=¢(L,t)=90,t) =y(L,t) =0, t >0, (1.3)
¢(x,0) =do(x), V¥(x,0)=volx), Vx € Q, (1.4)

where Q = (0, L), D; > 0 and D, > 0 are the diffusion coefficients and « > 0 is the cou-
pling parameter. The initial-boundary value problem (1.1)-(1.4) appears in dispersion processes
between species. To more detail see Murray [5].

An important non-linear functional concerning to the system system (1.1)-(1.4) is its energy. It
is given by

L
&@) = %/O |:|¢(x,t)|2+|1p(x,t)|2:|dx, Vi > 0. (1.5)
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1 48 FINITE DIFFERENCE PRESERVING THE ENERGY PROPERTIES OF A COUPLED SYSTEM

Naturally, in diffusion problems, one has

() <&@, Vvt=0. (1.6)

Moreover, the energy (1.5) suggests that the system (1.1)-(1.4) is well-posed in Hilbert space
H = L%, L) x L?(0, L). That is to say, for initial data (¢q, o) € H there exists a unique so-
lution (¢, ¥) € C([0, T1; L?(0, L)) N C' ([0, T]; L?(0, L)). Then, the existence and uniqueness
of solutions can be assured by using the semigroups theory (see [4]).

Another important property concerning to the energy €(¢) is its decay to zero as t — 00 (see
Murray [5]). In that direction, we focus on numerical analysis of the energy properties of a
numerical scheme in finite difference applied to the system (1.1)-(1.4).

The rest of the paper is organized as follows: In section 2, we proved the energy dissipation
property. In section 3, we derived the numerical scheme in finite difference and its numerical
energy. In particular, we showed that this numerical energy preserves the exponential decay such
as continuous case. In section 4, we present some numerical results. In section 5, we finished
with the conclusions.

2 ENERGY PROPERTIES

In this section, we showed that E(¢) obeys the energy dissipation law. Indeed, we have the
following Theorem:

Theorem 2.1 (Energy dissipation). The energy E(t) in (1.5) satisfies the energy dissipation law.
More precisely, one has

E() < &), Vr=>0.

Proof. Multiplying (1.1) by ¢ and integrating on (0, L), we get

L L L
| oax =i [ pusdr+a [ @ vpax =0, 3N
0 0 0
Taking into account the homogeneous Dirichlet boundary conditions (1.3), it follows that
1d L L L
s | Pdx i [CioPar e [ @ - wpdx =0, 2)
2dt Jy 0 0

Analogously, we obtain
1d [t

L L
3 [¥|%dx + D, / 1Y 2dx + / (¥ — $)ydx = 0. (2.3)
dt Jy 0 0

Adding up (2.2) and (2.3), we obtain

1d

L L
Sar [|¢|2+|w|2}dx=—/ [Dl|¢x|2+Dz|wx|2+a|¢—W}dx, 24)
tJo 0
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from where we have P
—&@) <0, Vt>0,
dt

since > 0, D; >0, i =1, 2. Therefore,

E(t) <&@, Vvt=0. ]

Theorem (2.1) shows that £(¢) is decreasing along time ¢. Moreover, to questions on exponential
decay, we refer the readers to Murray [5]. Next, we will apply the finite difference method to the
system (1.1)-(1.4).

3 NUMERICAL FORMULATION IN FINITE DIFFERENCE

In this section, we use the standard finite difference method to analyze the qualitative properties
of system (1.1)-(1.4).

Given J, N e Nweseth = Ax = JLH and Ar = NLH and we introduce the nets
O=xo<x1<---<xj=jAx<---<xy<xjy1=1L, 3.D
O=tn<th<---<th=nAt<---<ty<tyt1 =T, 3.2)

where x; = jAxandt, =nAtfor j=0,1,2,...,J+1landn=0,1,2,..., N+ 1.

We assume the standard numerical operators applied to diffusion problems. We use the following
operators in finite difference to the function u:
n n n n+1 n
_“j+1_“j+“' u.' —u.

= —1
dpdu’} = e = =L — (3.3)

Our problem consists in to find ¢§.’ e xpj’.’ satisfying

e — D1§x3x¢7 +al(g] —¥;) =0, Vi, 1<j<1lJ (3.4)
Oy — D23 dx Y +a( — ¢ =0, Vi, 1<j<1J (3.5)
¢ =971 =0 =97, =0=0,  Vn, 0=n<N, (3.6)

¢ = 0.0, ¥j=y(;.0)  Vj 0=j=<J. (3.7)

The choice of forward Euler relies in the questions of numerical stability. Indeed, it is well-
known that the numerical solutions obtained for classical diffusion equations (single diffusion
equation) converge if r := At/Ax* < 1/2.

Itis easy to see that system (3.4)-(3.7) is consistent and the truncation error is O (Az, Ax?). Being
consistent and stable, it follows by Theorem of Lax [2, 3, 6] the respective convergence. Next,
we use energy arguments to identify the stability criterion to the system (3.4)-(3.7).
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1 50 FINITE DIFFERENCE PRESERVING THE ENERGY PROPERTIES OF A COUPLED SYSTEM

3.1 Numerical Energy

In this section, we obtain the numerical energy concerning to the numerical equations (3.4)-(3.7).
We will show that it is given by

J
en = sz [|¢7|2 + |1p7|2} Vn=0,1,...,N,N +1. (3.8)
j=0

Note that " is composed by norms in the space /2. Moreover, it is the numerical counterpart of
energy in (1.5). In Theorem we used the energy method to show that the solutions of (1.1)-(1.4)
are limited by initial data. An analysis similar can be made to numerical solutions of (3.4)-(3.7).

For the sake of simplicity, we assume the particular case D1 = D, = 1. Making this, we obtain
two systems from (3.4)-(3.7). The first of them is given by

0@} — 9,050 =0, Vi, 1<j<lJ (3.9)
wy =, =0, Vn, 0<n<N (3.10)
o} =, 0,  Vj 0<j=<J (3.11)
and the other one is
0,07 — 950,07 + 26 =0, Vi, 1<j<J (3.12)
93:97+1=0, Vn, 0<n<N (3.13)
95’:9@,,0), Vi, 0<j<J, (3.14)

where a);? = ¢;.’ + xp;? and 9;.’ = ¢;.’ — xp;.’. The energies are given by

J J
E" := Ax Z > and E":= Ax Z 10712 (3.15)
j=0 j=0
respectively. Then, we have
En En
g";=+, Yn=0,1,...,N,N+1. (3.16)

Our first result concerning to the numerical energy is given by following Theorem:

Theorem 3.1. For 1 —2r — 2a At > 0 where r := At/Ax* < 1/2, holds

en <& vn=1,2,...,N,N+1.

Proof. First, we note that

J J
EM! —E" = Ax Z(w;’“ > —16}1%) = Ax Z(@}’“ + 97)(97“ — o), (3.17)
j=0 j=0

Tend. Mat. Apl. Comput., 14, N. 2 (2013)



RAMOS and ALMEIDA JUNIOR 151

and forr = At/Ax2 we obtain from (3.12)

Ort — 0" = (O, — 207 +01_,) — 20 A0, (3.18)

Jj+1

Substituting (3.18) into (3.17) we obtain

E" —E" = Ax Z(@”“ + 9")|:r(9j+1 207 +07_ ) — 205At9;~’:|

j=0
J
= rAx Y 07 +00)6],, — 207 +6] )
j=0
J
— 2aAtAx Y 07O +07)
j=0
J
= rAx Z@”(@Hl 207 +67 ) +rAx Yy 00O, +07 )
j=0
J J
—20r +aADAx YOI OT — 20 ArAX Y 10717, (3.19)
j=0 j=0

Now, having in mind the homogeneous Dirichlet boundary conditions (3.13), we have the fol-
lowing identities:

Z@”(@Hl 207 40} ) =~ Z|9J+1—9" (3.20)
J J
1
doortler = Z[e +r@O},, - 295’4—95’_1)—205At97:|9;’
j=0 j=0
J
= Z[|9"| + 01O, — 297+95’_1)—2aAt|97|2:| (3.21)
j=0

J J
(A =20A) Y 1072 —r Y107, — 071>
j=0 j=0
Moreover, taking into account the inequality ab < (a”® + b%)/2, we have

Ze"“(em )< —Z(|9"+1| 107, + 0711
(3.22)

< Z(w;’“F +1671%).

J=0
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Substituting (3.20)-(3.22) into (3.19), we obtain

J J
E"' —E" < —rax ) 1071 — 0717 +rAx Z(w;’“ >+ 10717
j=0 j=0
J J
—2(r +aAD(1 — 20 ADAX Y 10717 = 20 At Ax > 072
j=0 j=0
J
+7rQ2r + 20 At)Ax Z 107, — 0717,
j=0

and then

(1 —r)(E"™" —E" < —daAt(l—r —aADE"
J

—r(1 —2r —2aAt)Ax Z 107, — 07>,
Jj=0

Taking 1 — 2r — 2a At > 0 we choose y := 1 —r — oAt > 0 and then

~ ~ ~ ~ doy At ~
(1 —r)(E" —E") < —4ayAtE" = E"Ml < (1— f"’ )E”
—r
since r < 1. Therefore
E < 1—1— E, l’l=0,1,2,...,N,N+1, (323)
—r

assuring that E"is decreasing for y = 1 —r —a At > 0. Finally, we can written

day At

—r

n
28”=E”+E”5(1 >E°+E°§E°+E°§28°,

from where we have
e <&’ Vvn=1,2,...,N,N+1. O

3.2 Uniform Exponential Decay

In this section, we present a result on exponential decay to the energy of the system (3.4)-(3.7).
We assure that numerical scheme preserves the important property on exponential decay such as
continuous case. Here, we consider the case D = Dy = 1.

Theorem 3.2. If 1 — 2r — 2a At > O then E" is exponentially stable. More precisely,

en < 806—[;7 sin? (%)At]n.
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Proof. We consider the uncoupled systems (3.9)-(3.11) and (3.12)-(3.14). The first of them is
exponentially stable, i.e.,

E" < EVe2MAL (3.24)

where 1| = ﬁ sin? (”zﬂ) (see [1]).

For the other one, we assume the decomposition given by QJ’.’ =X;T",j=12,..,J+1,n>0
and we obtain

0 = [1— G+ 20)Ar]"sin(kmx;), Yk, j=12,....J+]1, (3.25)

where A; = ﬁsin2 (%),k: 1,2,...,J.
Now, it follows immediately that

J
~ T
E" =1 — (e + 20)At]*" Ax § sin (krxj) = S =0t 2a) At ",
Jj=0

and then
E" = E°|1 — O +20)At12" < E°|1 — (A1 + 200) At |2 ~ EVe2n0at20A1 (3 76

since 1 — 2r — 2a At > 0. Finally, to obtain the estimative of exponential decay, we take the
inequalities (3.24) and (3.26), from where we have

2en — En+En Se—ZnMAtEO+e—2nAt(A1+2a)EO

(EO + EO)E—ZYMI At — 2806—2}1)»1 At.

A

Therefore, we obtain
an < EOE—ZHMAI‘. 0

4 NUMERICAL EXPERIMENTS

In this section, we present numerical results obtained with the scheme (3.4)-(3.7). We use the
following data: L = 1, T = 0.045s and 20 divisions in space and 38 in time. To initial data
we use ¢ (x;,0) = sin(x;), ¥(x;,0) = 3sin(3wx;). According stability restrictions given by
Theorems (3.1) and (3.2) result < 0, 444 - 103.

In Figures 1 and 2 we see the correct behavior of the solutions ¢§.’ and wj’.’. That is to say, they
are increasing and free of numerical oscillations because the stability criterion is obeys. On the
other hand, significative changes are showed in Figures 3 and 4 for « takes of order 10°.

Finally, looking to the Figure 5, we note that " is stable in the exponential sense since that sta-
bility criterion (see Theorem 3.2) prevails. Otherwise, numerical instabilities occur (see Fig. 6).

Tend. Mat. Apl. Comput., 14, N. 2 (2013)



1 54 FINITE DIFFERENCE PRESERVING THE ENERGY PROPERTIES OF A COUPLED SYSTEM

Numerical solution: q);' Numerical solution: Wi"
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Figure 1: @ = 0, 444 - 10! Figure 2: o = 0,444 .10!
Numerical solution: q);' Numerical solution: Wi"
3 3
2

Figure 3: a =0, 765 - 10° Figure 4: o = 0,765 - 10°

Energy Energy
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Figure 5: o = 0, 444 - 10! Figure 6: « = 0, 765 - 103
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S CONCLUSION

In this paper we showed in detail the numerical analysis of exponential decay of the solutions of
a numerical scheme in finite difference applied to coupled systems of diffusion equations. This
scheme preserves the exponential decay since holds the stability criterion. We illustrated this
property by means of some numerical experiments. Another numerical schemes can be used in
order to obtain the exponential decay. For example, it is well-known that implicit schemes are
free of stability criterion (unconditionally stable). Therefore, implicit schemes can be used in this
context to preserve the exponential decay.

RESUMO. Neste trabalho, nés provamos a propriedade de decaimento exponencial da ener-
gia numérica associada a um particular esquema numérico em diferencas finitas aplicado a um
sistema acoplado de equagdes de difusdo. Ao nivel da dindmica do continuo, € bem conhecido
que a energia do sistema ¢ decrescente e exponencialmente estdvel. Aqui nés apresentamos
em detalhes a andlise numérica de decaimento exponencial da energia numérica desde que

obedecido o critério de estabilidade.

Palavras-chave: equacdes de difusdo; diferencas finitas; decaimento exponencial numérico.
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